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Preface 


Among others knowledge can be well described and expressed in an abstract 
way and can be computed using computational mathematical methods, then 
lead to real world conclusions. The strongly related to that Computational 
Analysis is a very large area which contains many different subareas and 
topics with results that are computational, constructive, and concrete with 
specific applications. Many of the exposed results here are quantitative, with 
precise rates of convergence given by optimal or nearly optimal inequalities. 
This monograph includes a great variety of topics of Computational Analy¬ 
sis deriving from author’s research of the last 25 years. The chapters are a 
natural outgrowth of author’s publications [8] and [11]-[92]. More precisely 
we present: 

In Chapters 2-5 we present probabilistic wavelet like approximations. 

In Chapter 6 we discuss constrained abstract approximation theory. 

In Chapter 7 we talk about shape preserving weighted approximation. 

Chapter 8 deals with non positive approximations to definite integrals. 

Chapter 9 describes discrete best approximation in gauges sense. 

Chapters 10-13 deal with the approximation theory of general Picard singu¬ 
lar operators, including their global preservation property, as well us treating 
the corresponding fractional singular operators. In Chapter 14 we deal with 
the non-isotropic general Picard singular multivariate operators. In Chapter 
15 we discuss the q-Gauss-Weierstrass singular q-integral operators. 

Chapters 16-17 talk about quantitative approximations by shift-invariant 
univariate and multivariate integral operators. Chapter 18 gives nonlinear 
neural networks approximation. 

Chapter 19 presents convergence with rates of positive linear operators. 

Chapter 20 describes quantitative approximation by bounded linear 
operators. 

Chapters 21-22 talk about univariate and multivariate quantitative ap¬ 
proximation by stochastic positive linear operators acting on univariate and 
multivariate stochastic processes, respectively. 
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Chapter 23 deals with the right fractional calculus. In Chapters 24, 25 we 
give the quantitative fractional Korovkin theory of positive linear operators 
and its trigonometric aspect. 

In Chapter 26 we give analytical inequalities. In Chapter 27 we give frac¬ 
tional Opial inequalities. 

Chapter 28 presents fractional identities and inequalities regarding frac¬ 
tional integrals. 

Chapter 29 deals with semigroup operator approximation, while Chapter 

30 talks about simultaneous Feller probabilistic approximation. In Chapter 

31 we deal with Fuzzy singular operator approximations. 

In Chapter 32 we give transfers from real to fuzzy approximation. Chap¬ 
ter 33 talks about fuzzy wavelet and fuzzy neural networks approximations. 
Chapter 34 deals with fuzzy fractional calculus and fuzzy Ostrowski inequal¬ 
ity. In Chapter 35 we talk about discrete fractional calculus and related in¬ 
equalities. 

In Chapter 36 we give the nabla discrete fractional calculus and related 
inequalities. 

In Chapter 37 we study the q-inequalities, and in Chapter 38 we study 
q-fractional inequalities. 

Chapters 39-41 deal with time scales: the delta approach, the nabla ap¬ 
proach, their duality principle and related inequalities, respectively. 

Chapters 42, 43 talk about the delta and nabla time scales fractional cal¬ 
culus and related inequalities, respectively. In Chapters 44, 45 we study the 
convergence with rates of approximate solutions to exact solution of multi¬ 
variate Dirichlet problem and multivariate heat equation, respectively. 

Finally Chapter 46 deals with uniqueness of solution of general evolution 
partial differential equation in multivariate time. 

The chapters are self-contained and can be read independently one from 
the other and all necessary background is provided. An extensive list of ref¬ 
erences is given at the end. Several advanced graduate courses and seminars 
can be taught out of this book. The presented results are expected to find 
potential applications to fields like: applied and computational mathematics, 
stochastics, engineering, artificial intelligence, vision, complexity and machine 
learning. This monograph is the first written in mathematical computational 
analysis and is suitable for graduate students, researchers of the above men¬ 
tioned disciplines, and for all science and engineering libraries. 

The final preparation of this book took place during 2009-2010 in Memphis, 
Tennessee, USA. 

I would like to thank my family for their dedication and love to me, which 
was the strongest support during the writing of this monograph. Also many 
thanks go to my typist and student Razvan Mezei for an excellent and on 
time technical job. 

August 15, 2010 George A. Anastassiou 

Memphis, TN, USA 
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1 

Introduction 


Mathematics provides a complete language for describing systems and 
methods with rigor. So we are able to represent and manipulate knowledge 
in an abstract way and make computations that lead to useful conclusions 
for the real world. 

Computational Analysis is a very large area-roof under which are housed 
many different subareas and topics of mathematical analysis and applica¬ 
tions, as long as the results are computational, constructive, and concrete 
with specific and precise examples and applications. Many of our results 
are quantitative, with precise rates of convergence given via usually sharp 
and attained inequalities, in general via tight inequalities. This monograph 
includes very diverse topics of Computational Analysis emanating out of 
author’s research of the last 25 years. So it is a natural outgrowth of au¬ 
thor’s publications [8] and [11]-[92], 

The list of discussed topics includes: 

Probabilistic wavelet Approximation and shape preservation, Neural net¬ 
works Approximation, Classical Polynomial and Operator Constrained Ap¬ 
proximation theory, Discrete Best Approximation, Approximation by singu¬ 
lar integrals, Fractional Calculus, Approximation by fractional singular in¬ 
tegrals, Convergence with rates of bounded and/ or positive linear opera¬ 
tors, Quantitative Stochastic Operator Approximation, Quantitative Frac¬ 
tional approximation by positive linear operators including the trigonometric 
aspect, Quantitative Approximation by Convolution operators, Analytical 

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 1 1 11 1 
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Inequalities and Fractional inequalities, Approximation by Semigroups of 
operators, 

Fuzzy mathematics and Fuzzy fractional calculus, 

Fuzzy wavelets and Fuzzy neural networks, Fuzzy Approximation, Fuzzy 
inequalities, 

Discrete fractional calculus, q-calculus, q-fractional calculus, Time scales 
and inequalities, 

Fractional time scales and related Inequalities, Approximation and 
uniqueness of solutions of well known partial differential equations. 

This book presents multi-face mathematics research under one spirit: 
the computational and constructive. 

A detailed description of the monograph follows. 

In Chapter 2: 

Continuous functions are approximated by wavelet like operators. These 
preserve convexity and ?’-convexity and transform continuous probability 
distribution functions into probability distribution functions at the same 
time preserving certain convexity conditions. The degree of this approxi¬ 
mation is estimated by establishing some Jackson type inequalities. 

In Chapter 3: 

Shape-preserving properties of some naturally arising bivariate wavelet 
type operators are studied. Also the pointwise convergence of these opera¬ 
tors with rates to the unit operator is examined, given via a Jackson type 
inequality. The simultaneous shape preservation of special wavelet type 
operators is discussed. 

In Chapter 4: 

Multivariate probabilistic distribution functions are approximated by 
some naturally arising wavelet type operators involving a scale function 
of compact support. These transform multivariate distribution functions 
to multivariate distribution functions. The degree of this approximation is 
given by establishing some sharp Jackson type inequalities. 

In Chapter 5: 

Naturally arising multivariate wavelet type operators, map continuous 
multivariate probabilistic distribution functions to multivariate probabilis¬ 
tic distribution functions and approximate them quantitatively with rates 
via Jackson type inequalities. The engaged scale functions here are not 
necessarily of compact support. 

In Chapter 6: 

Here we discuss the L-positive approximation. Namely we study the 
best approximation in an abstract constrained sense. When the involved 
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bounded linear operator is a differential operator acting on a Sobolev space 
of functions we obtain Jackson type inequalities for simultaneous approxi¬ 
mation with rates by multivariate polynomials and entire functions of ex¬ 
ponential type. 

In Chapter 7: 

Results concerning shape preserving weighted uniform approximation on 
the real line are presented. 

In Chapter 8: 

The integral of a function over a finite interval, is approximated by 
Jackson-type approximators that are non-positive linear functionals. Sev¬ 
eral important cases are considered, in which approximations are given 
with rates by using higher order moduli of smoothness. Real applications 
of these results might be, e.g., in Communications and Medical Imaging. 

In Chapter 9: 

A discrete version is developed of the theory of best approximation in 
the ’’gauges” sense. 

In Chapter 10: 

Here we introduce and study the smooth Picard singular integral oper¬ 
ators on the line of very general kind. We establish their convergence to 
the unit operator with rates. The estimates are mostly sharp and they are 
pointwise or uniform. The established inequalities involve the higher order 
modulus of smoothness. To prove optimality we use mainly the geometric 
moment theory method. 

In Chapter 11: 

We continue with the study of smooth Picard singular integral operators 
over the real line regarding their simultaneous global smoothness preserva¬ 
tion property with respect to the L p norm, 1 < p < oo, by involving higher 
order moduli of smoothness. Also we study their simultaneous approxima¬ 
tion to the unit operator with rates involving the modulus of continuity 
with respect to the uniform norm. The produced Jackson type inequalities 
are almost sharp containing elegant constants, and they reflect the high 
order of differentiability of the engaged function. 

In Chapter 12: 

We continue further with the study of smooth Picard singular integral 
operators on the line regarding their convergence to the unit operator with 
rates in the L p norm, p > 1. The related established inequalities involve 
the higher order L p modulus of smoothness of the engaged function or its 
higher order derivative. 
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In Chapter 13: 

Moreover we study the very general fractional smooth Picard singular 
integral operators on the real line, regarding their convergence to the unit 
operator with fractional rates in the uniform norm. The related established 
inequalities involve the higher order moduli of smoothness of the associated 
right and left Caputo fractional derivatives of the engaged function. Fur¬ 
thermore we produce a fractional Voronovskaya type of result giving the 
fractional asymptotic expansion of the basic error of our approximation. 
We finish with applications. Our operators are not in general positive. 

In Chapter 14: 

Here we study another type of Picard singular integral operators on K™ 
constructed by means of the concept of the nonisotropic /3-distance and the 
( 7 -exponential functions. The central role here is played by the concept of 
nonisotropic /3-distance, which allows to improve and generalize the results 
given for classical Picard and g-Picarcl singular integral operators. In order 
to obtain the rate of convergence we introduce another type of modulus 
of continuity depending on the nonisotropic /3-distance with respect to the 
uniform norm. Then we give the definition of /3-Lebesgue points depending 
on nonisotropic /3-distance and a pointwise approximation result shown at 
these points. Furthermore, we study the global smoothness preservation 
property of these Picard singular integral operators and prove a sharp in¬ 
equality. 

In Chapter 15: 

We further introduce a generalization of Gauss- Weierstrass singular 
integral operators based on ^-integers using the g-integral and we call them 
g-Gauss- Weierstrass integral operators. For these operators, we obtain a 
convergence property in a weighted function space using Korovkin theory. 
Then we estimate the rate of convergence of these operators in terms of a 
weighted modulus of continuity. We also prove optimal global smoothness 
preservation property of these operators. 

In Chapter 16: 

High order differentiable functions of one real variable are approximated 
by univariate shift-invariant integral operators wavelet-like, and their gen¬ 
eralizations. The high order of this approximation is estimated by estab¬ 
lishing some Jackson type inequalities, involving the modulus of continuity 
of the /Vth order derivative of the function under approximation. At the 
end applications to Probability are given. 

In Chapter 17: 

High order differential functions of several variables are approximated 
by multivariate shift-invariant convolution type operators and their gener¬ 
alizations. The high order of this approximation is determined by giving 
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some multivariate Jackson-type inequalities, engaging the first multivari¬ 
ate usual modulus of continuity of the Nth order partial derivatives of the 
multivariate function under approximation. 

In Chapter 18: 

Here by using the so-called max-product method, to associate to the 
Cardaliaguet-Euvrard linear operator a nonlinear neural network operator 
for which a Jackson-type approximation order is obtained. In some classes 
of functions, the order of approximation is essentially better than the order 
of approximation by the linear operator. 

In Chapter 19: 

We present here a generalized Shisha-Mond type inequality which implies 
a generalized Korovkin theorem. These are regarding the convergence with 
rates of a sequence of positive linear operators to the unit. 

In Chapter 20: 

This is a quantitative study for the rate of pointwise convergence of a 
sequence of bounded linear operators to an arbitrary operator in a very gen¬ 
eral setting involving the modulus of continuity. This is achieved through 
the Riesz representation theorem and the weak convergence of the corre¬ 
sponding signed measures to zero, studied quantitatively in various impor¬ 
tant cases. 

In Chapter 21: 

We introduce and study very general stochastic positive linear operators 
induced by general positive linear operators that are acting on continuous 
functions. These are acting on the space of real differentiable stochastic 
processes. Under some very mild, general and natural assumptions on the 
stochastic processes we produce related stochastic Shisha-Mond type in¬ 
equalities of L q -type 1 < q < oo and corresponding stochastic Korovkin 
type theorems. These are regarding the stochastic g-mean convergence of 
a sequence of stochastic positive linear operators to the stochastic unit op¬ 
erator for various cases. All convergences are produced with rates and are 
given via the stochastic inequalities involving the stochastic modulus of 
continuity of the n — th derivative of the engaged stochastic process, n > 0. 
The impressive fact is that the basic real Korovkin test functions assump¬ 
tions are enough for the conclusions of our stochastic Korovkin theory. We 
give an application. 

In Chapter 22: 

We further introduce and study very general multivariate stochastic pos¬ 
itive linear operators induced by general multivariate positive linear opera¬ 
tors that are acting on multivariate continuous functions. These are acting 
on the space of real differentiable multivariate time stochastic processes. 
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Under some very mild, general and natural assumptions on the stochas¬ 
tic processes we produce related multidimensional stochastic Shisha-Mond 
type inequalities of L q -type 1 < q < oo and corresponding multidimen¬ 
sional stochastic Korovkin type theorems. These are regarding the stochas¬ 
tic g-mean convergence of a sequence of multivariate stochastic positive 
linear operators to the stochastic unit operator for various cases. All conver¬ 
gences are produced with rates and are given via the stochastic inequalities 
involving the maximum of the multivariate stochastic moduli of continu¬ 
ity of the nth order partial derivatives of the engaged stochastic process, 
ii > 0. The astonishing fact here is that basic real Korovkin test func¬ 
tions assumptions are enough for the conclusions of our multidimensional 
stochastic Korovkin theory. We give an application. 

In Chapter 23: 

Here are presented fractional Taylor type formulae with fractional in¬ 
tegral remainder and fractional differential formulae, regarding the right 
Caputo fractional derivative, the right generalized fractional derivative of 
Canavati type and their corresponding right fractional integrals. Then are 
given representation formulae of functions as fractional integrals of their 
above fractional derivatives, as well as of their right and left Weyl fractional 
derivatives. At the end, we mention some far reaching implications of our 
theory to mathematical analysis computational methods. Also we compare 
the right Caputo fractional derivative to the right Riemann-Liouville frac¬ 
tional derivative. 

In Chapter 24: 

We study quantitatively with rates the weak convergence of a sequence of 
finite positive measures to the unit measure. Equivalently we study quanti¬ 
tatively the pointwise convergence of sequence of positive linear operators 
to the unit operator, all acting on continuous functions. From there we 
derive with rates the corresponding uniform convergence of the last. Our 
inequalities for all of the above in their right hand sides contain the moduli 
of continuity of the right and left Caputo fractional derivatives of the in¬ 
volved function. From our uniform Shisha-Mond type inequality we derive 
the fractional Korovkin type theorem regarding the uniform convergence 
of positive linear operators to the unit. We give applications, especially to 
Bernstein polynomials for which we establish fractional quantitative results. 

In the background we establish several fractional calculus results useful 
to approximation theory and not only. 

In Chapter 25: 

We study further quantitatively with rates the trigonometric weak con¬ 
vergence of a sequence of finite positive measures to the unit measure. 
Equivalently we study quantitatively the trigonometric pointwise conver¬ 
gence of sequence of positive linear operators to the unit operator, all acting 
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on continuous functions on [—7t, 7t]. From there we derive with rates the cor¬ 
responding trigonometric uniform convergence of the last. Our inequalities 
for all of the above in their right hand sides contain the moduli of con¬ 
tinuity of the right and left Caputo fractional derivatives of the involved 
function. From our uniform trigonometric Shisha-Mond type inequality we 
derive the trigonometric fractional Korovkin type theorem regarding the 
trigonometric uniform convergence of positive linear operators to the unit. 
We give applications, especially to Bernstein polynomials over [— n, 7r] for 
which we establish fractional trigonometric quantitative results. 

In Chapter 26: 

Here are presented very general Taylor formulae, and then a representa¬ 
tion formula. Based on the last we give new general inequalities of Opial 
type, Ostrowski type, Comparison of integral means, Information Theory 
Csiszar /- divergence type, and Griiss type. 

In Chapter 27: 

Here we present L p , p > 1, fractional Opial type inequalities subject to 
high order boundary conditions. They involve the right and left Caputo, 
Riemann-Liouville fractional derivatives. These derivatives are blended to¬ 
gether into the balanced Caputo, Riemann-Liouville, respectively, frac¬ 
tional derivatives. We give applications to a special case. 

In Chapter 28: 

We develop some integral identities and inequalities for the fractional 
integral. In particular we obtain Montgomery type identities for fractional 
integrals and a generalization to double fractional integrals. We further 
produce Ostrowski and Griiss type inequalities for fractional integrals. 

In Chapter 29: 

Some general representation formulae for (Co) m-parameter operator 
semigroups with rates of convergence are obtained by the probabilistic ap¬ 
proach and multiplier enlargement method. These cover all known repre¬ 
sentation formulae for (Co) one-and ?n-parameter operator semigroups as 
special cases. When we consider special semigroups well-known convergence 
theorems for multivariate approximation operators are reobtained. 

In Chapter 30: 

A quantitative estimate for the simultaneous approximation of a function 
and its derivatives by the general Feller operator is established via the prob¬ 
abilistic approach. This covers the cases of some classical approximation op¬ 
erators such as the Bernstein, Szasz, Baskakov and Gamma operator. 

In Chapter 31: 

We study the fuzzy global smoothness and fuzzy uniform convergence of 
fuzzy Picard, Gauss-Weierstrass and Poisson-Cauchy singular fuzzy integral 
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operators to the fuzzy unit operator. These are given with rates involving 
the fuzzy modulus of continuity of a fuzzy derivative of the involved func¬ 
tion. The produced fuzzy Jackson type inequalities are tight, containing 
elegant constants, and they reflect the order of the fuzzy differentiability 
of the engaged fuzzy function. 

In Chapter 32: 

Here we transfer basic real approximations to corresponding vectorial 
and fuzzy setting of: Bernstein polynomials, Bernstein-Durrmeyer opera¬ 
tors, genuine Bernstein-Durrmeyer operators, Stancu type operators and 
special Stancu operators. These are convergences to the unit operator with 
rates. We also present the convergence with rates to zero of the difference 
of genuine Bernstein-Durrmeyer and special Stancu operators. All approx¬ 
imations involve Jackson type inequalities and moduli of smoothness of 
various orders. In order to transfer we develop basic and important general 
results at the vectorial and fuzzy level. Our technique goes from real to 
vectorial and then to fuzzy setting. 

In Chapter 33: 

Here are studied in terms of multivariate fuzzy high approximation to the 
multivariate unit several basic sequences of multivariate fuzzy wavelet type 
operators and multivariate fuzzy neural network operators. These operators 
are multivariate fuzzy analogs of earlier studied multivariate real ones. The 
produced results generalize earlier real ones into the fuzzy setting. Here 
the high order multivariate fuzzy pointwise convergence with rates to the 
multivariate fuzzy unit operator is established through multivariate fuzzy 
inequalities involving the multivariate fuzzy moduli of continuity of the 
iVtli order (TV > 1) H-fuzzy partial derivatives, of the engaged multivariate 
fuzzy number valued function. The purpose of embedding fuzziness into 
multivariate classical analysis is to better understand, explain and describe 
the imprecise, uncertain and chaotic phenomena of the real world and then 
derive useful conclusions. 

In Chapter 34: 

Here we study the right and left fuzzy fractional Riemann-Liouville in¬ 
tegrals and the right and left fuzzy fractional Caputo derivatives. Then 
we present the right and left fuzzy fractional Taylor formulae. Based on 
these we establish a fuzzy fractional Ostrowski type inequality with appli¬ 
cations. The last inequality provides an estimate for the deviation of a fuzzy 
real number valued function from its fuzzy average, and the related upper 
bounds are given in terms of the right and left fuzzy fractional derivatives of 
the involved function. The purpose of embedding fuzziness into fractional 
calculus and have them act together, is to better understand, explain and 
describe the imprecise, uncertain and chaotic phenomena of the real world 
and then derive important conclusions. 
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In Chapter 35: 

Here we define a Caputo like discrete fractional difference and we com¬ 
pare it to the earlier defined Riemann-Liouville fractional discrete ana¬ 
log. Then we produce discrete fractional Taylor formulae and we estimate 
their remainders. Finally, we derive related discrete fractional Ostrowski, 
Poincare and Sobolev type inequalities. 

In Chapter 36: 

Here we define a Caputo like discrete nabla fractional difference and 
we produce discrete nabla fractional Taylor formulae. We estimate their 
remainders. Then we derive related discrete nabla fractional Opial, Os¬ 
trowski, Poincare and Sobolev type inequalities. 

In Chapter 37: 

We give forward and reverse q —Holder inequalities, q —Poincare inequal¬ 
ity, q —Sobolev inequality, q —reverse Poincare inequality, q —reverse Sobolev 
inequality, q —Ostrowski inequality, q —Opial inequality and q— Hilbert- 
Pachpatte inequality. Some interesting background is mentioned and built 
at the beginning. 

In Chapter 38: 

Here we give q-fractional Poincare’ type, Sobolev type and Hilbert- 
Pachpatte type integral inequalities, involving q-fractional derivatives of 
functions. We give also their q-generalized versions. 

In Chapter 39: 

Here we collect and develop necessary background on time scales that 
is required. Then we present time scales integral inequalities of types: 
Poincare, Sobolev, Opial, Ostrowski and Hilbert-Paclipatte. We give also 
the generalized analogs of all these inequalities involving high order delta 
derivatives of functions on time scales. We finish with lots of applications: 
all these inequalities on the specific time scales R, Z and q z , q > 1. 

In Chapter 40: 

Here we collect and develop necessary background on nabla time scales 
that is required. Then we present nabla time scales integral inequalities of 
types: Poincare, Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We give 
also the generalized analogs of all these nabla inequalities involving high 
order nabla derivatives of functions on time scales. We finish with lots of 
applications: all these nabla inequalities on the specific time scales R, Z 
and q z , q > 1. In most of these nabla inequalities the nabla differentiability 
order is any n £ N, as opposed to delta time scales approach where n is 
always odd. 
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In Chapter 41: 

Here we adopt([127]), develop further and use the principle of duality 
in time scales. Using this principle and based on a variety of important 
delta inequalities we produce the corresponding nabla ones. We give several 
applications. 

In Chapter 42: 

Here we develop the Delta Fractional Calculus on Time Scales. Then 
we produce related integral inequalities of types: Poincare, Sobolev, Opial, 
Ostrowski and Hilbert-Pachpatte. Finally we give inequalities applications 
on the time scale R. 

In Chapter 43: 

We also develop the Nabla Fractional Calculus on Time Scales. Then we 
produce related integral inequalities of types: Poincare, Sobolev, Opial, Os¬ 
trowski and Hilbert-Pachpatte. Finally we give nabla fractional inequalities 
applications on the time scales R, Z. 

In Chapter 44: 

For the multidimensional Dirichlet problem of the Poisson equation on 
an arbitrary compact domain, this chapter examines convergence proper¬ 
ties with rates of approximate solutions, obtained by a standard difference 
scheme over inscribed uniform grids. Sharp quantitative estimates are given 
by the use of second moduli of continuity of the second single partial deriva¬ 
tives of the exact solution. This is achieved by employing the probabilistic 
method of simple random walk. 


In Chapter 45: 

For the multidimensional Dirichlet problem of the heat equation on a 
cylinder, this chapter examines convergence properties with rates of ap¬ 
proximate solutions, obtained by a naturally arising difference scheme over 
inscribed uniform grids. Sharp quantitative estimates are given by the use 
of first and second moduli of continuity of some first and second order 
partial derivatives of the exact solution. This is accomplished by using the 
probabilistic method of an appropriate random walk. 

In Chapter 46: 

The classical time dependent partial differential equations of mathemati¬ 
cal physics involve evolution in one dimensional time. Space can be multidi¬ 
mensional, but time stays one dimensional. There are various mathematical 
cases (such as multiparameter Brownian motion) which suggest that there 
should be a mathematical theory of evolution in multidimensional time. 
We formulate a rather general class of equations that involve two “time di¬ 
mensions” and we prove a uniqueness theorem in this context. We connect 
the latter to Opial type inequalities. 
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Chapters 2-5 rely on [85], [89], [90] and [87], respectively, which are joint 
works of author with X.M. Yu. 

Chapter 6 relies on [75], which is joint work of the author with M. 
Ganzburg. 

Chapter 7 relies on [74], which is joint work of the author with S. Gal 
and M. Ganzburg. 

Chapter 8 relies on [70], which is joint work of the author with S. Gal. 

Chapter 9 relies on [81, which is joint work of the author with S. Ali and 
O. Shisha. 

Chapter 14 relies on [61], which is joint work of the author with A. Aral. 

Chapter 15 relies on [62], which is joint work of the author with A. Aral. 

Chapter 18 relies on [65], which is joint work of the author with 
L.Coroianu and S. Gal. 

Chapter 28 relies on author’s joint work [80], several coauthors. 

Chapters 29, 30, rely on [92], [91], respectively, which are joint works of 
the author with Mi Zhou. 

Chapters 44, 45, rely on [63], [64], respectively, which are joint works of 
the author with A.Bendikov. 

And Chapter 46 relies on [76], which is joint work of the author with G. 
Ruiz Goldstein and J. Goldstein. 

The rest of the chapters are based on individual works of the author. 

The writing of this monograph was made to help the reader the most. 
The chapters are self-contained so that anyone of these can be read with¬ 
out using others and several graduate courses and seminars can be taught 
out of this book. All background needed to understand each chapter is 
usually found there. Also are given, per chapter, strong motivations and 
inspirations to write it. 

We finish with a rich list of 288 related references. The exposed re¬ 
sults are expected to find applications in most of the applied fields such 
as: applied and computational mathematics, stochastics, engineering, in¬ 
formatics, and especially in theoretical computer science such as artificial 
intelligence, vision, complexity and machine learning. 

To the best of our knowledge this monograph is the first of the kind 
within computational analysis from the mathematical point of view and 
we hope is well received. 





2 

Convex Probabilistic Wavelet Like 
Approximation 


Continuous functions are approximated by wavelet like operators. These 
preserve convexity and r-convexity and transform continuous probability 
distribution functions into probability distribution functions at the same 
time preserving certain convexity conditions. The degree of this approxi¬ 
mation is estimated by presented Jackson type inequalities. 

This chapter relies on [85]. 


2.1 Introduction 

Let tp (x) be a bounded continuous function on M with supp<£> ( x ) C [—a, a], 
0 < a < + 00 . Write 

(fikj (x) := 2*<p (2 k x - j) , k,j £ Z. 

For / £ C (R), we define the wavelet type operators 

OO 

A k (/)(*):= (/; <Pkj) Vkj {x) , k £ Z, ( 2 - 1 ) 

j=-oo 

where 

/ OO 

/ (t) <Pkj ( t ) dt, 

-OO 

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 13 1 27 J 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 


%a£/icMta£lcal 


14 2. Convex Probabilistic Wavelet Like Approximation 


and 

OO 

B k (f)(x):= J2 2-^f(2~ k j) V > kj (x), k€ Z. (2.2) 

j—-oo 

In [ 86 ], was proved that if / is non-decreasing on R, then, under cer¬ 
tain conditions on the linear operator functions A k (/) and B k (/) are 
non-decreasing and such that |/ ( x) — A k (/)| and ]/ (a;) — B k (/)| can be 
estimated by u\{f, 2 _fc+ 1 a) or u >2 (/, 2 _fe+ 1 a), where u> r ( f,t) , r = 1 , 2 , is 
the r-tli modulus of smoothness of / on R. Here 

w i(/, h) := sup |/ (%) — f (y)|, 
x,y£ R 
\x-y\<h 

and 

w 2 (/,/i):= sup \f{x)-2f(x + t) + f(x + 2t)\. 

x,t:\t\<h 

In this chapter, we are going to discuss the convex wavelet like approxi¬ 
mation. We show that if / is convex on R, then, under certain conditions 
on tp, the functions A k (/) and B k (/) are convex on R and also have the 
desired estimates for the degree of approximation. Moreover we consider 
the r-th convexity which is preserved by A k and B k for any positive inte¬ 
ger r and we present similar results. We also discuss the case of coconvex 
probabilistic wavelet like approximation. 


2.2 Convex Wavelet Like Approximation 

Let 

OO 

A(x):= ^2 CjV(x-j), (2.3) 

j = — OO 

where {Cj} is a sequence of real numbers. We first study the convexity of 
A(x). 

Lemma 2.1. Suppose that (x) is a bounded continuous function on 
R, suppy) (x) C [—a, a], 0 < a < +oo, and satisfies 

(i) ~ i) an< i 22 jL-oo JV ( x ~ i) are li near functions on R. 

(ii) there exist real numbers b\ and b\ < 6 2 such that <p (x) is convex 
on (— 00 , 61 ] and [ 62 , + 00 ) respectively, and ip(x) is concave on [ 61 , 62 ]. 

Then, if {Cj} is a convex sequence, i.e., {Cj — Cj- 1 } is non-decreasing, 
the function A (x) defined by (2.3) is convex on R. 

Remark 2.2. We have some examples of <p (x) which satisfy all the 
conditions of Lemma 2.1: 

! 1 + x, — 1 < x < 0, 

1 — x, 0 < x < 1 , 

0 otherwise; 
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and 


ip 2 (a:) = < 


0 , 

1 (1 

2 V 2 


X < 7 

+ x) 2 , 


1 + x — (x + 

*(§-<. 

0 , x > |. 


2 < X < 2 > 

i ) 2 - I < a; < I 

2 / ’ 22 ’ 

1 < x < 3 

2 — — 2 ’ 


Indeed, the functions ipi (x) and <p 2 (x) satisfy 
(i) ! E“=-oo <P ( x - j) = !» on K and 


^ j<fi(x-j) = x, on R. 

j=—oo 

We can also choose b\ = — \ and 62 = \ t° have p\ (x) and P 2 (x) satisfying 
(ii). 

Proof. For any fixed x and 0 < Ax < i, let j 1 be the integer such that 
x— j\ < bi < x—j i+l and j '2 be the integer such that x—j '2 < 62 < x—j' 2 +l. 
Because 61 < 62 , we have J 2 < Ji ■ Since 0 < Ax < \ and p (x) satisfies 
(ii), we see that 

p (x + 2Ax — j ) — 2 (yj (x + Ax — j) + ip (x — j) > 0, (2.4) 

if -00 < j < j 2 - 1 ; 

p(x + 2Ax — j) — 2ip (x + Ax — j) + (x — j) < 0, (2.5) 

if h + 1 < 31 ~ 1 and j 2 + 1 < j < j 1 - 1; 

tp (x + 2Ax — j) — 2^ (x + Ax — j) + ip (x — j) > 0, (2.6) 

if j 1 + 1 < j < + 00 . 

Suppose that J 2 + 1 < ji — 1. From the property (i) of tp we have 

OO 

^2 [<p(x + 2Ax - j) - 2p (x + Ax - j) + tp (x - j)} = 0, (2.7) 

j=~ OO 

and 

00 

X] j [<P (a; + 2Ax - j) - 2^ (x + Ax - j) + p (x - j)] = 0. (2.8) 

j = - OO 

On the other hand, since {Cj} is a convex sequence, {Cy — Gj_i} is a 
non-decreasing sequence and then for j > ji + 1 we derive 

Cj ~ Ch _ 

j - J 2 
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(Cj - Cj- 1) + (Cj-1 - Cj- 2 ) +... + (C n - C n ^) + ... + (C J2+1 - C J2 ) 

3 - 32 

(C n - Cjw) + ... + (C j2+1 - C h ) _ C h - C j2 


3i ~J2 


3 1 ~32 


That is 


> 


Cj — Cj 2 — ~ —( Cj 1 — Cj 2 ) > 0 , j\ + 1 < j < +oo. 

3 1 - J2 

Similarly we get 

Cj - c j2 - 4- — — (Cj, - Cj 2 ) > 0 , - 00 < j < 32 - 1; 

3 1 - 32 

and 


(2.9) 


( 2 . 10 ) 


c# - C j2 - (Cj, - Cj 2 ) < 0, j 2 + 1 < J < ji - 1. 

Jl - J2 

Obviously we see that 

Cj ~ Cj 2 - j- — J — (Cj, - Cj 2 ) =0, j = j 2 or j = jl. 

3 1 - 32 

It follows from (2.7) and (2.8) that 

A (x + 2Ax) — 2 A (x + Ax) + A (x) = 

OO 

Cj [(/? (x + 2Ax — j) — 2<p (x + Ax — j) + ip (x — j)] = 


( 2 . 11 ) 


( 2 . 12 ) 


E 

j—~ oo 


Cj - Cj 2 - j—ZL (Cj, - C j2 ) 
Jl ~ J2 


[<p (x + 2Ax — j) — 2ip (x + Ax — j) + <p (x — j)] = 

j 2 — 1 j 1 — 1 OO 

E +E+ E +E+ E :=* 

j=~00 j=j 2 j—j 2 + 1 j=j 1 j—j 1 + 1 
From (2.4)-(2.6) and (2.9)-(2.12) we have 

I\ > 0 , I 2 — 0 , / 3 > 0 , 74 = 0 and 7.5 + 0 


which imply 

A (x + 2Ax) — 2A (x + Ax) + A (x) > 0. (2.13) 

If j 2 = ji — 1, we have 

A (x + 2Ax) — 2 t4 (x + Ax) + A (x) = 7i + 1 2 + 7i + 75 — 7i + 7.5 + 0. (2.14) 
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If = j 1 , by (2.7) and (2.8), we observe that 

A (a; + 2 Ax) — 2A (a; + Ax) + A ( x ) = 

OO 

E \.°i - c h - U - h) (C j2+ 1 - c, 2 )] • 

j=—oo 

[(f (x + 2Ax — j) — 2(p (x + Ax — j) + (x — j)] = 

J2 — 1 OO 

E +E+ E :=i i+ i 2+ i 3- 

i=—oo j=j 2 j=j 2 +i 

Using a similar argument as before, we have 

/; > 0 , /(, = 0 and I' 3 > 0 

which gives (2.13) again. Thus A (x) is a convex function on R. ■ 

Theorem 2.3. Suppose that p (x) is a bounded continuous function on 
R, supp tp (x) C [—a, a], 0 < a < +oo and satisfies 

(1) EEoo ^ ( x - i) = 1 on 

(ii) Y^jL-oo JV ( x — j) is a linear function on R; 

(iii) there exist real numbers b\ and & 2 , < &2 such that <p ( x ) is convex 

on (—oo, b\] and [ 62 , + 00 ) respectively, and ip (x) is concave on [ 61 , 62 ] • 

Then, for f £ C (R), if / is a convex function on R, the linear wavelet 
operator function Ak (/) defined by (2.1) are also convex on R and satisfy 

I4t (/)(*)-/(*)! <wi(/,2- fc+ 1 a), zeR, fee Z, (2.15) 

where u>i (/, h) is the first modulus of continuity of /. 

Remark 2.4. (1) Because p(x) =0 for x € (— 00 , —a) U (a,+ 00 ), if 
(a:) has property (iii), then 

tp(x)>0, x € R. (2.16) 

Hence the linear wavelet operators Ak are positive. 

(2) The condition (i) of Theorem 2.3 implies that [ 86 ] 



Proof. First let us consider the convexity of Ak (/) ix) on R. 

It follows from (2.16) that 

/ OO POO 

f (t)<P(t~j)dt= / f (u + j) <p (u) du 

-00 J —OO 
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is a convex sequence if / is convex on R. Then, by Lemma 2.1, Aq (/) (x) 
is a convex function on M. Since for any k £ Z we have 

A k (f) (x) = A 0 (/( 2~ k ))(2 k x), 

hence A k (/) (x) are convex functions on R as well. 

From [ 86 ], we know that if ip (x) is bounded and continuous with supp(/? (x) 
C [—a, a] and satisfies (i), then hold the estimates (2.15). ■ 


Theorem 2.5. Suppose that <p (x) satisfies all the conditions of Theorem 
2.3. Then, for f £ C (R), if / is a convex function on R, the linear wavelet 
operator functions B k (/) defined by (2.2) are also convex on R and satisfy 

\B k (f)(x) ~f{x)\ < wi (f,2~ k a) , ieR, k£ Z. (2.17) 

Moreover, the inequalities (2.17) are sharp. 

Proof. Since {/ (j )} is a convex sequence, from Lemma 2.1, we know that 
B 0 (/) (a;) is a convex function on R. Then, by 

B k (/) ( x) = B 0 (f (2~ k ))(2 k x), 

it follows that B k (/) (x) are convex functions on R as well. 

From [ 86 ] we know that inequalities (2.17) are valid. Now we prove the 
sharpness of (2.17). 

Assume that there is a positive number C < 1 such that for any convex 
/ £ C (R) hold 

\B k (/) (x) - f(x)l < Cu> (/, 2~ k a) , ieR, k £ Z. (2.18) 


Define 


7>3 (x) 


X + 


1 

1 — c 


+ 2 , 


1 

1-C 


-2<x< 


l 

l-c 


- 

1 

l-c 

-x, - 

1 

l-c 

— 1 < x < — 

1 

l-c 

0 

otherwise, 





- 1 , 


where [•] is the integral part of the number. We have 


7>3 {x) = Pi 





where pi (x) is given in the remark of Theorem 2.3. Hence, from (ii)’ we 
get that 

OO OO 

P3 (X ~j)= V 1 

j=— OO j—— OO 



1 — c 


1 — j =1 on 
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and 

Y j < Ps(x-j)= Y jVi(*+ —- + 1 — j J = x + —- + 1 onl, 

j= — oo j= — oo ' -* ' 

i.e. <ps (x) satisfies the conditions (i) and (ii) of Theorem 2.3. Obviously, 
p 3 (x) satisfies the condition (iii) of Theorem 2.3 and is a bounded con¬ 
tinuous function on R with supp </?3 (x) C — —L; ~ 2, + 2 • We 

consider Bk (/) for such a <£ 3 . 

Let 

g (x) = (x — 1) + on R. 

Then g (x) £ C (R) is a convex function, and 

OO OO 

Bo(g){x)= Y 9(j) l P3{x-j) = Y9(j) l P3{x-j). 
j=-00 j=2 

From the definitions of g and , we have 

Bo{g){i) = Ys{j) i P30--3) = g( + 2 )= y~ + x > 

j=2 V L J / L J 

and then 

Bo (g) (1) - 5 (1) = [T-—I + 1- (2-19) 

1 — c 

On the other hand, we have 

v(g,h) = h 

and then from (2.18) we obtain 

\B 0 {g) {x) - g(x)\<C ■ (^ + 2^ , ieR (2.20) 


because of a = + 2 for tp$. For 0 < C < 1 it is easy to verify that 

a — 1 > Ca , i.e. 

1 

1 — c 



Hence the equation (2.19) contradicts inequality (2.20). Thus inequality 
(2.17) is sharp for k = 0. For any other fcgZ we can prove the sharpness 
of (2.17) by using a similar argument. ■ 


Theorem 2.6. Suppose that p (x) is a bounded continuous function on 
R, supp</? (x) C [—a, a], 0 < a < +00 and satisfies 
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(i) E^Loo <P ( x - 3) = 1 on R; 

(ii) Eji -00 JV (x -j) = x on R; 

(iii) there exist real numbers b± and & 2 , b\ < &2 such that tp ( x ) is convex 
on (— 00 , 61 ] and [ 62 , + 00 ) respectively, and ip {x) is concave on [ 61 , 62 ] • 

Then, for f £ C (R), if / is a convex function on R, the linear wavelet 
operator functions A k (/) defined by ( 2 . 1 ) are also convex on R and satisfy 

\A k (/) (x) - / (a-) | < Coo 2 (/, 2 ~ k+1 a) , i£l,kZ, 

where to 2 (/, h) is the second modulus of smoothness of / and C is an 
absolute constant. 

Theorem 2.7. Suppose that <p ( x ) satisfies all the conditions of Theorem 
2.6. Then, for f £ C (R), if / is a convex function on R, the linear wavelet 
operator functions B k (/) defined by ( 2 . 2 ) are also convex on R and satisfy 

I B k (f) Or) -f(x)\ < Cu >2 (/, 2 ~ k+1 a) , * G R, k £ Z, 

where W 2 (/, h) is the second modulus of smoothness of / and C is an 
absolute constant. 

Theorem 2.6 and Theorem 2.7 come from Theorem 2.3, Theorem 2.5 
and the results in [ 86 ]. 


2.3 r-th Convex Wavelet Approximation 

Let / £ C (R). If for any idR and h > 0 hold 

Kf (x) ~ (“ 1 ) r ” i ( \ ^jf{x + ih)> 0, 

2=0 ' ' 

we say that / (x) is r-th convex on R. If for any ieR and h > 0, /Y h f (: x ) < 
0, then / (x) is r-th concave on R. 

For a real number sequence {Cj}, if for any j £ Z holds 

A r Cj := £ (-1) M ( [ ) Cj-r+i > 0, 

then we say that {Cj} is an r-th convex sequence. 

We shall discuss the r-th convex wavelet approximation. Here we only 
discuss the case of r = 3. For r > 3, we can use a similar method to deal 
with. 

We need the following lemmas. 
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Lemma 2.8. Suppose that {Cj} is a 3-th convex sequence of real num¬ 
bers. Then for any fixed ji,j 2 ,J 3 £ Z with j '3 < j 2 < j 1 we have 


<?j ~ Cj 3 
j - h 


Cn-Cj 3 

J 2 - J3 


/ (j - h) > 


Ch-Cj 3 

jl ^ J3 


Cj 2 ~C j3 

J 2 - j.3 


/ (jl - j 2 ) , j > Jl 


( 2 . 21 ) 


and 


Cj ^ Cj 3 


C ^'/(J-J 2 )< 


Cj, - C, 


J3 


Cj a - C, 3 


Jl - J3 J2 J3 

Proof. We first establish that 


J 3 J 2 - J 3 

/ (ji ^ J 2 ), j < ji, j ^ J 3 and j ± j 2 . (2.22) 


c, c ):! 


Cj-i - c. 


3 3 


j - J3 j - J3 - 1 
Claim (2.23) is equivalent to that 


is non-decreasing for j > j 2 + 1. (2.23) 


CJ CJ CJ CJ 

7:=-^ -> 0 for j > j 2 + 2. (2.24) 

j - J3 j - J3 - 1 j - J3 + 2 

Because 

J _ (j - ji - 1) (j - J3 - 2) (Cj - Cja) - 2 (j - j 3 ) (j - j 3 - 2) (Cj-1 - Cj 3 ) | 
(j - ji) (j ~ ji ~ 1 ) (j - ji ~ 2) 

(j-j3)(j-j 3 -l)(C J -- 2 -C J - 3 ) 

(j - J 3 ) (j - ji - 1) (j - J3 - 2) 

_ (j ~ J3 - 1) (j - j3 ~ 2) (Cj - 2Cj-i + Cj- 2 ) 

(j ~ J 3 ) (j - J 3 - 1) (j - J 3 - 2) 

2 (j - J 3 - 2 ) (Q -1 - Cj- 2 ) + 2 (Cj -2 - C J3 ) 

(j - J3) (j - J3 - 1) (j - J3 - 2) 
for j > j 2 + 2 the claim (2.24) is equivalent to 

j ■= (j - J3 - 1) (j - J3 - 2) (Cj - 2C,_i + C,_ 2 ) - 

2 (j - J 3 - 2 ) (Cj-! - Cj_a) + 2 (Cj -2 - C j3 ) > 0 . (2.25) 

Since {Cj} is a 3-th convex sequence, the sequence {Cj — 2Cj_i + Cj_ 2 } 
is non-decreasing, and then we obtain 


(j - J3 - 2 ) (Cj— r - Cj_ 2 ) ^ (Cj—2 - c, 3 ) = 
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{Cj-1 - Cj - 2 ) + ... + (Cj -1 - C,_ 2 ) - {Cj—2 - Q- 3 ) - 

'-v--' 

3-33-2 

(Q _3 - C,_ 4 ) - ... - (C, 3+1 - C, 8 ) = 

[(Cj -1 - C,- 2 ) - (C ,_ 2 - C,_ 3 )] + [(C,_i - C,_ 2 ) - (C ,_ 3 - C J -_ 4 )] + ...+ 
[(Cj -1 - Q- 2 ) - (C , 3 + l - C*)] = 

[Cj-i — 2Cj-2 + C'j— 3 ] + [{Gj-\ — 2Cj-2 + Cj- 3 ) + (Cj—2 — 2Cj-3 + Cj- 4 )] + ... 

+ [(Cj-i - 2(7 j_ 2 + Cj_ 3 ) + ... + (Cj 3 + 2 - 2(7j 3+ i + Cj 3 )] < 

(Cj — 2Cj-i + Cj- 2 ) (1 + 2 + ... + (j — j 3 — 2)) = 

(j” j3 1) (j J3 2) ( ^ ^ 

- 9 - l 0 j _ ^j-l + Cj-2) , 

which gives (2.25). Hence we have (2.23). 

From (2.23), it follows that 


(j-hY 


c., 

j ~ h 


Cn-Cj 3 

J 2 - J 3 


(j-hY 


Cj - Cj 3 


Cj-1 - Cj 3 
j - 33 -1 


C, -1 - cv 


Cj—2 - Cj. 


Cn-Cj 3 
jl - J 3 


Cji-i Cj 3 

jl - J 3 - 1 


V i - 33 -1 j - 33 - 2 
Cj 2 +i — Cj 3 — Cj 2 — Cj 3 

32 - J 3 + 1 J 2 - j .3 


(ji - hY 


V Cj.-Cj, Cj^i-CjY 

V jl “ 33 jl — j 3 — 1 y 
V jl - J 3 


+ ... + 


Cj2 + 1 C,3 

j 2 — j3 + 1 


C , 2 - C j8 


Cj 2 ~ C h 

32 ~ J 3 


j > ji- 


Thus (2.21) are valid. Similarly we can prove (2.22). 


Lemma 2.9. Suppose that {Cj} is a 3-th convex sequence of real num¬ 
bers. Then for any fixed ji, j 2 , j 3 € Z with j 3 < j 2 < ji we have 


{c i3 -(./ j 3 ) r f / i:i 

l 32-33 


(j - 33 ) (j - 32) 


C h -c j3 

31 - j 3 


j 2 - j 3 J 


> 0 , j > ji;= 0, j = ji; 

< 0 , j 2 < j < ji; = 0 , j = j 3 ; 

> 0, j ,3 < j < j' 2 ; = 0, j = j 3 ; 

< 0 , j < j 3 . 
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Proof. It is easy to observe that 

Qj = 0 , if j = j 1 , h or is; 


and 


Qj = (i - is) (i - j'2) <! | ^ _ C . 33 

J Jo 


/(,-«- 

- J3 J 




—-— 1 / (it - h) !> if j ^ h or J 2 - (2.27) 


Jl - J3 J2- J3 

Then, if j > j\, we have j — j% > 0 , j — jj > 0 and (2.21), and therefore 
from (2.27) we have 

Qj > o, j>ji- 

If j ‘2 < j < ji, we have j—jz, > 0, j — j 2 > 0 and (2.22), and then by (2.27) 
we have 

Qj < 0 , J2<j<jl- 

If J3 < j < J 2 , because j — js > 0 , j — j 2 < 0 and ( 2 . 22 ), from (2.27) we 
have 

Qj > 0, J3 < J < J2- 

If i < J3, because of j — j 3 < 0, j — j 2 < 0 and (2.22), from (2.27) we derive 

Qj <o, j < i, 3 . 


Lemma 2 . 10 . Suppose that tp (x) is a bounded continuous function on 
R, supp(/? (a;) C [—a, a], 0 < a < +oo, and satisfies 

(i) Er=-oo v ( x - i)> oo W (* - i) and E~-oo iV (* - i) are 

quadratic functions on R, 

(ii) there exist real numbers 6i, b 2 and 63,61 < 62 < 63 such that 93 (a;) is 
3 -th convex on (—00, 61] and [62, 63] respectively, and <p (a;) is 3 -tli concave 
on [61,62] and [63,-1-00) respectively. 

Then, if {Cj} is a 3 -th convex sequence, the function A(x) defined by 
( 2 . 3 ) is 3 -th convex on R. 

Remark 2 . 11 . The function tp 2 (x) in the remark of Lemma 2.1 satisfies 
all the conditions of Lemma 2.10 with 61 = — 1 , b 2 = 0 and 63 = 1 . 

Proof. For any fixed x and 0 < Ax < (r, let j 1 be the integer such that 
x — j\ <61 < x — j\ + 1 , j '2 be the integer such that x — j 2 < 62 < x — j 2 + 1 
and js be the integer such that x—J 3 < 63 < x—j^+1. Because 61 < 62 < 63 , 
we have j '3 < j 2 < ji . Since 0 < Ax < ^ and p (x) satisfies (ii), we obtain 

A 3 <p := p (x + 3Ax — j) — 3<p (x + 2Ax — j ) + 3<p (x + Ax — j) — ip (x — j) < 0, 

(2.28) 
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if -oo < j < J 3 - 1 ; 


AV > 0, 


if .73 + 1 < J 2 - 1 and j 3 + 1 < j < j 2 - 1 ; 

AV < 0, 

if .72 + 1 < ji ~ 1 and j 2 + 1 < j < j i - 1; 

AV > 0, 


(2.29) 

(2.30) 


(2.31) 


if j l + 1 < j < +oo. 

Assume that j 3 + 1 < j 2 — 1 and j 2 + 1 < j i — 1. From the property (i) 
of we have 


OO 

[<p (a; + 3Ax — j) — 3<p (x + 2Ax — j) + 3p> (x + Ax — j) — <p (x — j)] = 0, 

j——oo 

(2.32) 

OO 

y, j [<p (x + 3Ax — j ) — 3<p (x + 2Ax — j) + 3<p (x + Ax — j) — ip (x — j)] = 0, 

j=—oo 

(2.33) 

and 


OO 

y j 2 [<p (x + 3Ax — j) — 3<p (x + 2Ax — j) + 3tp (x + Ax — j) — ip (x — j)] = 0. 

j= — oo 

(2.34) 

Then we obtain 


A := A (x + 3Ax) — 3A (x + 2Ax) + 3A (x + Ax) — A (x) = 


E 


Cj - C j3 


(.j - h) 


h ~ h 


0 _ J3 )o- A) (a^5» 

V J1~J3 


J2 - J3 J 



■[p(x + 3Ax — j ) — 3t/? (x + 2Ax — j) + 2>ip (x + Ax — j) — + (x — j)] = 

J3 — 1 32 — 1 tl-1 OO 

E +E+ E +E+ E +E+ E == 

j=-oo j—j 3 j=j 3 +l 3=32 3—3 2 + 1 3=31 3=31+1 

From Lemma 2.9 and (2.28)-(2.31), we have 


A 2 = A 4 = Ae = 0, 
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and 

Ai >0, A 3 > 0, A 5 > 0, A 7 > 0 

which implies 

A (x + 3Aa;) — 3 A (x + 2/Ax) + 3 A (x + Ax) — A (x) > 0. (2.36) 

If j 3 = j ‘2 — 1 and j 2 + 1 < j i — l, we have 

A = Ai + A 2 + A 4 A 5 + A 6 + A 7 > 0. (2.37) 

If J 3 + 1 < J 2 — 1 and J 2 = ji — 1 , we obtain 

A = Ai + A 2 + A 3 + A 4 + A 6 + A 7 > 0. (2.38) 

If j 3 = J 2 — 1 and J 2 = ji — 1, then we see that 

A = Ai + A 2 + A 4 + A@ + A 7 > 0. (2.39) 

Now we consider the case that j '3 = j 2 - We redefine j '3 := J 2 — 1, and 
still have (2.37) or (2.39). If j '2 = j 1 , we redefine j± := j '2 + 1 and still have 
(2.38) or (2.39). In summary, A (x) is a 3-th convex function on R. ■ 

Now we are ready to establish the following theorems for the 3-th convex 
wavelet like approximation. 

Theorem 2.12. Suppose that (p(x) is a bounded continuous function 
on R, slippy ( x) C [—a, a], 0 < a < + 00 , and satisfies 

(i) E 5 L -00 (* - j) = 1 on R; jV (* - j) and E ^-00 f <P (* ~ J) 

are quadratic functions on R; 

(ii) there exist real numbers b \, &2 and 63 , b\ < 62 < &3 such that ip (x) is 
3-th convex on (— cxd, b{\ and [ 62 , 63 ] respectively, and p (x) is 3-th concave 
on [ 61 , 62 ] and [ 63 ,- 1 - 00 ) respectively. 

Then, for f £ C (R), if / is a 3-tli convex function on R, the linear 
wavelet operators Ak (/) defined by ( 2 . 1 ) and Bk (/) defined by ( 2 . 2 ) are 
also 3-th convex functions on R and satisfy 

\Ak (/) (*) -f{x) | < Cun (/, 2- fc+ 1 a) , (2.40) 

I B k (/) (*) - / (*)| < Cui (/, 2- fc+ 1 a) , i£R,fceZ, (2.41) 
where C is a constant only depending on <p. 

Proof. It is easy to see that if / is 3-th convex, then {(/, poj)} and {/ (j)} 
are 3-th convex sequences. Hence, by Lemma 2.10, A 0 (/) and B a (/) are 
3-th convex, and so do Ak (f) and Bk (/). 

For proving (2.40) and (2.41), we notice that under condition (ii) the 
function ip (x) may not be always positive. But since tp (x) is bounded and 
compactly supported, we can use a similar method as in [ 86 ] to obtain 
(2.40) and (2.41) with the constant C depending on <p. ■ 


~Puyuc. P/tyliel 



26 2. Convex Probabilistic Wavelet Like Approximation 


Theorem 2 . 13 . Suppose that (x) satisfies all the conditions in The¬ 
orem 2.12 except that (i) is replaced by 

(A E“-oo <p A- 3) = 1 onR ; 

oo 

y: j<fi{x-j) =x onl; 

j=—oo 

and 

oo 

j 2 ip (x — j) is a quadratic function on R. 

j= — oo 

Then, for f £ C (R), if / is a 3-th convex function on R, the linear wavelet 
operators A k (/) and Bk (/) are also 3-th convex functions on R and satisfy 

I A k (/) (x) -f(x) | < Cu 2 (/, 2 ~ k+ 1 a) , 

| B k (f) (x) -f(x) | < Cu 2 (/, 2 ~ k+ 1 a) , x G R, k G Z, 
where C is a constant only depending on <p. 

2.4 Coconvex Probabilistic Wavelet Like 
Approximation 

In this section we are going to discuss the wavelet like approximation to 
some kind of special continuous distribution functions which are concave 
on (xo, Too). 

Lemma 2 . 14 . Suppose that <p (x) satisfies all the conditions of Lemma 
2.1. Let / (x) £ C (R) be concave on (®o, Too). Then B 0 (/) (a;) defined by 
(2.2) is concave on (xo T a, Too). 

Proof. Since supp</? (x) C [—a, a], for x £ (xq T a, Too) we have 

OO 

B o (/)(*)= fU)<p( x -j) 

j =—oo x-a<.j<.x-\-a 

= J2fU)<P( x ~j)- ( 2 - 42 ) 

Xo <3 

Let jo be the smallest integer such that jo > Xo, and 
Cj-=f{j), j =jo,jo T I,- • 

We define Cj for j < j 0 by the formula: 

P? = 2 p 7'-(-1 Cj-\- 2 i j — jo I 5 jo 2,... . 
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Because / (a:) is concave on (xo, +oo), the sequence {Cj}jL _ 00 is a concave 
sequence. Moreover, from suppt/? (x) C [ ~a,a] and (2.42), we get that 

OO 

B 0 (/) (x) = ^2 Cjtp (.x - j) for x e (x 0 + a, +oo). 

i=-oo 

But, by Lemma 2.1, the right-hand side of the above formula is a concave 
function on R. Hence B 0 (/) (x) is concave on ( xo + a, +oo). 

From 

B k (/) ( x) = B 0 (f (2~ k ))(2 k x), 

it follows. ■ 

Lemma 2.15. Suppose that <p(x) satisfies all the conditions of Lemma 
2.1. Let f (x) € C (R) be concave on (xo,+oo). Then, for any k € Z, 
Bk {f) (x) defined by ( 2 . 2 ) is concave on (xo + 2 ~ k a, + 00 ). 

From Theorem 4 in [ 86 ] and Lemma 2.15, we obtain 

Theorem 2.16. Suppose that ip (x) is a bounded continuous function 
on R, slippy (x) C [—a, a], 0 < a < + 00 , and satisfies 

(i) J27L-00 f( x ~ 3 ) = 1 on J27L-00 3<p( x -3) is a linear function 
on R; 

(ii) there is a number bo such that <p (x) is non-decreasing if x < bo and 
is non-increasing if x > bo', 

(iii) there are real numbers b\ and 62 , b\ < 62 such that <p (x) is convex 
on (— 00 , bi\ and [ 62 , + 00 ) respectively, and ip (x) is concave on [b±, 62 ] • 

Let F (x) be a continuous distribution function on R that is concave 
on (xo, + 00 ). Then the linear wavelet operator Bk (F) defined by (2.2) are 
distribution functions which are concave on (xo + 2 ~ k a, + 00 ) and satisfy 

\B k {F)(x) -F{x)\ < U! (F,2~ k a) , x G R, k G Z. (2.43) 

The examples p\ (x) and <pz (x) showed in the Remark 2.2 of Lemma 2.1 
satisfy all the conditions of Theorem 2.16. 

If the condition (i) in Theorem 2.16 is replaced by 
(i Y ££_«> <p(x-j) = l on R, 

OO 

y: j<p(x-j) = x on R, 
j =—00 

then inequality (2.43) can be replaced by 

| B k (F) (x) - F (x) | < Cu 2 (F, 2~ k+ 1 a) . 

We can also obtain similar results for A k (F) (x). 

Besides, we can use the same methods to discuss the coconvex proba¬ 
bilistic wavelet like approximation to the continuous distribution functions 
which have r-th derivatives concave or convex (depending on whether r is 
even or odd) on (xq, +oo) . 


J’lLfLCk P/tyliel 



3 

Bidimensional Constrained Wavelet 
Like Approximation 


Shape-preserving properties of some naturally arising bivariate wavelet op¬ 
erators B n are presented. Namely, let / £ C^R 2 ), k > 0, r, s > 0 all 
integers such that r + s = k. If 


^r+s y 

dx r dy r 


(a ’,y) 


> 0 , 


then it is established, under mild conditions on B n , that 


Qr+s 

dx r dy r 


B n f(x,y ) > 0, 


also pointwise convergence of B n (f) to / is given with rates through a 
Jackson type inequality. Related simultaneous shape-preserving results are 
also given for special type of wavelet operators B n . This chapter relies on 

[89]. 


3.1 Introduction 

Let ip(x, y) be a bounded compactly supported function on R 2 with supp 
<p(x, y) Q [—a, a] x [—6, b ], 0 < a, b < +oo, and f(x, y) £ C(R 2 ). For 
we define 

OO OO 

B n (f)(x,y)=- J2 E /rtHMft-d’ri). (3.1) 
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Since ip(x , y) is compactly supported, there are only finite non-zero terms 
involved in the summations of (3.1). So B n (f)(x, y) are well-defined on R 2 . 

We are concerned with the problems of shape-preserving approximation 
of f(x, y) by B n (f)( x, y) on R 2 , and want to know when is valid 


Qr+s 

dx r dy r 


B n{f)(x,y) > 0, if 


Qr+s 

dx r dy r 


f (x, y) > o, (x,y) G R 2 . 


We also consider the simultaneous shape-preserving approximation. That 
is, for each r* = 0,1,..., r, s* = 0,1,..., s, if 


Qr*+s* 

£ r * s* • “X-r-x-rf(x,w) > 0, 

’ dx r dy r ’ - 

where e r * jS * = ±1, (x,y) G R 2 , then when hold for any n G Z the same 
inequalities for B n (f)(x, y). Theorem 3.5 and Theorem 3.6 established later 
in this chapter can give some answers to these problems. 


3.2 Results 

We first prove some lemmas. 

Lemma 3.1. Let f(x) G C(R) and k be a positive integer. Assume that 
f( k \x) G C(R), f^ k \x) > 0 for x G R, and there are — oo =: xq < X\ < 
X 2 ■ ■ ■ < Xk < Xk+ i '■= +oo such that f(xi ) = 0 (i = 1,2,..., k). Then 

(-l) fe+ 7(x) > 0, Xi < x < Xi+i, i = 0,1,2,..., k (3.2) 

Proof. From the assumption, /(x) has at least k zeros. Hence, by Rolle’s 
theorem, /( fc- 1 )(;r) has at least one zero x^°K 

Assume that (x) has only one zero x(°). Since /^ (x) >0, f( k ^ (x) 

is non-decreasing and then f( k ~ ^(x) < 0 for x < x^ and f^ k ^(x) > 0 
for x > x®. 

Thus / (fe " 2 ) (x) is strictly decreasing if x < x^ and is strictly increasing 
if x > x’(°k From this it follows that f^ k ~ 2 \x) has at most two zeros. On 
the other hand, by the assumptions and Rolle’s theorem, f^ k ~ 2 \x) has at 
least two zeros. Therefore, f^ k ~ 2 \x) has exactly two zeros and is negative 
if x is between these two zeros and is positive otherwise. Repeating this 
argument for /( fc_ 3 )(x),..., and f(x), we know that /(x) has exactly k 
zeros which are x\, X 2 , ■ ■ ■, and satisfies (3.2). 

Now assume that there is another zero x W y^x^ such that (a;W)= 

0. Because f^ k \x)> 0, 7 fc_ 1 )( x ) is a non-decreasing which implies f^ k ~^ 
(x)= 0 whenever x is between x ^ and x*- 1 ). 

Therefore we will have an interval [x^x”] which contains x^ and x^ 1 ^ 
such that /( fe - 1 )(x) = 0 if x G [x',x”] and j( fc - 1 )(x) ^ 0 if x < x' or 
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x > x”. Since f( k x) is non-decreasing, we have f^ k ~ ^(a;) < 0 for x < 
x' and f^ k ~ 1 \x) > 0 for x > x". From this it follows that f^ k ~ 2 \x) is 
strictly decreasing on (—oo,x') and is strictly increasing on (x”,+oo) and 
is constant on [a/, a:”]. Since f < ' k ~ 2 ' l (x ) has at least two zeros, there are 
only two possibilities: (i) f^ k ~ 2 \x) = 0, x G [x',x v ] and f^ k ~ 2 \x) > 0 for 
x [a;',a;”]; (ii) /(fc- 2 ) 

(x) has exactly two zeros: one zero is on (—oo,x') 
while another one is on (a:”, +oo). 

If (i) holds, since /( fc-3 ) (x) has as least three zeros by the assump¬ 
tions and Rolle’s theorem, we will have /( fc_ 3 )(a:) = 0,x € [x 1 , a;”] and 
y(fc— 3 )(a-) < o f or x g (— 00 , 3 :') and f( k ~ 3 ^(x) > 0 for x G (x”,+oo). Re¬ 
peating these arguments, we obtain /( x) = 0,a: G [a/, a:”] and f(x) > 0 
for x € (—oo,a:') U (x”,+oo) if k is even; and /( x) < 0 for x G (—oo,x') 
and f(x) > 0 and x G (x ”, +oo) if k is odd. Thus we have x±,X 2 , ■ ■ ■ ,Xk G 
[a/, a;”] and (3.2) is satisfied. 

If (ii) holds, then f^ k ~ 2 \x) has exactly two zeros, and f' yk ~ 2 \x) is neg¬ 
ative whenever x is between these two zeros and is positive otherwise. 
Repeating the arguments we had at the beginning, we get that f(x) has 
exactly k zeros which are X\,X 2 , ■ ■ ■ ,Xk and satisfies (3.2). ■ 

Lemma 3.2. Suppose that ip(x ) is a bounded continuous function on 
R with supp <p(x) C [—a, a], 0 < a < +oo. If for some positive integer 
k, ip ( ' k ~ 1 \x) G C(R) and there are k real numbers —oo =: Xq < X\ < X 2 < 
... < Xk < Xk+i := +oo such that tp( k \x) G C{xi, x*+i) (i = 1,2, ...,k) 
and 

i-l) l ^ k \x) > 0, x € (xi,x i+1 ), i = 0,1,2,..., k, (3.3) 

then for any positive integer s, s < k , there are s real numbers — oo =: 
x' 0 < x[ < x 2 < ... < x' s < x' s+1 := +oo such that 

(-l)V (s) (x) > 0, x G (a;',a;' +1 ), i = 0,1, 2 ,..., s. (3.4) 

Proof. Notice that we only need to prove the conclusion for s = k — 1. 

Since <p(x) = 0, x £ [—a,a], we have <p( fc_ 1 )(a;) = 0 for —oo < x < —a. 
From the assumption that ip^ k \x) > 0 for —oo < x < x\, it follows that 
<p^ k ~ l >{x) j s non-decreasing on (—oo,xi). Hence (a;) > 0 for x G 

(—oo,a:i). Since p^ k \x) < 0 for x G (xi,a; 2 ), ^^ fc_ 1 ) (x) is non-decreasing 
on x G (xi,X 2 ). There are two possibilities: (i) p ( - k ~ 1 '(x 2 ) < 0 and (ii) 
^,(fe- 1 )( a . 2 ) > o. In the first case (i), since </?( fc_ 1 )(xi) > 0, <^ fc_ 1 )(x 2 ) < 0 
and (p( k ~ 1 ' ) is non-increasing on (xi,X 2 ), there is a £ G [xi,X 2 ) such that 
</?( fe ~ 1 )(^) = 0 , p ( - k ~ 1 \x ) > 0 if x < £ and 1 p ( - k ~ 1 \x) < 0 if £ < x < 
X 2 - We take this £ as x\ and then work on (^ 2 ,^ 3 ) to choose x 2 . If (ii) 
holds, we choose x[ = x' 2 = X 2 , and we have <^ fc_ 1 )(x) > 0 for x G 
(— 00 , 34 ) because </4 fc_1 )(x) is non-increasing on (xi,X 2 ) and ip < ' k ~ 1 \x 2 ) > 
0. Because </4 fc_ 1 )(x) is non-decreasing on (X 2 ,X 3 ) and (p ( ' k ~ 1 \x 2 ) > 0, we 
have ^4 fc_1 )( x ) > 0 on ( 3 : 2 , £ 3 ). Then we work on (£ 3 , 2 : 4 ) to choose x' 3 . 
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Repeating this process, suppose we have chosen x\ < x' 2 < ■ . ■ < x' k _ 2 < 
Xk- 1 such that 

(-1 )V (fe_1) (x) > 0 , x € (a;', x' i+1 ), i = 0 , 1 ,. .., k - 3. (3.5) 

Now we are going to choose x' k _ l such that 

(-l)V (fc_ 1 ) (a:) > 0, x G {x'i,x' i+1 ), i = k-2,k-l. (3.6) 

Let k be even. From (3.3), we have 

^ k \x) > 0, a; G ( Xk- 2 ,X k -l ), 


tp( k \x) < 0, x G ( Xk-i,x k ) 

and 


^ k \x) > 0, x G (Xk,+ oo). 

Therefore ip^ k ~^(x) is non-decreasing on (x k - 2 ,Xk-i) and (x k , oo), and 
is non-increasing on ( Xk-i,Xk )• From (3.5), we have (x' k _ 2 ) < 0. If 

ip( k ~ l ) (x k _i) < 0, we may take x' k _ 1 = x' k _ 2 . Indeed, because ip ( ' k ~ 1 \x) is 
non-decreasing on (x k - 2 ,Xk-i), from ip(x k - 1 ) <0, we have p( k ~ 1 ' ) (a;) < 

0 on (x' k _ 1 ,Xk- 1 ). Because <^ fe_ 1 )(a:) is non-increasing on (x k -i,Xk), we 
still have < 0 on (x k -i, x k )- Because p^ k ~ 1 ' ) (x) = 0, x € (a,+oo) 

and <^ fc_ 1 )(:r) is non-decreasing on (a:fc,+oo), we obtain 

^ fc_ 1 ^(x) < 0, x G (xk,+ oo). (3.7) 

So it holds 

p (fe_1) (a:) < 0, x G {x' k _ 1 ,+ oo) 

which gives (3.6). 

If ip( k ~ 1 ') (a^-i) > 0, noticing that ( x ) is non-increasing on (xk-i,x k ) 

and (3.7), we can find a £ G (a;fc_i,a:fc] such that ip( k ~V (£) — o, p^ k ~ l \x) > 

0 if Xk -i < a; < £ and <p( fe- 1 )(a;) < 0 if £ < a: < x k ■ Take x' k _ x := £. Then 
we get 


<£ (fc 1 \x)>Q,x&{x k -i,x' k _ 1 ) (3.8) 

and 

<^ fc_ 1 )(a;) < 0, x € (a4_i,+oo). (3.9) 

by (3.6). On the other hand, if (x k -i) > 0, from the selection of 

x' k _ 2 , we know x' k _ 2 < x k -i and ip ( ' k ~ 1 \x' k _ 2 ) = 0. Then, since </^ fc-1 )( x ) 
is non-decreasing on (xk- 2 , x k -i), we get 
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^ (x) > 0 , x G (x' k _ 2 ,x k - 1 ). 

From this and (3.8) we obtain 

ip (k ~ 1] (x) > 0 , x G (4-2^’fe-l), 
which with (3.9) gives (3.6). 

We can use a similar method to choose x' k _ 1 if k is odd. This completes 
the proof of Lemma 3.2. ■ 


Lemma 3.3. Let r, s be non-negative integers, k be a positive integer 
and r + s = k. Assume that ip(x,y) is a bounded compactly supported 
function on R 2 with supp <p(x, y) C [—a, a] x [—b , b], 0 < a, b < +oo, 

d — <p{x,y) e C(R 2 ) 
dx r dy r 

and satisfies the following conditions: 

(i) for any fixed j and y, 


%——oo 

is a polynomial of degree < r with respect to x whenever p(x, y) is a 
polynomial of degree < r with respect to x. 

(ii) for any fixed i and x, 


^2 p{i,j)<p(x-i,y-j) 

j=-°o 

is a polynomial of degree < s with respect to y whenever p(x, y) is a 
polynomial of degree < s with respect to y. 

(iii) There are k real numbers — oo =: xq < X\ < X2 ■ ■ ■ < x r < x r + 1 := +oo 
and —oo =: yo < y± < yi... < y s < y s +i := +00 such that 


(- 1 ) 


m-\-l 


d r+s p 

dx r dy r 


(x,y) > 0, 


•Em <x< X m+ 1 , 

yi <y < yi+i, 
m = 0 , 1 ,..., r 
l = 0 , 1 ,..., s. 


(3.10) 
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Then if f(x,y) € C(R 2 ), 

7° 1 Q f* 

J (x,y) G C(R 2 ) 
dx r dy rK K ' 

and 

flr+s £ 

dx r dy r fo y ) ^ °. (*« y ) 6 r2 < ( 3 - n ) 

for the linear operators B n {f){x,y) (defined by (3.1)) we also have 
£^B n (f)(x,y) £ C( R») 

and 

-^Fg-^ B n(f)(x,y) > o, (x,y) G R 2 . (3.12) 

Proof. Since tp(x,y) is compactly supported, for any fixed (x,y) G R 2 , the 
summations in (3.1) only involve finite non-zero terms. Therefore, if 

we have 

For simplicity we only prove (3.12) for n = 0. For the other cases, the 
arguments are the same. 

Let (x,y) be a fixed point on R 2 , and i m ,jl (m = 1,2, ...,r; l = 
1,2 ,,s) are the integers such that 

x — im < x r -m +1 < x - i m + 1, m = 1,2,..., r (3.13) 

y~ji< Vs-i+i <y-ji + 1, l = l,2,...,s. (3.14) 

Since x m < x m+ i (m = 1,..., r - 1) and y t < y t+1 (l = 1,..., s - 1), 
we have i m < i m+ 1 (to = 1,..., r - 1) and ji < ji +1 {l = 1,..., s - 1). If 
for some m we have i m = i m + i, then we redefine i m +i '■= im + 1- Hence 
after refinement we have i m < i m +i- (The refinement is going on in the 
order of to- to be explained later (*).) Similarly we may redefine ji such 
that ji < ji+ 1 . 

For f(x,y) and each fixed y, we can construct a polynomial P\{x,y) 
of degree r — 1 with respect to x such that f(i m , y) = Pi( V ), rn = 
1 ,...,r. Then, for function f(x,y) — P\(x,y) and each fixed x, we can 
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construct a polynomial P 2 (x, y) of degree s — 1 with respect to y such that 
f(x,ji) - Pi(x,ji) = P 2 (x,ji), l=l,...,s. Since f(i m ,y) - Pi{i m ,y) = 0, 
we have P 2 {im,y) = 0 . 

Hence 


P(x,y) ■= f(x,y) - Pi(x,y) - P 2 (x, y) =0, if x = i m (m = 1,... ,r) 


We also get 


and 


d s F 

dy s 


or y = ji, (l = 1 , 2 ,...,s). 

gr+s F gr+ S f 

dx r dy r ~ dx r dy r on 
(x, y) = 0 for x = i m (to = 1 ,..., r) 


because of (3.15). 

For fixed y, we apply Lemma 3.1 to ^ -pr{x,y ). Because 

d r (d s F\ , , n 

by (3.16), and |^( i m ,y ) = 0 (to = 1,... ,r) by (3.17), we have 

cis Tip ^m X Irn+li 

(_l)r +m ——-(x, y ) > 0, TO = 0,1 ,..., r. 

dy s 


(3.15) 


(3.16) 


(3.17) 


(3.18) 


Here io := — oo and i r +± := +oo. 

Now let to be fixed and x be fixed with i m < x < i m +i- We apply Lemma 
3.1 to F(x,y) with respect to y. From (3.18) and (3.15), and Lemma 3.1, 
we have 


(-l) r+s+m+l F(x,y)>0, 


2 m X <t 1m+ 1, 

ji <y < ji+ 1 , 

to = 0 , 1 ,..., r; l = 0 , 1 ,..., s. 


(3.19) 


Here jo := —oo and j s +i := +oo. 

For the fixed (x,y), from the conditions (i) and (ii), we derive 


d r+s B 0 (f) 

dx r dy s 


{x,y) 


gr+s 

dx r dy s 


OO OO 

/(*>iM 1 - 

j =—oo i =—oo 


i,y-j ) 


x=x, y—y 
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Qr+s 

dx r dy i 


OO OO 


-j) 


J —— oc %——OO 
OO OO 


J x=x , y=y 


= Z) H F ( i ’j) p-rS?.A X - i ’y-j) 


J — — OO 2= — OO 


dx r dy s 


=iziz y, n F( ' i ' j) ^ r ^ { - x ~ i ' y ~ j ^ (3 - 2o) 

;=0 m=0 ji<j<ji+i i m <i<im+i 

Here for the last equation we have used (3.15). 

If there is some integer i such that i m < i < i m + i , then this i m +i is 
not the refinement of the original i m +i which satisfies (3.13). Hence in 
this case the i m +i satisfies (3.13). Meanwhile even if i m is a refinement, 
i m still satisfies the inequality on the left-hand side of (3.13), because the 
refinement is greater than the original one. Thus, for i m < i < i m + 1 , by 
(3.13), we have 


x — i < x — i m 


< X r — 


and noticing i < i m+ \ — 1, we have 


x i ^ x im+i 1 ^ Xi~—jyi 


Hence 


X r -m < X - i < x r - m+ 1 , im < i < im+ 1, TO = 0, 1, . . . , T. (3.21) 
Similarly we obtain 


Vs-i <y~ j < Vs-l+i, 3l <3 < 3l+ 1, l = 0,l,...,s. (3.22) 

From (3.21), (3.22) and (3.10), we have 


(-D 


r-\-s—m—l 


d r+s <p 

dx r dy 3 


(x — i,y — j) > 0, 


^m < i < 'i'm+li 

3i <3 <3i+u 
m = 0, l,...,r; 
l = 0,1,..., s. 


From this, (3.19) and (3.20), we derive 


Qr+s 

dx r dy s 


Bo{f){x,y) > 0. 
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(*)A note on the last proof. If mo is the smallest positive integer such 
that i mo = i mo + 1 , we redefine i mo + 1 := i mo + 1- If *m 0 +2 < the refinement 
of im 0 + 1 ) we redefine i mo + 2 := *m 0 + 2, and so on until we have some 
positive integer q such that i mo +q > i mo + <?• Then we check for the next 
mi such that i mi = i mi + 1 - Do the same refinement. In this way, we can 
modify i m such that i m < i m +i, m = 0,1,..., r. 

Lemma 3.4. Let r, s be non-negative integers, k be a positive integer 
and r+s = k. Assume that ifi(x) is a bounded compactly supported function 
on R with supp ip(x) C [—a, a], 0 < a < + 00 , (p^(x) £ C(R) and satisfies 
the following conditions: 

(3.4.1) for each k* = 0,1,..., k — 1 , 


^2 p(i)<p{x-i) 

i =—00 

is a polynomial of degree k* whenever p(x) is a polynomial of degree 
k*. 

(3.4.2) there are k real numbers —00 =: xo < x\ < x% ... < x r < x r +i := 
+00 such that 


(-l)"V (fe) (;r) >0, x m < x < x m+ i, m = 0,1,..., fc. 
Then, if / (x, y) £ C(R 2 ), 


and 


gr+s j 

dx r dy r 


(x,y)GC( R 2 ) 


~I - S -P 

£r*, S * ' dx r*g y r* 0*^) ~ 0 ’ (*’ V) G R2 (3-23) 

where r* = 0,1,..., r, s* = 0,1,..., s and £ r » jS » = ±1, for the linear 
operators B n (f)(x,y) defined by (3.1) with ip(x,y) := ip(x)ip(y), we also 
have 

R2 > 

and 


7 ** — 0 1 T“ 

£r *’ s * ' dlr-djr M f){XtV) ~ °’ € R2 ’ , s. (3.24) 

Proof. Since (f{x,y ) := ip(x)ip(y) satisfies the condition (3.4.1), we have 
V>{x, y) satisfy 
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(i)’ for any fixed j and y, for each r* = 0,1,..., r — 1, 


X “*> 2 / - 3 ) 

i =—oo 

is a polynomial of degree r* with respect to x whenever p(x, y) is a 
polynomial of degree r* with respect to x. 

(ii) ’ for any fixed i and x, for each s* = 0,1,..., s — 1, 

OO 

j—~ OO 

is a polynomial of degree s* with respect to y whenever p(x, y) is a 
polynomial of degree s* with respect to y. 

By Lemma 3.2, from the condition (3.4.2), we have ip(x,y) fulfill 

(iii) ’ for each r* = 0, 1 , ..., r and each s* = 0, 1 , ..., s, there are k* := r* + s* 

real numbers —oo =: x' 0 < x[ < x' 2 ■ ■ . < x' r , < x' r , , 1 := +oo and 
-oo =:y' 0 <y' 1 <y , 2 ---< y' s * < y' r * +1 := +oo such that 


^ rn + l 


d r * +a ‘y> 
dx r * dy s * 


(x,y) 


Xfn ^ X ^ .Tm-l-li 

, „ y'i<y<y'i+i, 

(_l) m v , (r l( x ).(_i) i v ,( s )( y ) >o, m = 0,1,... ,r* 

1 = 0,1,...,s*. 


Then, from (i)’, (ii)’, and (iii)’, by Lemma 3.3, we have (3.24) for B n (f ) 
(a :,y) if f(x,y) satisfies (3.23). ■ 

For / £ C(R 2 ), h > 0 and (x,y) £ R 2 we dehne the local modulus of 
continuity of / by 


wi(f,h;x,y) :=swp\f(x',y') - f(x,y)\, \x' - x\ < h, \y'- y\ < h. 

Theorem 3.5. Let r, s be non-negative integers and k be a positive 
integer such that r+s = k. Assume that tp(x, y) satisfies all the assumptions 
in Lemma 3.3 and the following additional condition: 

(iv) 

OO OO 

X X - i ' y - 1 onr2 - 

j =—oo i =—oo 
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Then, if f(x,y)eC(R 2 ), 


and 


gr+s j 

dx r dy r 

gr+s j 


{x,y)eC{R 2 ) 


(x,y) > 0, ( x,y ) G 


dx r dy r 

for the linear operators B n (f)(x,y) defined by (3.1) we have 
gr+s 


and 


and 


dx r dy 

g r + 


: B n (f)(x,y) G C(R 2 ) 


dx r dy 1 


Bn(f)(x,y) > 0, (x,y) G R“, 


\f(x,y) - B n (f)(x,y)\ < u+(f,2 n ■ d;x, y) (x, y) G R 2 , (3.25) 

where d = max(a, b). 

Proof. It is based on Lemma 3.3. Inequality (3.25) appears also in [84] 
where it is proved. ■ 

Theorem 3 . 6 . Let r, s be non-negative integers and k be a positive 
integer such that r + s = k. Suppose that < p(x ) satisfies all the assumptions 
in Lemma 3.4 and the following additional condition: 

OO 

ip{x — i) = 1 on R. 

i—— oo 

Then, if f{x,y) G C(R 2 ), 

r\T>_L q n 

J (a;,y) G C(R 2 ) 
dx r dy rK K ' 

and 


gr*+s* j 

£ r * s* • t:—— ~( x ,y) > 0, (x,y) G R 2 
’ dx r dy r y ’ ~ ’ 

where r* = 0,1,..., r, s* = 0,1,..., s and £ r * ;S * = ±1, for the linear 
operators B n (f)(x,y) defined by (3.1) with tp(x,y) := ip(x)ip(y), we have 
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and 


gr*+s* 

dx r * dy 1 


T B n (f)(x,y) > 0, (x,y) G 


0,1,..., r, 
0,1,..., s. 


and 

I f(x,y) - B n (f)(x,y)\ < w 1 (f,2~ n ■ d\x,y) (x,y) G R 2 , 
where d = max(a, b). 

Proof. It is based on Lemma 3.4. ■ 

Example 3.7. Take <p(x,y) := ip(x)(p(y) where <p(x) be the B-spline of 
order k + 2: 

<p{y) = B k+2 (x), 
where B n (x) is defined inductively as follows 

Bi(x) = l(x [-*,*](*)+X(-*,*)(*)) . 

B n {x) = * B 1 (x), n = 2,3,.... 

Such a (p(x,y) fulfills all the assumptions of Theorems 3.5 and 3.6 
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Multidimensional Probabilistic Scale 
Approximation 


Multivariate probabilistic distribution functions are approximated by some 
naturally arising wavelet type operators involving a scale function. These 
transform multivariate distribution functions to multivariate distribution 
functions. The degree of this approximation is given by establishing some 
sharp Jackson type inequalities. This chapter relies on [90]. 


4.1 Introduction 

We are interested in the problem of approximation to multivariable prob¬ 
abilistic distribution functions. It is known that ([255], pp. 107-108), a func¬ 
tion F{xi,X 2 , ■ ■ ■ ,x r ) is a probabilistic distribution function on R r ( r > 1) 
if and only if F is nondecreasing with respect to each variable Xi{i = 
1,2,..., r) and right continuous for all variables, and satisfies the following 
conditions: 

(i) 

F(-oo,X 2 , ■■■, Xr) = F(x 1 , -00, *3,..., x r ) = ■ ■ . = F(x i,... ,x r -i, -oo) = 0, 


F(+ oo, +oo,..., +oo) = 1. 

(ii) for every (x\, X 2 , ■ ■ ■, x r ) £ R r and all Si > 0 (i = 1,2, ...,r) the in¬ 
equality 


56. 
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F(xi + (5i, X 2 + S 2 , . . ■ ,x r + S r ) — '^2 F(xi+s 1 ,. .. , Xi-i+Si- 1 , Xi,Xi+i+5i+i . . . , x r + &r) + 


F(ii + <5i,. . . , Xi—\ +<5i_i, Xi, Xi + <5i,. . . + i ■ ■ - , x r -\-S r 

i,j= 1; i<j 


+ • ■ • + (-l) r F(a;i,a: 2 ,... ,x r ) > 0 


(4.1) 


holds. 

Let <p(xi,x 2 , ■ • ■, x r ) be a bounded compactly supported function on K. r 
with 


supp <p{xi, X2 , • • • , x r ) C [—ai, ai] X [—a2, <22] X ... X [— a r , a r ], 0 < ai < +oo(i = 1 , 2 , . . . , r) 

and be right continuous with respect to all variables. 

We want to approximate F on R r by the linear combinations of trans¬ 
lated dilates of ip{x\,x 2 , • • •, x r ). 

Define 


Bk(F)(x 1 ,x 2 ,...,x r ):= ■■■ E F(2- k ji,2- k j 2 ,...,2~ k j r ) 

jr — OO jl = — QO 

- ji, 2 fe a ;2 -j 2 ,...,2 k x r - j r ) (4.2) 

on R r for fc € Z. Since ^ is compactly supported, for any ( 24 , x 2 , • • •, ay) € 
R r the summations in (4.2) only involve finite terms, so Bk{F) is well- 
defined on R r . 

In this chapter, we are going to use the linear operators Bk(F) to ap¬ 
proximate F and discuss under what conditions on ip the Bk(F) give us 
probabilistic distribution functions if F is so. This is a generalization of 
[ 86 ] and [84] where it discussed the univariate case and bivariate case, re¬ 
spectively. 


4.2 Main Result 

Let f(xi,x 2 ,..., x r ) be a bounded function on R r . For each (x±,x 2 ,..., x r ) € 
R r and h > 0, we define the first modulus of continuity 


Wi(f,h):= sup \.f{x'i, ■ ■ ■ ,x' r ) — f(xi,x 2 ,... ,x r )\, 

\ x i~Xi\<h, £= 1 , 2 ,...,7* 
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where the sup is taken over all (xi,X 2 , ■ ■ ■, x r ), (x[,... ,x' r ) which satisfy 
\x'i — Xi\ < h for i = 1,2 ,..., r. 

Theorem 4.1. Suppose ip(x 1 , 2 : 2 ,... ,x r ) is a bounded compactly sup¬ 
ported function on R r with 

supp <p(x 1, X2 , • • • , x r ) C [—a 1, ai] X [—a2, 02] X ... X [—a r , a r ], 0 < a, < +oo(i = 1,2 , . . . , r) 

and is right continuous with respect to all variables, and satisfies the 
following conditions: 

(i) For each i, 1 < i < r and any (x\,X 2 , ■ ■ ■ ,x r ) £ R r , 


oo 

y. ip(xi,X 2 , ■ ■ ■ ,Xi-l,Xi-j, x i+ l, ...,X r ) = Ci(x 1 , . . . , Xi-l,Xi+l, . . . ,Xr), 
j = — oo 

where Ci{x 1 ,..., Xi-i, Xi+i,..., x r ) are independent of Xi (i = 1,2, , r ). 

(ii) 

OO OO OO 

y ••• y y v>{xi-ji,x 2 -j2,---,x r -jr) = i 

jr— OO J2 = OO jl— OO 

on R r . 

(iii) With respect to each variable ip(x i ,X 2 ,---, x r ) is a two-pieces monotone 
function, which is nondecreasing first and then nonincreasing. 

(iv) There is a point (&i, 6 2 , • • ■, b r ) £ R r such that for all <5* > 0 (i = 
1, 2,..., r), holds the inequality 


<p(xi+Si,x2+S 2 ,... ,x r +Sr)—y <p(x i+< 5 i,... ,iCj_i+ 5 i_i,Xi,Xj+i+< 5 f+i, •.., 


■ +5r) + y <p(xi +<5i, • • • ,Xj_ i +5i_i,x»,x»+i + (5i+i, • •., Xj_i +Sj-i,Xj 

i,j=l, i<j 


Xj+ 1 + 5j+ 1 , . . . , X r + 5 r ) + . . . + {—\) r tp(x\,X2, ...,X r ) 


> 0 (4.3) 


whenever 


(xi + Si,X 2 + S 2 , ■ ■ ■, x r + S r ) and (xi,x 2 , ■ ■ ■, x r ) G J(ei, £ 2 , ■ ■ ■ ,£ r ) 
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where 


J(e i,£ 2 , ...,£ r ) := {(aq,^, •. ■ ,a: r ) € K r ; sign)®* - &,) = e if e, = ±1} 


and 


e = JJ(—£j), J(ei, £2) • • • > £r) the closure of J(ei, £2, ■ ■ ■, £ r )- 

Then, if F(xi,X 2 , • ■ •, ay) is a probabilistic distribution function on R r , 
the linear operators Bj-(F)(x\,X 2 , ■ ■ ■ ,x r ) defined by (4.2) are also proba¬ 
bilistic distribution functions on R r . Besides, we have 

HB k F-FH 00 <w 1 (F,2- k -d), (4.4) 

k € Z, where d := max(ai, 02 ,..., a r ). Moreover, the inequalities (4.4) are 
sharp for probabilistic distribution functions. 

Examples 4.2. Here we want to present some examples of ip(x 1 , £ 2 ,..., x r ) 
which satisfy all the conditions in Theorem 4.1. 

Let 

( — 2 — X < 2 ’ 

ifio(x) '■= < 0 , otherwise. 

and 

! x + l, — 1 < x < 0, 

1 — X, 0 < 31 < 1 
0 , otherwise. 

Define 


(4.5) 


(4.6) 


<Po{xi,X 2 ,-.-,X r ) = ipo(xi)<Po(X2) ■ ■ ■ <Po(x r ) 


and 


<Pi{xi,X2, ...,x r )= <pi(x 1 )ifi 1 (x 2 ) ■ ..(pi(x r ). 

Then <po(xi,X2, ■ ■ ■, x r ) and </?i(aq, ay, • • •, x r ) are the functions satisfy¬ 
ing all the conditions in Theorem 4.1. Indeed, for s = 0 and 1, we have 


OO 

y; <p s (x i,X2,.. ■ ,Xi-i,Xi—j,Xi+i, ■ ■ ■ ,x r ) = <fi 3 (xi). ■ ■ (p s (xi-i)vs{xi+i) ■ ■ ■ y 3 {x r ) 

j= — oo 
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OO 

• ^2 (p s (xi-j) = ip s (xi)...(p s (xi-i)ip 3 (x i+ i)...ip 3 (x r ), 

j = — OO 

and 

oo oo oo r / oo 

53 53 53 l Ps(x 1 -j 1 ,X 2 -j 2 ,---,Xr-jr) = ( 53 Vs(x t - ji) 

j r = — OO j 2 = —OO Jl = —OO * = 1 \ji = — oo 

Since y> s (a;) (s = 0,1) are two-pieces monotone functions and ip s {x) > 0, 
so <^ s (a;i, a; 2 , • ■ •, ay) satisfy the condition (iii). For the condition (iv), we 
may take (b±, b 2 ,..., 6 r ) = (0,0,..., 0). For 5* > 0 (i = 1,2,..., r), let 



Ag 1 f(xi,x 2 , ■■■,x r ) := f(xi + 61 , x 2 , ...,x r )- f{xi,x 2 ,.. .,x r ), 


As 2 A Sl f(xi,X 2 , ...,X r ):= As 1 f(xi,X2+S 2 ,X3 ■ ■ •, x r ) - A Sl f(xi , x 2 , x 3 ■ ■ ■ ,x r ), 


A Sr As r _ 1 ... Ag 1 f(xi,X 2 , ...,Xr):= A s r _ x ... As 1 f(xi,X 2 , ■ ■ .,Xr-i,Xr + Sr)- 


A Sr _ r ... A Sl f(xi,x 2 ,.. .,x r -!,x r ). 

Notice the following (in order to prove (iv) and other lemmas). 

Lemma 4.3. For every (xi,x 2 ,X 3 ..., x r ) € R r and Si £ K (i = 1,2,...,r), 
we have 


f(xi+Si,x 2 +S 2 , ■. • ,x r +6r)-53 /(^i+'h’ • • • ,^i--i+5i-i,Xi,Xi + \+8i + \ ... ,x r +8 r )+ 

i= 1 


53 f{xi+ 8 i,... 

i,j=l; i<j 


1 Xj, — i+< 5 i — 1 5 5 . . . , Xj — 1 \ , Xj , Xj —(— 1 I - Sj -j_ 1 . . . , Xr~\~$r ) 


+ ... + {-l) r f(x\, x 2 ,..., x r ) 

= A 5 r A Sr _ 1 ... A Sl f(xi,x 2 ,.. .,x r ). (4.7) 


Proof. The proof is by induction on r. If r = 1, (4.7) is trivial. Suppose 
that equation (4.7) is valid for r — 1. Then we have 
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f(xi+Sl,X 2 +S 2 , ■ ■ • ,X r +(5r)-^ f(.Xl+6l, ■ ■ . , Xi-\+5i-l,Xi,Xi + \+5i + l . . . ,X r +5r) + 


i Xi — l+<5i— 1 j Xi , Xi~\~Si , . . . , Xj — 1 — 1 , Xj , Xj- 1-1 ^ Xr~\~^r') 

*,t=l; i<j 

+ ... + (~l) r f(xi,x 2 , ...,x r )= f(x i + (5i, at 2 + S 2 ,... ,x r + S r )~ 

r— 1 

^ ^ f (x\ “h ^ 15 • • • 5 i “h 5 Xi , Xj-i-i + • • • 5 #r H - )H“ 

i=l 

r — 1 

^ ^ ^ (*^1 +<^15 • • • j Xi — • • • j Xj — 1 +<5j — 1 5 Xj , iCj-j-1 • • • ) *Er - l -< 5r ) 

*>j=i; *<i 

+ . . . + (—l) r- 1 /(:ri, £ 2 , ■ • • + <5r)J - [/(xi + Si, ■ ■ . ,X r -l + <5r-l,Xr)~ 

r —1 

^ ^ f (%1 + <Jl j • • • j Xi—i -f - Si— 1 , 34 5 Xi 4“ ■ • • j X r —\ 4“ <5 r __ i, x r ) 

r —1 

A • • • A ( 1) ^ ^ f (x i,... , Xi— i, 34 4~ Si , 34 + 1 ,..., 34 ) 

2 = 1 

4-(-l) r_1 /(^i;^2, ...,x r ) = As r _ 1 . . . Ag 1 f(x 1 ,x 2 , ■ ■ ■ , X r -!,X r + S r ) 
-Ag r _ 1 ... Ag 1 f(x 1 ,x 2 , ■ ■ .,x r -i,x r ) = Ag r Ag r l ... As 1 /(x 1 ,x 2 , ■. .,x r ). 


In order to prove (iv) we need also 

Lemma 4.4. Suppose that functions fi(x) (i = 1,2,..., r) are defined 
on R and f(xi,x 2 ,..., x r ) = Jli=i fi{xi) on R r . Then the left-hand side of 
(4.7) equals to IIi=i[/*(** + S i) ~ fi( x i)}- 

Proof. By Lennna 4.3 we only need to verify 


Ag r A Sr _ 1 ... A Sl f{xi,x 2 , ...,x r ) = JJ [/*(*» 4- 5») - /»(*»)]. (4.8) 

2=1 

But this is done by induction on r. In fact, (4.8) is trivial for r = 1. 
Assume that (4.8) is valid for r—1. Then 


A 5 r A^_ 1 ...A Sl f(xi,x 2 ,...,x r ) = A Sr _ t ... A Sl f(xi,x 2 ,... ,x r -i,x r +5 r ) 
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r— 1 

A< 5 r _i . . . f (^ 15 *^ 2 1 • • • i %r— 1 ? ) — j | [«/** (*^i H - $i) fi ' fr (*^r H - ^r) 

i=1 

r— 1 r 

- + <*») - /»(*»)] • /r(ar r ) = R [/»(*» + <5,:) - /»(*»)]• 

i=l i=l 


1) Back to the Example (4.2). For s = 0,1, if (xi+Si,X2 + S2, ■ ■■ ,x r + 
S r ) and (x±,X2, • ■ •, x r ) £ J(s i, £2, • ■ •, s r ) we have 

sign [<p s (xi + Si)- y a {xi)\ = £i- 

Hence 


signR[^) s (a; i + S,) - <p a (xi)] = R(-e*)- 

t=l 2=1 

Thus, by Lemma 4.4, the functions yj s (a;i,X 2 , • • • ,x r ) satisfy the con¬ 
dition (iv) in Theorem 4.1. 

2) Another example. In general, if we have ip a (xi, X 2 , •••, x r ) = 111=1 fi{Xi ), 
where fi(xi) (i = 1,2 ,..., r) are bounded compactly supported func¬ 
tions on R and right continuous and satisfy 

(i) 

OO 

]4 M x ~j) = 1 on R, 
j=—o o 

(ii) For each i, i = 1,2,..., r, there is a number bt such that fi(x) is 
nondecreasing if x < bi and fi(x) is nondecreasing if x > b- t . 

Then ip(x 1 , X 2 , • ■ •, av) satisfies all the conditions in Theorem 4.1. 

3) Auxiliary Results (in order to prove Theorem 4.1) 

Lemma 4.5. Suppose that ip(xi,X 2 , ■ ■ ■ ,x r ) is a bounded compactly 
supported function on R r with 


supp tp(x\,x2, x r ) C [ —aj_, aj_] X [-02, a2] X ... X [ —a r , a r ], 0 < < +oo(i = 1 , 2 , . . . , r) 

and is right continuous with respect to all variables Xi . Then, for any 
sequence of {Cj 1 j 2 ...j r }j°-_ 00 . i=1 2 r real numbers, the function 
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A(x i, *2,. ..,*»•) :== - ,Xr-3r) 

j r = -oo j2 = -°°j l = -oo 

(4.9) 

is also right continuous with respect to all variables aq . 

The proof of Lemma 4.5 is similar to the proof of Lemma 1 in [84], 

Lemma 4.6 ([ 86 ]). Suppose that tp(x) is a bounded function on R 
with supp ip(x) C [—a, a], 0 < a < +oo and satisfies the following 

conditions: 

(i) 

OO 

i p(x — j) = C on R, where C is a constant. 

j—-oo 

(ii) There is a number a o such that p(x) is nondecreasing if x < ao and 
is nondecreasing if x > ao- Then if {Cj}jt_ oa is a nondecreasing 
sequence, the function A(x) defined by (4.9) is a nondecreasing 
function on R. 

By Lemma 4.5 and Lemma 4.6 we can prove 

Lemma 4.7. Suppose that <p(xi, X 2 , ■ ■ •, x r ) is a bounded compactly 
supported function on R r with supp <p(xi,X 2 , ■ ■ ■ ,x r ) C [—ai,ai] x 
[—< 22 , < 22 ] x ... x [—a r ,a r ], 0 < a,; < +oo(i = 1,2 ,...,r) and 
ip{x 1 , a? 2 , • • •, x r ) is right continuous with respect to all variables x t (i = 
1,2, ...,r). Then, the linear operators Bk(f)(x\, X 2 , ■ ■ ■, x r ) defined 
by (4.2) are right continuous with respect to all variables Xi (i = 
1,2 ,...,r). 

Lemma 4.8. Suppose that ip(x±, X 2 , ■ ■ ■, x r ) is a bounded compactly 
supported function on R r with supp <p(x±, X 2 , ■ ■ ■, x r ) Q [—ai,ai] x 
[— 02 , 02 ] x ... x [— a r , a r ], 0 < Oj < +oo(* = 1 , 2 ,..., r) and satisfies 
the condition (i) and (iii) in Theorem 4.1. Then, if (aq, X 2 , ■ ■ ■, x r ) is 
nondecreasing with respect to each variable aq (i = 1 , 2 ,..., r), so are 
the linear operators Bk(f)(x 1 , £ 2 , • ■ •, x r ). 

Similar to Lemma 5 in [ 86 ], we have 

Lemma 4.9. Suppose that ip(x±, X 2 , ■ ■ ■, x r ) is a bounded compactly 
supported function on R r with supp tp{x\,x 2 ,...,ay) C [—ai,ai] x 
[— 02 , 02 ] x ... x [— a r , a r ], 0 < Oj < +oo(i = 1,2 ,..., r) and satisfies 
the condition (iii) in Theorem 4.1. If f(x\,X 2 , • • •, x r ) satisfies 


/(-00, £ 2 , • • . ,X r )— f(x.\. -00, X3, ■ ■ ■ ,X r ) = • • • = /(*!, . . -Oo)=0 

and 
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/(+00,...,+00) = 1, 
then for each fixed k £ Z, we have 

B k (f)(- 00 ,X 2 , ■ ■ ■ ,x r ) = B k (f)(x i,-oo, x 3 , ...,x r ) = ... 

= B k (f)(x i,.. .,x r -i, -oo) = 0 

and 

B k (f)(+oo,...,+oo) = 1. 

Lemma 4.10. If for any (xi, X 2 ■ • •, x r ) £ R r and 0 < Si < 1 (i = 
1, 2,..., r), f{xi,X 2 • ■ •, x r ) satisfies the inequality (4.1), then for any 
(xi, X 2 ■ ■ ■, x r ) £ R r and all Si > 0 (* = 1,2, ...,r), f(xi,X 2 -..,x r ) 
satishes (4.1). 

Proof. We observe that 

A<5, . . . A^ f (x 1, . . . , Xi~ i, Xi , Xi- |-i, . . . , X r ) 

A<5i_i . . . A^, f (xi , . . . , Xi— i, Xi "t~ S{) Xi-\.\ , . . . , X r ) 

A ■ ..A S J(xi, . . .,Xi- 1 , Xi,X i+ 1, ... ,x r ) 
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/ (*^1 5 * • • 5 •t'Z—1 5 *£« ? *£* + 1 5 • • • 5 *tV ) 5 

2 

true for any 1 < i < r. Then we have 

^S r * • ■ A< 5 i-|_i — i ■ • ■ ^(5i f (a*l 5 • • * 5 1 5 Xi 5 ^i +1 , * * • , *^r) 


— ^< 5 r ■ • ■ ^ ^Si — i • • • f 5 * * * 5 Xi —1 5 ay + ^ i ay_)_i5 * * ■ 5 ay 


T^<5 r • • ■ ^5i+i ^^<5i_i • * • ^<5i f Ol] ■ ■ • i 1) Xi 5 •t'i+l 5***5 Xj-). 

2 

From this and Lemma 4.3, if /(ay, ay • ■ •, ay) satisfies (4.1) for any 
(ay, ay ..., ay) € R r and 0 < Si < 1 (i = 1,2 ,..., r), then f(xi,X 2 • ■ •, 
ay) satisfies (4.1) for any (ay,ay...,ay) G R r and 0 < d,; < 2 (i = 
1,2,..., r). Repeating the argument gives that /(ay, ay • ■ •, ay) satisfies 
(4.1) for any (ay, ay . *., ay) € R r and all dj > 0 (i = 1, 2,..., r). ■ 

Lemma 4.11. Suppose that /(ay,ay...,ay) satisfies the inequality 
(4.1) for any (ay, ay • • •, ay) G R r and all d* > 0 (* = 1,2,..., r). Let 
ji, j \G Z (i = 1,2,..., r). If ji = j,- 0) for some i (1 < t < r) then 

r 

J(f) : = /(jl,j 2 , ■ • • , jr) -E/0’ 1 ’ ■ • ' )/*+!> • ■ • Or) 

2=1 


4“ 'y 1 /O'ls • • * 5 Ji— Is Ji 5 ji+li ■ ■ ■ 5 jk —15 Jfc 5 Jfc+l 5 • ■ • 5 jr) 
i,k—l, i<k 

+(-i) 70 r,ji 0 ) ,***,if ) ) = o. (4.10) 

If ji ^ j,7 for any i (1 < * < r) and sign(jj — j7) = £,, £ 4 = ±1, then 

r 

sign(J(/)) = JJe,. (4.11) 

2=1 
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Proof. Take Si := ji — (i = 1,2,... ,r). By Lemma 4.3, we have 

J(f) = A Sr ... A ■ •, j< 0) ). (4.12) 

If ji = j j 0 ^ for some i (1 < i < r), then <5, = 0 from (4.12) we have 

J{f) = o. 

If ji ^ jj® for any i, 1 < i < r, then from the following equation 
(which comes from the definition of A’s) 

A, 5 r . . . A^ i _j _ 1 Ajj A ^ i—1 . . . A^ x f (xi, . . . , Xi— i, Xi , Xi+ 1 , . . . , £ r ) 

— A^ r ... A^ i _j _ 1 A_^ A ^ i—1 ... A^ x f (x i,... 3 ^ -t- Si , Xi+±,..., x r ) 

and the inequality (because / satisfies (4.1)) 

A |<5r| • ■ ■&\6 1 \f(xi,X 2 , ...,X r )>0, 

we have 

r 

sign (</(/)) = 11 ^’ 

i=l 

where £* = sign(jj - jj 0) ) = sign <5». ■ 

Lemma 4.12. Suppose that ip(xi,x 2 , ■ ■ ■ ,x r ) is a bounded compactly 
supported function on K. r with supp <p(x±, x 2 ,..., x r ) Q [—«i,ai] x 
[— 02 , 02 ] x ... x [— a r ,a r ], 0 < a,: < +oo(i = 1 , 2 , ...,r) and 
<p(xi, x 2 , ■ ■ ■, x r ) satisfies the condition (i) and (iv) in Theorem 4.1. 
Then, if f(x\,x 2 ,...,x r ) satisfy the inequality (4.1) for every 
(xi,x 2 , ■ ■ ■ ,x r ) € K r and all Si > 0 (i = 1 , 2 , ...,r), so do the lin¬ 
ear operators B k (f)(xi,x 2 , ■ ■ ■ ,x r ). 


Proof. We prove this lemma for Bo(f). It can be proved similarly for 
all other B k (f), since B k (f)( Xl , x 2 , ... , Xr ) = B 0 (f( 2 - k -))( 2 k Xl , 2 k x 2 ,..., 2 k x r ). 

By Lemma 4.3 and Lemma 4.10, we only need to show that for any fixed 
{x^\x^\ . .., Xr°^) G R r and any fixed Si, 0 < Si <1 (i = 1,2,... ,r), 

A 5 r ...A 5 l P o (/)(4 0) ,4 0 ) ,...,4 0) )>0. (4.13) 

Let (i = 1, 2,..., r) be the integers such that 
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JO) 


+ 5 i -j? ) -l< 


bi < xf ] + Si - j 


•(o) 


(4.14) 


From the condition (i) of Theorem 4.1, for any (x\, x %,..., x r ) € M r we 
have 


oo 

E A Sr ... A Si+ 1 A Si A Si _ 1 ... A Sl ip(xi,... ,xi-i,xj 0) - ji,x i+ 1 ,... ,x r ) 

ji = - OO 

oo 

— • • • A^^ A< 5 ^ As i _ 1 . • • A< 5 ^ ^ ^ ) • • • 5 X%— 1 , ji , Xi-\- 1 , . . . ,Xr) 

ji = -o o 

= A<5 r ... A^. +1 A^. A^._ 1 ... A^Cifxi,.. 

• ? 1 ? *^i+l) • • • > ) 0* 

Hence 

oo oo 

^ ] ••• ^ ^ /(jl) • • • ? ji— 1? Ji ? Ji+lj * • • j Jr) 

j r — OO j!= —oo 


Aa r ... A 5l ( / ?(a;f ) - ji,..., xj^ - j»-i, xf 1 -j» 


( 0 ) 


(o) 


jr) 


OO oo oo oo 

= X) ■■■ yy yy ■■■ yy /ov-->j*-i, j| o) ,jt+i, 

j r =-oo j i+1 = — oo j i _ 1 =-oo j 1= -oo 


£ A «r ••• A ^l^( a; l 0) -il 


( 0 ) . ( 0 ) . 

• -Ji, 


( 0 ) 


• -xi 0) -jr)=0, 


OO oo 

y ^ y ' /(jl) • • • > ji— 1) ji > ji+1, ■ ■ ■ > jk— 1, jk j ife+l) • • • ) jr) 

jr——oo j i=—oo 


•Aj r . . . A^y^xf } - Jl, • • • , xf } - j r ) =0, (i < k) 
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OO OO 


Y ■■■ Y /Ol >J2° )A{ r ... A 4l y)(xp - ->) = 0 


j r =—oo Ji = — oo 


Therefore, from the above equations and Lemma 4.11, we have 


A Sr ...A Sl B 0 (f)ip(xf ) ,...,x i ° ) ) = Y X! /O’i.•••>>) 


Jr — OO j !=-00 


•A 5r ... ] — Jl, - - - , 4 0) - Jr) 

OO OO 

= J (/) A '5r--- A l 5i^(4 0) -/!>•••> 4 0) -Jr) 


Jr— OO Ji =-00 


5Z 5Z J(f)As r ■ ■ ■ As-tifiix^ — 

■ / -(0) • • / -(0) 

Jr = -oo; jrTJr Jl = -oo; 


( 0 ) 


(4.15) 


If Ji 7 ^ J,- 0 '* (1 < * < r) and sign(jj — j) UJ ) = Si, then from Lemma 4.11 
we have 


„-(0L 


sign (J(/)) = J|ei. 


i=l 


On the other hand, from (4.14), we have 


If ji < jj 0) then £j = sign(ji - j} UJ ) = -1 and, by (4.17) 


o < 4 0) + 0 - jj 0) - bi < 1. 


;(0)\ 


(4.16) 


(4.17) 


0 < xW+Si-jW-bi < x^+l-jW-bi < x\ 0 ) -ji-bi < x^+Si-ji-bi 

which give 

sign(xf ) - ji - bi) = sign(x) 0) + 6 t - ji - b t ) = ±1 = -e*. 

If ji > jj 0) then gj = sign(ji - jf ] ) = 1 and, by (4.17), 
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x ,[ 0) - ji - bi < xf' 1 + Si - ji - bi < + Si - jf 0) - 1 - bi < 0 

which give 

sign(ccf } - ji - bi) = -1 = -Si, 


sign(4° ) + Si - ji - bi) = -1 = -£i 


or 


xj' 1 + Si - ji = bi. 

Hence, combining all the above information, we have 
(x[ 0) + Si - ji, . . . , xl 0) + S r - jr) 

and 


K- 0) - jl,...,4 0) ~Jr) G J(-£l,...,-£ r ), 

provided sign(jj — = £* (* = 1,2,...,r). Thus, from the condition 

(iv), we have 

r 

sign (^As r ... A SrPix^ - ji, ■ • ■, 4 0) ~ >)) = H £*• 

From this, (4.15) and (4.16), we obtain 

A 5 r ...A 5 l B o (/)(4 0 ) ,...,4 0) )>0. 


4) Proof of Theorem 4.1. From Lemmas 4.7, 4.8, 4.9, and 4.12, we know 
that Bk{F)(x i,..., x r ) are probabilistic distribution functions on R r if 
F is so. 

Proof of Inequality (4.4). Noticing supp <p(x 1 , 2 : 2 ,..., x r ) C [—m, ai]x 
[—a 2 , 02 ] x ... x [— a r , a r ], by the condition (ii), we have 

B k (F)(x 1 ,...,x r )-F(x 1 ,...,x r )= jj ... jr [. F(2- k j 1 ,...,2~ k j r )-F(x 1 ,...,x r j\ 

3 r = ~ OO j\ = ~ OO 
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•ip(2 k xi—ji.,.,.2 k x r —j r ) — J2 ■■■ E [^(2 fc ji. ■ ■ • , 2 *>) 

2k x r — a r <.j r <.2 k x v -\-a r 2 k x-^—a 1 <■?! <2 fc o: 1 +a 1 


F (*£ 15 • • • ? *£r)j ’9^(2 #1 Jl 5 • • • 5 2 X r Jr)* 
Since for 2 fe :rj — a%< ji < 2 fc £i + a,; (* = 1,..., r), we have 

| 2 _fe j» - a;,| < 2 _fe a,: (i = 1 ,..., r), 
then from the definition of w± (/, h) we have 


(4.18) 


F(2- k j 1 ,...,2~ k j r )-F(x 1 ,.. 



< Wl (F,2~ k d ), 


(4.19) 


where d := max(ai,..., a r ) and 2 k Xi — a,i < ji < 2 k Xi + a,; (* = 1 ,..., r). 
On the other hand, since (p(x i,..., av) is compactly supported and satisfies 
the condition (iii), we have <p(xi ,... ,x r ) > 0. It follows from this, (4.18), 
(4.19) and the condition (ii) that 


B k (F){x i, ...,x r )~ F{x i,.. .,x r )\ < 


E E \F( 2 - k j 1 ,..., 2 - k j r )-F(x 1 ,...,x r )\ 

2 k x r — a r <j r < 2 k x r +a r 2 k x\ — a\<j\< 2 k x\+a\ 

■ip(2 k Xi - ji,...,2 k x r - jr) < w 1 (F,2~ k d). 

Proof of Sharpness of Inequality (4.4). Take 

ip(xi,...,x r ) = (p 0 {xi,...,x r ) := (p 0 (xi)ipo(x 2 ) ■ ■ ■ <Po(x r ) 
with ifo(x) dehned by (4.5). Define 


f(xi,...,x r ) := fo(xi)fo(x 2 ) ■ ■ ■ fo{x r ), 


where 


! 1, x > 0 

0 , x< - 2~ k ~ 1 

2 k+1 x + 1, —2 _fc_1 < x < 0. 

It is easy to verify that f(x i,..., x r ) is continuous on R r and is nonde¬ 
creasing with respect to each variable with 


/(-oo, x 2 , ■ ■ ■, x r )=f{x i, -oo, x 3 ,..., x r )=... = f(x i,..., x r -i, -oo) = 0, 
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/(+00, +00, ..., +oo) = 1. 

Besides, from Lemma 4.4, the function f(x satisfies the in¬ 
equality (4.1). Hence f(xi ,..., x r ) is a probabilistic distribution function 
on W. 

Consider x\ = #2 = ■ ■ ■ = x r = — 2 _fc_1 . We have 
B k (f)(- 2- fc "\ —2 ~ k ~ 1 ,..., —2~ k ~ 1 ) - /(- 2- k ~\ - 2 - fc ” 1 ,..., —2~ k ~ 1 ) 

oo oo oo 

= £ £ £ /( 2 + 1 . 2 -+..... 2 -+) 

jr = — 00 j 2 = — 00jl= — 00 

■<P — Jl, — ^ — J 2 , - - - , — ^ = /(0.0) = 1, 

since (-§ - ji, -5 - h, ■ ■ ■, ~ jr)= 0 for any (ji, h, ■ ■ ■ ,jr)^( 0 ,..., 0 ). 

On the other hand, we have d = a\ = = ■■■ = a r = \ and 

Mf, 2~ k d) = Wl (f, 2 - fc - 1 ) = /( 0 ,..., 0 )-/(- 2 - fe -\ —2 ~ k ~ 1 ,..., - 2 - fe - 1 ). 

Hence the inequalities (4.4) are sharp. 
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Multidimensional Probabilistic 
Approximation in Wavelet Like 
Structure 


Let 


<Po (x,y) 


1, x,y > 0 
0, otherwise 


and F (x, y) be a continuous probability distribution function on R 2 . 

Then there exist linear wavelet type operators L n ( F , x, y) which are 
also distribution functions and where the defining them wavelet function 
is <po(x,y). These approximate F (x,y) in the supnorm. The degree of 
this approximation is estimated by establishing a Jackson type inequality. 
Furthermore we give generalizations for the case of a wavelet function ^ <po , 
which is just any distribution function on R 2 , also we extend these results 
in R r , r > 2. This chapter relies on [87]. 


5.1 Introduction 

There has been a great interest in the wavelet type approximations [138], 
[221], There are very important and useful kind of approximations which 
only involve dilated translates of a basic function. 

The aim here is to use wavelet like approximation to multivariate prob¬ 
abilistic distribution functions. This chapter is motivated by the follow¬ 
ing very important theorem of Analysis [134], p. 221. Let E be a locally 
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compact Hausdorff space. It is proved that the discrete measures of the 
form 

n 

^ v OCi • d Xi > 


where ct* > 0, a;, £ E, d Xi the unit (Dirac) measure, are dense in the 
weak*-topology in M + ( E ), the set of all positive Radon measures on E. 

In this chapter we consider the following form of probabilistic discrete 
wavelets: 

oo oo 

aijip{2 n x -i,2 n y - j) (*) 

j ——oo i =—oo 


where 


Po (x,y) 


1, x,y> 0 
0, otherwise 


is a basic probability distribution function. We prove, Theorem 5.2, that 
for any F (x, y) £ C (R 2 ) distribution function there exist linear operators 
L n ( F , x, y) which are distribution functions of the above discrete form (*) 
and converge to F (x, y) in the supnorm with the approximation errors 
bounded by ixi (F,2~ n ), n € Z, (x,y) € R 2 , where u>i(F,t) is the first 
modulus of continuity of F. Then we extend this theory for linear operators 
of the similar form Y^L-oo a ijF( 2 ra £ — i, 2 n y — j ), where <p now 

is any fixed distribution function on R 2 , see Theorem 5.3. We present also 
generalizations of these results in R r , r > 2, see Theorems 5.6, 5.7. For the 
univariate case see [88]. It is important to notice that the wavelet functions 
defining the operators L n are not of compact support. 


5.2 Results 

Let F (x, y) be a probability distribution function on R 2 . As we know [255], 
F (x, y) satisfies the following conditions: 

(i) F (x, y) is non-decreasing with respect to each variable x and y, and 
is right-continuous with respect to both variables x and y; 

(ii) 

lim F(x,y) = 1 and lim F(x,y) = 0; (5.1) 

x —>-+oo x —►—oo 

oo or y— > — oo 

(iii) for h, k > 0, holds 

F (x + h, y + k) — F (x, y + k) — F (x + h,y) + F (x, y) > 0, (a:, y) £ R 2 . 

(5.2) 

Conversely, if a function F (x, y) satisfies all the above conditions, then 
F (x, y) is a distribution function on R 2 . 
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Let 

, \ [ 1, x, y > 0, 

<A)(a:,y) j Q) otherwise _ 

Obviously, ipo ( x,y ) is a distribution function on R 2 . Call 

OO OO 

L n (F,x,y):= ]T £ - <7$., - ^ ' ( 5 ' 3 ) 

j=—oc i =—oo 

¥>o (2”x - i, 2 n y - j ), 
where (x, j/) G R 2 , n G Z, and 

r 2- n 0-+i) /.2- n (i+l) 


^t( n ) 2 2n 


F (-u, v) dudv. 


(5.4) 


'2-"j 


In general, for any given distribution function p ( x , y) on R 2 , we define 


L„ (F,x,y,p) := 


OO OO 


E E (cW-c^ 1 -c£l j + cnj- 1 )v(2 n x-i,2 n y-j), 

(5.5) 


j——oo i ——oo 


where (x,y) G R 2 , ?r G Z, and are defined by (5.4) too. 
We first establish the following 


Lemma 5.1. Let F (x, y) G C (R 2 ) and p ( x , y) be distribution functions 
on R 2 . Then the linear operators L n (F, x , y, p) are well-dehned by (5.4) and 
(5.5), and are distribution functions on R 2 . 

Proof. Since F (x, y) is a distribution function F (x, y) is non-decreasing 
with respect to each variable x and y, and F (x, y) satisfies (5.2). It follows 

(n) 

from this and the definition of C) / that 


- c 3 _ x > o, 


c3 - > 0 


and 


r<J n ) _ r<( n ) _ p>( n ) i r<( n ) > o i i a a J 


(5.6) 


On the other hand, since F (x,y) satisfies (5.1), we get 


r 2~ n {j+l) / -2-"(i+l) 

lim C{” = lim 2 2n / / F (u, v) dudv 

w+oo w+oo ,/ 2 -nj J2-«i 

j—»+oo j—>+oo 


= lim 

Z—>-+oo 
i^+oo 


[ F(2- n (t + i),2~ n (s+j))dtds 
Jo 
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and 



lim F (2~ n (t + i ), 2~ n (s + j)) dtds = 1, 

i —»+oo v 7 

j —>+oo 


(5.7) 


lim 

x —>—oo 
or y —>—oo 



or j —> —oo 


Here we have used the fact that F (x, y) > 0 is non-decreasing with respect 
to each variable for taking the limit under the integrations. 

It follows from (5.6), (5.7) and (5.8) that 


m 2 

E 

j = -m i i— — ki 


fe 2 

£ ■ 


rf n ) - c: 


(n) 


- a 


(n ) 




c 


(n) 


*—1,J —1 


m-2 k2 


E E [(d,?-d?-i)-(< 


- ((■]"], - r 


(n) 




j=—m l i=—fc i 
m 2 


E (A _ //M") _ /-<(«) A 

V°fc2j 

3——m\ 

m 2 m 2 

E f r (n) _ r (n) \ _ ST (r _r>( n ) 

V°fe2,i U k 2 ,j-l) \ L -fci-ld 


__ £f(™) _ £l(«) 


-c 


3=-mi 

(n) 


c 


(n) 


y k 2 ,m 2 ^^2,-1711-1 v ~ — fci — l,m 2 T (^‘^) 

which tends to 1 as mi, m2, &b, > +00, and then the non-negative series 


OO OO 


E E (d? - did - d”L+ddj-0 = i- 


(5.10) 


J — — OO l= — 00 


Therefore, because the distribution function tp ( x , y) has 0 < </? (x, j/) < 1, 
the summations in (5.5) are convergent absolutely and uniformly on R 2 , 
and so L n ( F , x, y, ip) are well-defined on R 2 . 

Since <p(x,y) is non-decreasing with respect to each variable, by (5.6), 
L n (F,x , y,<p) are also non-decreasing with respect to each variable. The 
fact that (p ( x , y) is right-continuous with respect to both variables x and y 
and the summations in (5.5) are convergent absolutely and uniformly gives 
the right-continuity of L n ( F , x , y; ip) with respect to both variables x and 
y. Besides, we have 


lim L n (F, x, y ; p) = 

x —>-+oo 

y —*+00 


j =—oo i ——oo 


^ C (") _ (y( n ) 


*0 




-C 


(n) 


*-1 j 


<7 


(n) 
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lim <p (2 n x — i, 2 n y — j) 

x —»+oo 
y —>+oo 


oo oo 


E \ ' l Mn) _ ^(n) _ ^(n) ^(n) \ 

/ , \ L i,j 1 J 


= 1 


J — — oo i— — oo 


and 


OO OO 


l u (f,x, KV ) = y . £ (cS'-cSl.-d-L+d-L-i)^ 


a:—> — 
or y—* — oo 


j=—oo l=—00 

lim <p (2 n x — i,2 n y — j) = 0. 


x —>— OO 
or y —>—oo 


Moreover, from (5.6) and that <p(x,y) satisfies (5.2), we derive that 
L n (. F,x,y,<p ) satisfies (5.2). Thus, L n (F,x,y,ip) are distribution function 
on R 2 . ■ 


For h > 0 and F (x, y) € C (R 2 ), we define 

Wi(F,h):= sup \F(x + t,y + s) -F(x,y)\. 

\t.\,\s\<h 
(x,y)e R 2 

Theorem 5.2. Assume that F ( x , y) € C (R 2 ) is a distribution function 
on R 2 . Then the linear operators L n ( F,x,y) defined by (5.3) and (5.4) are 
distribution functions such that 

\L n (F,x,y) - F(x,y)\ < (F, 2~ n ) , n € Z, (x, y) € R 2 . (5.11) 

Proof. By Lemma 5.1, we only need to prove (5.11). 

Let us consider n = 0 first. For any fixed x and y, suppose that io, jo 
are the integers such that 


*o < x < io + 1 


and 


jo <y < jo + 1- 

From the definition of <po {x,y), we have 

ip 0 {x - i,y - j) = 0, i>i 0 + l or j > j 0 + 1 

and 

<Po(x-i,y- j) = 1, * <io and j< jo¬ 
lt follows from these equations, (5.8) and (5.9) that 

( jo io jo oo oo oo 

£ £ + £ x + x x 

j= — oo i ——oo j ——oo i=i o + l j=jo + l i——oo i 


(5.12) 

(5.13) 
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(cg } - Cg -1 - j-i) <Po(x-i,v- j ) 

i° *o 

\' f r (o)_ r (o) mr-W A _ ^(o) 

Z^ Z^ V L i,i - U io,jo- 


j=—oo t— — oo 

Hence we obtain 


I L 0 (F, x,y) — F (x, y)\ = IC^ 0 , - F {x, y) 


io ,3o 


r3 o + J- pi o + J- 

= / / F (it, v) dudv — F (x, y) 

Jjo J io 
/•Jo + l /**0 + l 

< j / |F (it, v) — F (x, y) | dudv < u>\ ( F , 1). 

•'.in J io 


The last inequality comes from (5.12) and (5.13). 

Notice that 

L n (F, x, y) = L 0 (F (: 2 ~ n , 2~ n ) , 2 n x, 2 n y) 


(5.14) 


(5.15) 


and 

ui(F(2~ n ,2~ n ),l)= sup \F(2- n (x + t),2- n (y + s))-F(2- n x,2~ n y )\ 

\t\,\s\<h 

(x,y)eR 2 

= sup |F (x + 2 _ "f, y + 2~ n s) — F (x, y) | = u>\ (F, 2~ n ) . 

|t|,|s|</l 

(x,y)GK 2 

Then, by (5.15), we have 

I Ln (F, x,y) — F (x, y)\ = \Lo{F (2~ n ,2~ n ) , 2 n x, 2 n y) - F (: 2~ n 2 n x , 2~ n 2 n y) \ 

< Wl (F (2 _n , 2 _ ") , 1) = Wi (F, 2~ n ) . 

For the general case we have 

Theorem 5.3. Assume that F (x, y) € C (R 2 ) and p (x, y) are distribu¬ 
tion functions on R 2 . Then the linear operators L n (F,x,y;p) defined by 
(5.4) and (5.5) are distribution functions such that for any a > 0 holds 

\L n (F,x,y;p) ~F(x,y) | < 


9 < wi (F, 2 n (a+l))+ sup (1 

x,y>a 


p{x,y))+ sup <p(x,y)\, 

x< — a 

or y<. — a J 


where n € Z, (x, y) el 2 . 


(5.16) 
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Proof. For any fixed a > 0 and (x,y) € R 2 , suppose that io,h, jo and ji 
are the integers such that 


x - i 0 - 1 < a < x - i 0 , y-jo-l<a<y-jo (5.17) 

and 

x — i\ < —a < x — ii + 1, y — ji < —a < y — ji + 1. (5.18) 

We have io < ii and jo < ji, and 

( jo io Jo ii jo oo j 1 io 

E E + E E + e e + E E + 

j=—ooi=—oo j =—oo i=io+l j=— ooi=ii+l j=7o+l i=—oo 


Ji oo 


oo oo 


EE + EE + EE 

J=jo+l*=*o+l J=jo+l*=*i+l j=ji+l*=-ooy 

(cfj - C S -1 - C'i-io + Ci-io-i) <p{x-i,y- j) 

:=h+I 2 + I 3 +I 4 + I 5 + I 6 +I 7 . (5.19) 

For the terms in /i, we have i < io and j < jo, and then from (5.17), we 
have x — i > a and y — j > a. Hence, from (5.6), (5.10) and (5.14), we have 


Jo io 


/. = £ £ (eg 1 - egg - eg',, + eg' 


i—l,j ' i—l,j — 1 


x-i,y-j) 


j=—oo i = —oo 

jo io 


ST sr (r^-rW \ 

Z^ Z^ lj—1 ) 

j=— oo i=—oo 

+ £ £ (eg* - egg, - eg', ^ + eg', 


Jo ^0 


j——oo ^=—oo 


— r (0) + v 

- °in,7n + H 


(5.20) 


where 


Jo io 


n--= £ £ (eg 1 - egg, - cg’ u + cg' u _ 1 ) (tp(x - i,y - j) - 1 ) 


j=—oo i=—oo 


\I[\ < sup (1 - ¥>(x,2/)). (5.21) 

x,y>a 
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Noticing (5.6) and that 0 < if < 1, we get 


\h\< y. E 


t(®) _ r 1 ^ _ /"»(o) _i_ /^((o) 

j— — oo i=io + l 

From (5.8) and (5.9), the right-hand side of the above inequality equals 

rio-M i-i-i+i /'to+ 1 /'*o+ 1 

dudv 


rj 0 + r /un-r cjo + r /-*o + r 

CfSo - C'fflo = / f ’ («. «) dtidv - F (U, v) 

J jo J ii J jo J io 

/\?o+i /*^o+i 

= / / [F (u + (*i - i 0 ), u) — F (u, u)] dudv < ui (F, i\ - t 0 ). 

J in J in 


' 3 o J io 

But from (5.17) and (5.18) we have i\ — io < 2a + 2. Therefore 

1^21 E 2wi (F, a + 1). 

Similarly we have 

K.IS E E (cg?-ogt,-<«? w + c{V,) 

j=jo+l *=-oo 

= 4°A-4° ) )n <2^i(F,a+l) 


(5.22) 


(5.23) 


and 


n< E E (cS’-cSb-ceb+dV.) 

j=jo+l *=*o+l 

= c‘°’, - c<“>, - <?£, + C<»>, < 4 M (F,« + 1). (5.24) 

For the terms in I 3 we have i > i 1 + 1 and then from (5.18) we have 
— i < —a. Hence, from (5.6) and (5.10), we obtain 


Similarly, we derive 


and 


\h\ < sup <p{x,y). 

(5.25) 

x<—a 

\h | < sup ip(x,y) 

(5.26) 

x<—a 

\h\ < sup <p(x,y). 

(5.27) 


y<-a 


It follows from (5.19)-(5.27) that 


I Ln (F, x, y;<p)-F {x, y) \ < C^ jo - F (x, y) + 8uq (F, a + 1) 
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+ sup (1 - <p(x,y)) + 3 sup <p{x,y). 

x,y>a x<—a 

or y< — a 

But, from (5.17), we also obtain 


^>(o) 

^io,jo 


F(x,y) 


< 


rj o+l 

ho 


r»o+l 


I F(u,v) 


F ( x , y) | dudv < oj\ (F, a + 1). 


Thus 


\Lo{F,x,y;<p) - F (x,y)\ < 9u> 1 (F,a + l)+ sup (1 - <p(x,y))+3 sup ip(x,y). 

x,y>a x<i — a 

or y<C — a 

Noticing that 

L n (F, x, y; <p) = L 0 (F (: 2~ n , 2~ n ) , 2 n x, 2 n y ; ip) 

and 

W! (F (2~ n , 2~ n ) , a + 1) = Wl (F, 2~ n (a + 1)) , 

we obtain (5.16). ■ 

Let a > 0 and <p a (x, y) be a distribution function such that < p a (x, y) = 1 
if x, y > a and ip a (x, y) = 0 if x < —a or y < —a. Then, by Theorem 5.3, 
we get 


Corollary 5.4. For distribution function F £ C (K 2 ), the linear opera¬ 
tors L n (F,x, y;<fia) are distribution functions such that 

I L n ( F , x,y;(p a )-F (x, y) \ < 9uq (F, 2~ n (a + 1)) , 
where n € Z, (x, y) el 2 . 

Let F (xi, X 2 , x r ) be a distribution function on R r , and r > 2 be an 
integer. The necessary and sufficient conditions for F being a distribution 
function on R r , see [255], are 

(i) F is non-decreasing with respect to each variable Xi,X 2 ,..., x r and is 
right-continuous with respect to all variables Xi,X 2 ,..., x r ; 

(ii) F (—oo, X 2 , ...,x r )=F (xi, -oo,x 3 ,..., x r )=... =F (x lf ,,.,x r j. -oo) = 
0 and F (+oo, +oo,..., +oo) = 1; 

(iii) for every (xi, X 2 , ..., x r ) G M r and all Si > 0 (* = 1,2, ...,r), holds 
the inequality 

F (xi + Si,X 2 + S 2 , ..., X r + S r ) — 

r 

^ ] F (xi T di, ..., Xi — i T Si— i, Xi, Xi-j-i T ..., x r T S r ) 

i=1 

r 

+ F(x i + 5\, ..., Xj_i + Si-i, Xi, x i+ i + <5 J+ i,..., Xj- 1 + Sj-i, Xj, 

i,j +1 
i<j 
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Xj+ 1 + 5j + i,...,x r + 5 r ) + ... + (-l) r F (xi,X 2 , ...,x r ) > 0. (5.28) 


Let 

/ n / 1 , X 1 ,X 2 ,—,X r >0 

ipo{x 1 ,x 2 ,...,x r ) = | 0 otherwise . 

It is easy to verify that ipo satisfies all the above conditions and so ipo is a 
distribution function on R r . Define the following operators for F £ C (R r ): 

OO OO 

L n (F,xi, ...,x r ) := ^ ... ^2 d^l^ipo (2 n x 1 -i u ...,2 n x r -ir), 


l\ = —OO l r — — OO 


(5.29) 


where 


A n ) ._ M n ) _ ST' Mn) 


3 =1 


1,*»-i,*»+!,...,» r + — + ( -1 ) T (5-30) 


3,s— 1 
j<s 

with 


^f( n ) _ 2 rn 


r 2-"(ii + l) r 2~ n (i,. + l) 


' 2~ Tl i 1 


F (ui ,..., u r ) du\...du r (5.31) 


l 2 - n i r 


for ii, ..., i r £ Z and n£ r L. 

For any distribution function Lp ( X\ , ...,x r ) on R r we define 

OO OO 

L n (F,xi,...,x r ;ip) := ^ ... ^ (2"a;i - ii,..., 2 n a; r - t r ), 

(5.32) 


2l= — OO l r = — OO 


where are defined by (5.30) and (5.31). 

Similar to Lemma 5.1, Theorem 5.2, 5.3 and Corollary 5.4 we give 

Lemma 5.5. Let F (xi, ...,x r ) £ C (R r ) and <p{x i, ...,x r ) be distribu¬ 
tion functions on R r . Then the linear operators L n ( F , X\ , ...,x r ;<p) are well- 
defined by (5.30), (5.31) and (5.32), and are distribution functions on R r . 


Theorem 5.6. Assume that F (x\,...,x r ) £ C (R r ) is a distribution 
function on R r . Then the linear operators L. n {F,x i,..., x r ) defined by (5.29), 
(5.30) and (5.31) are distribution functions such that 

I L n (F,x i,..., x r ) - F(x i,..., x r )\ < u i (F, 2 ~ n ), 

where n € Z, (xi, ...,x r ) € R r , and 

iO\ (F,h):= sup \F (xi + ti, ... t x r +t r ) — F (xi, ...,x r )\■ 

\ti\<h 

£=l,...,r 

(aii,...,ai r )GK r 
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Theorem 5.7. Assume that F (; x \, ...,x r ) G C (R r ) and ^ (xi, ...,x r ) are 
distribution functions on R r . Then the linear operators L n (F, x\ ,...,x r \ip) 
defined by (5.30), (5.31) and (5.32) are distribution functions such that for 
any a > 0 holds 


I L / n (T, Xi ,..., x r , p) F (x\ , ..., Xr)\ G 

C < un (F, 2~ n (a + 1)) + sup (1 - ip(xi,...,x r )) + sup ip (xi,x r ) > , 

x\,...,x r >a Xi< — a 

l ie(l,...,r) J 

where n G Z, (x\,...,x r ) G R r , and C is an absolute constant. 

Corollary 5.8. Assume that F (xi,...,x r ) G C (R r ) and <p a (xi,...,x r ) 
are distribution functions onR r , and p a (xi,..., x r ) = 1 if x \,..., x r > a > 0, 
ip a {xi ,..., x r ) = 0 if Xi < —a, i G {1,..., r*}. Then the linear operators 
L n (F, x \,..., x r ; tfia) are distribution functions such that 

| L n (F,x i,..., x r ; ip a ) -F(xi, ...,x r )\ < Cw i (F, 2~ n (a+ 1)) , 
where n G Z, (x±, ...,x r ) G R r , and C is an absolute constant. 
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About L-Positive Approximations 


Let F be a normed space and let B be a subspace of F. Assume that 
L: F —> Lgo(ft), ^ C R m , is a linear bounded operator and M(L) = {/ £ 
F : Lf > 0 a.e. on ft}. We establish some inequalities for best approxima¬ 
tion of / £ M(L) by elements from B fl M(L). In the case when L is a 
differential operator and F is the Sobolev space W*(ft) we obtain Jackson 
type estimates for simultaneous approximation of / £ M ( L ) by multivari¬ 
ate polynomials and entire functions of exponential type from M(L). This 
chapter relies on [75]. 


6.1 Introduction 


Let F be a normed space with the norm || • ||i? and let B be a subspace of 
F. Assume that M is a subset of F such that M fl B 0. We define best 
approximation of / by elements from B (or from B n M) in the metric of 
F as 

E(f, B, F) = inf ||/ — g\\ F , f&F- 

g£B 

E M (f,B,F)= inf \\f-g\\ F , f £ M. 

gGBnM 

We are interested in efficient estimates of Em(/,B,F) for all / £ M. 

It is clear E(f, B, F) < Em (}, B, F ), while for some sets M 

E(f,B,F) = E M (f,B,F), f £ M. (6.1) 
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In particular, (6.1) holds if F is a Banach space and M is the set of ele¬ 
ments from F which are invariant relative to a compact group of operators 
(see [169], [224], p. 26). Equality (6.1) is not valid for arbitrary M C F. So 
the problem of obtaining efficient estimates of EM(f,B,F) has attracted 
the attention of many authors. Mainly they have dealt with the classes of 
monotone and convex functions and with their generalizations. 

Let M k be the set of all functions defined on [0,1] such that A k f(x) > 0 
for all h G [0,1/jfe] and all x € [0,1 — kh]. In particular, M 1 and M 2 are the 
sets of monotone and convex functions respectively. Let V n be the class of 
algebraic polynomials of degree n. 

OO 

In the 1920s, S.N. Bernstein defined the class M = f"'] M k of absolutely 

k —0 

monotone functions and proved [112] that polynomials from M are dense 
in M. 

The first Jackson type estimates of E M k(f,V n ,C[ 0,1]), / G M k , were 
given by O. Shisha [262] with much refinement given later by J. Roulier 
[256]. Further generalizations and improvements for the classes M 1 and M 2 
were obtained by G.G. Lorentz and K. Zeller [217], R.A. DeVore [141], A.S. 
Shvedov [266, 267], K.A. Kopotun [212], Y. Hu, D. Leviatan, and X.M. Yu 
[192] and by many others. Analogous problems for spline approximation 
were considered by R.A. DeVore [142] and Y. Hu [191]. 

D. Leviatan [214] gave estimates of the degree of simultaneous approxi¬ 
mation by monotone polynomials. Deep results in comonotone approxima¬ 
tion were obtained by E. Passow, L. Raymon, and J.A. Roulier [240] and 
D.J. Newman [235]. 

The author and O. Shisha [83] generalized the problem of monotone 
approximation for functions from M k D C k , replacing the fc-th derivative 
with a linear differential operator of order k. Some multidimensional results 
were obtained in [14, 268, 269]. In particular, the author [14] considered 
the class M(L) = {/ G C fe ([0, l] 2 ): ( Lf){x ) > 0}, where L is a differential 
operator, and derived an estimate of simultaneous approximation of / € 
M(L) by polynomials from M(L) involving the bivariate first modulus of 
continuity. 

There have been some negative results obtained in [218, 267]. In particu¬ 
lar, G.G. Lorentz and K. Zeller [218] proved that there exists a fc-monotone 
function f 0 G C fc [0,1] fl M k satisfying the limit equality 

lim E Mk (/„, V n , C[0,1])/E(f 0 , Vn, C[0, 1]) = oo. (6.2) 

n—> oo 

In this chapter we generalize the set M k fl C k considering the class 
M(L) = {/ G F: ( Lf)(x ) > 0 a.e. on fl} where F is a normed space, 
fl C R m , and L: F is a linear bounded operator. We shall prove 

that under some conditions on L and B C F 

E M(L) (f,B,F)<CE(f,B,F), f G M(L), (6.3) 
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where C is a constant independent on / and B. (6.2) shows that (6.3) is 
not valid for some unbounded operators. 

This result and its generalizations are proved in Section 6.2. In Sections 
6.3 and 6.4 we consider applications of (6.3) to simultaneous approximation, 
to convex and subharmonic approximation and to J-monotone approxima¬ 
tion. In particular, in Section 6.4 we obtain the main results concerning 
Jackson type estimates of simultaneous approximation and L-positive si¬ 
multaneous approximation of f £ M(L) by multivariate polynomials and 
entire functions of exponential type. 

Throughout the chapter we shall use the following notation: R m - the 
m-dimensional Euclidean space; C(f2) - the space of continuous on f l C R m 

functions / with the finite norm ||/||c(n) = sup|/|; Too(R m ) - the space 

n 

of measurable functions / defined on the measurable set 12 C R m with 

the finite norm ||/||L 00 (n) = esssup|/|; L p (f2), 1 < p < oo - the space of 

fi 

measurable functions / defined on the measurable set 12 C R m with the 
finite norm ||/|| L (n) = ( f \.f\ p dx] . 




6.2 L-Positive Approximation in a Normed Space 


In this section we consider a general result on L-one-side approximation 
in a normed space. As corollaries we derive some estimates of L-positive 
approximation which are essentially the basis for all other results of the 
chapter. 

6.2.1. A General Theorem 

Let F be a normed space and let B be a subspace of F. We consider a 
family of linear bounded operators L 7 : F —> Too (^ 7 )) 7 € T, where T is a 
set and {12 7 } 76 r is a family of subsets in R m . 

We define the following conditions: 

(Al) sup H-L 7 II < 00 , 

Ter 

(A2) there exists an element p £ B such that for every 7 £ T 

(L 7 p)( x) > 1 a.e. on f2 7 . (6.4) 

Theorem 6.1. If the family {T 7 } 7S r satisfies conditions (Al), (A2) then 
for every f £ F and any P £ B there exist elements Qi £ B, i = 1, 2, such 
that (—iy +1 (L^(Qi — f))(x) > 0 , x £ $ 2 7 , 7 £ T, and 

II/-Q*I|f < (1 + ||p||fsup||L 7 |!|)||/-P|| f , * = 1,2. (6.5) 

Ter 
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Proof. Setting 

Qi = P + (-l) i+ 1 Ap, * = 1 , 2 , ( 6 . 6 ) 

where A = sup ||L 7 || ||/ — P\\f, and taking into account (6.4), we have for 

7er 

every 7 G T 

(-1 Y+HL^Qi - /))(*) = (-1 y + 1 (L^P - /))(*) + A (Lp)(x) 

> A-sup||L 7 || ||/-P|| F = 0, * = 1,2. (6.7) 

7er 

Furthermore, 

II/-Q*I|f < ||/-P||+A||p|| F = (1 + IIpIIfsup \\LJ)\\f-P\\, i = 1 , 2 . ( 6 . 8 ) 

7er 

( 6 . 8 ) together with (6.7) completes the proof of Theorem 6.1. ■ 

6.2.2. Estimates of L-Positive Approximation. 

Let us consider the sets of P 7 -positive and P 7 -negative elements from F 
M + (L 7 ) = {/ef: ( L 7 f)(x ) > 0 a.e. on fi 7 }, 7 G F, 

M~(L 7 ) = {/Gf: (L~yf)(x) < 0 a.e. on fi 7 }, 7 G T, 

m ± = pi m ± (l 7 ). 

7er 

Corollary 6 . 2 . If the family of operators {P 7 } 76 r satisfies conditions 
(Al), (A2) then for every f G M ± 

E m ± (/, B, F) < (1 + ||p|| F sup ||P 7 ||)P(/, B , E). (6.9) 

7er 


Proof. We shall prove the case / G M + , the case / G M _ is similar. If 
/ G M + then according to Theorem 6.1 there exists Q± G B such that 
(L 7 Qi)(x) > (L 1 f)(x) > 0 for a.a. x G f2 7 and all 7 G T. Thus Qi G M + 
and (6.9) follows from (6.5). ■ 

For simplicity all the further results of the chapter will be formulated 
for P-positive approximation. The corresponding results for L-negative ap¬ 
proximation can be easily reformulated. 

Let L: F —> L <x> ( f2), Q C R m , be a linear bounded operator satisfying 
the condition: there exists p G B such that 

(Lp)(x) > 1 a.e. on f2. (6.10) 

We put 

M{L) = {/ Gf: ( Lf)(x ) > 0 a.e. on fl}. 
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The next result evidently follows from Corollary 6.2 for a single operator. 
Corollary 6.3. For every f £ M(L) 

E M{L )(f, B, F) < (1 + ||L|| \\p\\ F )E(f, B, F). (6.11) 

Remark 6.4. The constant in the right-hand side of (6.11) can be improved 
by replacing ||/o||f with 2 = inf{||p||ir: p £ B, (Lp)(x) > 1 a.e. on U}. 


6.3 L-Positive Approximation in Functional Spaces 

This section contains some applications of Corollaries 6.2 and 6.3 to 21- 
positive approximation in functional spaces. 

6.3.1. Classes of Functions 

In the capacity of the normed space F we shall consider the space L p {{\) 
and the Sobolev space W p (Q), 1 < p < oo, with the norm [274, p. 122] 

l/llw/( 0 ) = '^2 \\E a f\\ Lp (n)- 

\a\<t 


<L 


at 


Here O is a convex closed set in R m ; a is a sequence (on,..., a, 

1 <i<m; \a\ = YhU a £ a ' = a i -''' D a f(x) = a ^'i 
are Sobolev derivatives for 1 < p < oo [274, p. 121] and D a f £ C(fi) for 
p = oo, |a| < £. Thus W^(VL) coincides with 

In the capacity of the subspace B we shall consider the classes of alge¬ 
braic polynomials, splines and entire functions of exponential type. 

Let V n , m be the class of algebraic polynomials in m variables and of 
degree at most n. Let -S'* [a, b\ be the class of nonperiodical spline functions 
of degree n, that is, -S'* [a, b] is the class of all piecewise polynomial functions 
from Wj£~ 1 [a, b] with n free knots of degree k. 

Let C m = R m + iR m be the ro-dimensional complex space. Assume that 
V is a centrally symmetric (with respect to the origin) convex body in R m 
and V* is the polar of V. 

We say that an entire function f(z) is of exponential type crV if for every 
£ > 0 there exists As such that for every 2 = [z i,..., z m ) £ C m we have 


ct(1 + e) sup 

m 

\ xev 

i=l 


We denote by B a y the class of all entire functions of exponential type 
crV. For example, if V is the cube Q = {a’ € R m : \xi\ <!,!<*< m} then 
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B a Q coincides with the class B am of entire functions of exponential type 

а. 

б. 3.2. L-Positive Simultaneous Approximation 

Let 0 be a convex closed set in R m and let 

(■ L'f)(x ) = a a{x)D a f(x) (6.12) 

h<\cx\<v 

be a differential operator where a a (x), h < \a\ < v, are functions defined 
on and satisfying the following conditions 

(Bl) there exists a 0 = (aj,..., a° m ), |a°| = h, such that a a o(x) > 0 or 
a a o (x) < 0, x € Sl\ 

(B2) sup \aa(x)/a a o(x)\ = Ca < oo, h < \a\ < v. 

We put 

M(L') = M{L’,Sl) = {/ g W£(fi): ( L'f)(x ) > 0 a.e. on SI}. 


Corollary 6.5. Let L’ satisfy conditions (Bl), (B2) and let a subspace 
B C Wp (fl) contain x a = x 1 • • • . Here 1 < p < oo, t > p, where 

_ f v, if P = oo , . 

^ \ [v + m/p] + 1 , if 1 < p < oo. 

If f € M(L') then for every P £ B there exists Q € B H M(L') such 
that for all a, |a| < h — 1 , and for a = a 0 

\\D a (f-Q)\\ Lpm <Cj2 \\D fi (f-P )II L p (yt) • (6.14) 

m<r 


Here 


C < (1 + C 0 (a°!) 1 max C a \\x aa \\ w ^ (n) , 


and Cq depends only on m, p, v, SI; in particular, Co = 1 for p = oo. 
Moreover, for all a ^ a 0 , h < |a| < I, 


\\D a {f-Q)\\ Lpi n) = \\D a (f-P)\\ Lp w. 

Proof. We consider the operator 


(6.15) 


(Lf){x) = \a a o{x)\ 1 {L'f)(x) = ( acx(x)/\a a o(x)\)D a f(x ). 
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It is clear M(L) = M(L'). Setting p(x) = x a °sgn.(a a o(x))/a°\ and using 
condition (Bl), we have ( Lp)(x ) = 1 on f 1, that is L satisfies (6.10). Fur¬ 
thermore using condition (B2), (6.13) and the embedding theorem for the 
Sobolev spaces [274, p. 124] we get for every / G W*{ 12), i > p, 

WLfh^n) < £ C- a ||£>“/|| ioo(n) 

h<.\oi\<.is 


< Co ( max \\f\\ W £(n), (6.16) 

where Co is the embedding constant. 

If P G B then using Theorem 6.1 for the single operator L and taking 
into account (6.6), (6.16) we can find Q G 5(1 M(L') of the form Q(x) = 
P{x) + Cx a , where C is a constant such that 

£ \\D 0 (f-Q) || M n) 

\/3\<n 

< fl TCo )^!)- 1 max C a \\x a ° \\ W £(n)) £ \\D f \f - P)\\l p (Q)- 

V h - M ~ v J \t\ 

the last yields (6.14) and (6.15) follows from the relations D a Q = D a P, 
a ^ a 0 , \h\ < |a| < i. ■ 

Remark 6.6. We note that approximation in the metric of W£(fl) is equiv¬ 
alent in a certain sense to simultaneous approximation. In particular, the 
following inequality is a simple consequence of Corollary 6.5. 

E M{Ln (f,B,w£(n)) 

< (l + CVa 0 !)" 1 max C a ||*“° \\ w t (n) ) E(f, B, W*(fl)). (6.17) 

y h<\a\<v v J 

Remark 6.7. Corollary 6.5 and inequality (6.17) hold in the following 
cases: 

(a) fl is a convex body in R m , B = V n ,m , n > h\ 

(b) fl = R m , p = oo, h = 0, B = B a v', 

(c) fl = [a, 6], m = 1, B = S%, k > £. 

In many cases we cannot use Corollary 6.5 or inequality (6.17). For 
example, if to = 1 , fl = [—1,1], and 

(L" f)(x) = (1 — x 2 )d 2 f(x)/dx 2 + xdf(x)/dx, (6.18) 
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then L" does not satisfy both conditions (Bl), (B2). But in this case we 
can use the following result. 

Corollary 6 . 8 . Let the differential operator 

(L"f)(x) = Y a a (x)D a f{x) 

|a|<i/ 


satisfy conditions 

(Cl) sup |aa(a:)| = da < oo, 

0<M<i/ 

(C2) there exists an element p £ B such that (L"p){x) = 1 a.e. on LI. 
Then for every f £ W^ffT), 1 < p < oo, £ > p, (where p defined by ( 6 . 13 )), 
E M{L ")(f,B,W*(n)) 

-f 1 + C, ° d <*\\p\\w‘(n)) 

\ | ck | y J 

The proof is similar to that of Corollary 6 . 5 . For example, using Corollary 
6.8 to operator ( 6 . 18 ) and p = x 2 /2, we obtain the inequality (/ £ M(L"), 
n > 2), 

< (7/2)E(f,V n p,W^ c [—l, 1 ]). 

6.3.3. Convex Simultaneous Approximation 

Let LI be a convex body in R m and let M be the class of convex twice 
differentiable on Lt functions. 

Corollary 6.9. For any f £ M and n > 2 it holds 

E M (f,Pn,m,Wl(Ll)) < (l + \\p\\ wl{n) )E(f,V„, m ,W^(Ll)), ( 6 . 19 ) 


where p(x) = ( 1 / 2 ) ^^x 2 . 


Proof. A function / belongs to M if and only if for every 7 £ R m , y| = 1 , 
(Ljfffx) = Y ~ °’ * G n - 


It is clear sup ||L 7 || < 1. Then setting p(x) = (1/2) V] x 2 we have 
M=i i= i 

( L 7 p)(x ) = 1 for every 7 , I 7 I = 1, and any x £ LI. Thus the family of 
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operators {L 7 }| 7 | =1 satisfies conditions (Al), (A2), and (6.9) yields (6.19). 

■ 

Some Jackson type estimates of Em{/, Vn,mi C(f2)) were obtained in 
[268]. 

6.3.4. Subharmonic Simultaneous Approximation 

Let M be the class of subharmonic twice differentiable on Cl functions, 
where O is a bounded domain in R m . It is known [184, p. 41] that / G M 
if and only if 

(£'7)W = E^>0, «». 

i— 1 1 

m 

The operator L" satisfies conditions (Cl) and (C2) for p(x) = (1/2) x f 

2=1 

and d a < 1, a < 2. Hence the following result is a consequence of Corol¬ 
lary 6 . 8 . 

Corollary 6.10. For any f G M and n > 2 it holds 

< (1 + \\p\\ Wl{Q) )E(f,V n , m ,Wlm, 

m 

where p(x) = (1/2) 

A.S. Shvedov [26(5proved that every continuous function in a simply 
connected domain f1 C R ” 1 can be approximated uniformly on compact 
sets in fi by subharmonic polynomials. 

6.3.5. L Is a Convolution 

Let fl = R m or H be the m-dimensional torus T m . 

We consider the convolution 

(■ Lf)(x)= [ f(x — y)K(y)dy, 

Jn 

where K G Li(R m ), / G Loo(R m ), if ft = R m , and K G L q (T m ), f G 
L p (T m ), l/p+ l/q= 1, 1 <p < oo, if = T m . 

The following result is a simple consequence of Corollary 6.3. 

Corollary 6.11. If B is a subspace of L p (Q) containing all the constants 

and 7/ = / K{x)dx ^ 0, then 

Jn 

E M ( L) {f,B, L P (Q)) < (l + C\\K\\ Lqm /\T k \)E(f } B,L p m. 

Here p = cx>, C = 1, if ft = R m , and 1 < p < oo, C = (27r) m / p , if Cl = T m . 
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6.3.6. 5-Monotone Approximation 

Let 5, 0 < 5 < b — a, be a fixed number. We say that a function / G C[a, 6 ] 
is 5-increasing if 

( L 7 f)(x ) = ^ ^ ——— > 0 for all x, 7 £ [a, 6 ], p — q| > 5, x yf 7 . 
x — 'y 

Let Aip be the set of all ^-increasing functions. In particular, Mq is the 
class of increasing functions on [a, b]. It is clear Mg D M 0 . Equality (6.2) 
shows that the inequality 

E M (f,V nA ,C[a,b}) < CE(f,V n>1 ,C[a,b]), (6.20) 

where C is a constant independent on n, is not valid for all f £ M = Mq. 
The following result shows that (6.20) holds for 5-increasing functions, 5>0. 

Corollary 6.12. For every f £ Mg, 6 > 0, and n > 1 

E Ml (f,V n ,i,C[a,b ]) < (1 + (b-a)/S)E(f,V n>1 ,C[a,b]). (6.21) 

Proof. Setting for 7 G [a, b] 

n i = {y £ [a, b\: \j - y\ > 5} 

we have that L 1 : C[a, b\ —> C(fi 7 ) is the family of bounded linear operators 
with sup ||L 7 H < 2/5. Furthermore the function p{x) = x — {b — a)/2 

7G[o,6] 

satisfies the equality ( L 7 p){x ) = 1, 7 £ [a, b], x £ [a, b\. Thus 
satisfies conditions (Al), (A2) and ( 6 . 21 ) follows from (6.9). ■ 

Remark 6.13. Corollary 6.12 can be easily generalized to (5, fc)-monotone 
approximat ion. 

6.4 Multidimensional Jackson Type Theorems for 
Simultaneous Approximation 

This section contains multidimensional estimates of simultaneous approx¬ 
imation by polynomials and entire functions of exponential type involving 
the moduli of smoothness of arbitrary order. As consequences the corre¬ 
sponding estimates of L-positive approximation, where L is a differential 
operator, will be given. 

Throughout the section we shall use the definitions of V, V *, T n , rn , B a v, 
Wp( U), D a , M(L',Cl ) and conditions (Bl), (B2) given in 6.3.1, 6.3.2. We 
denote by C various constants not depending on essential parameters (like 
/, n, <7 etc.) 

6.4.1. Moduli of Smoothness 

For a measurable function / defined onSlC R m we put 
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Wfe, p (/,r) =uj k , p (f,T)n = sup ||A*/||l ( n t) 

l 4 l<r 

= sup 
l*l<r 

where = {a; £ R m : x — jt £ Cl, 0 < j < fc} is the domain of definition of 
the fc-th difference A^. In particular, when / £ L p ( R m ) we have 

Wfc,p(/,T) R m = SUP ||A 4 fe /|| L (R m 

\t\<T 

We shall need the following properties of Wfe,p(/,r). 

(a) for fixed / £ L p (Cl) the quantity u> k , P {f, t) is a nondecreasing function 
of r defined on [0, if] where H = d/k and d is the diameter of f2; 

(b) for fixed r the triangle inequality holds 

Wfe,p(/i+ / 2 ,r) < w fc) p(/i,r)+w fc) p(/ 2 ,r), /i,/ 2 £ (6.22) 

(c) for any A > 0 

Wfc,p(/, At) < (1 + A) fe w fc ,p(/, t); (6.23) 

(d) for / £ Wp(fi), 1 < £ < fc, and r > 0 there holds 

Wfe,p(/,r) < maxLU k _e(D 13 f, r), (6.24) 

l/^l ^ 

where w 0 ,p(/,r) = ||/||L p (fi); 

(e) for / £ Lp(fl) 

Wfe,p(/,r) < 2 J w fc -j,p(/,r), 0 < j < k. (6.25) 

Concerning the proof of properties (a)-(e) we refer to [198, 277, p. 103]. 

6.4.2. Main Results 

The following Theorems 6.14 and 6.15 are Jackson type estimates for simul¬ 
taneous approximation by polynomials and entire functions of exponential 
type. 

Theorem 6.14. For any k > 1, t > 0, n > k + t, and f £ W p (V), 
1 < p < oo, there exists a polynomial p n £ V n , m such that for every a, 

o < h < e, 

\\D a {f - Pn)\\ Lp (y) < Cn^max^piD^f.Hn- 1 ). (6.26) 

|/3| £ 


D-D 


k—s 


s =0 


/(a; + sf) 
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Theorem 6.15. For any k > 1, £ > 0, a > 0, and f £ W p (R m ), 1 < p < 
oo, there exists a function g a £ B a y such that for every a, 0 < |a| < l, 

P“(/-ft0ll ip( R”) < (6.27) 

Theorem 6.14 for t = 0, p = oo, and Theorem 6.15 for t = 0 were proved 
in [168], 

The following estimates of L-positive simultaneous approximation are 
the simple consequences of Theorems 6.14 and 6.15, Corollary 6.5 and Re¬ 
mark 6.7. 

Let L' be differential operator (6.12) where a a , h <\a\ < v, are functions 
defined on V C R m and satisfying conditions (Bl), (B2). Let /i be given 
by (6.13). 

Corollary 6.16. For every f £ W p (V) fl M(L',V), £ > fi, and for any 
n > k + £, k > 1, there exists a polynomial Q n £ V n , m H M(L ', V) such 
that for all a, |a| < t, 

II D a (f - Q n )\\ Lp{V ) < 

|P| ^ 

where s(a) = n for |a| < h — 1 or a = ao, and s(a) = |a| for a ^ ao, 

h < |a| < £. 

The close result for m = 2, p = oo, k = 1, and V = [0, l ] 2 was obtained 
in [14]. 

Let L' be differential operator (6.12) with h = 0, where a a , 0 < |a| < v, 
are functions defined on R m and satisfying conditions (Bl), (B2). 

Corollary 6.17. For every f £ Wf c (R m ) fl M(L',R m ), £>v, there exists 
a function g a £ B a v H M(V , R m ), cr > 0, K > 1, such that for every a, 
|a| < i, 

P“(/-^)ll Loo( R m ) < Ccr d(a) ^maxw fc , 00 (D / 3 /,CT^ 1 ). 

As consequences of Theorems 6.14, 6.15 we prove the existence of Steklov 
type functions which are polynomials or entire functions of exponential 
type. 

Corollary 6.18. For any f £ L p (V), 1 < p < oo, and k > 1 there exist 
polynomials P n £ V n ,m, n > k, such that 

\\f ~ Pnh p (v) < C'w fc>p (/,i7?i' 1 ), 

max \\D a P n \\ L (y) < Cn k u k , p (f, Hu -1 ). 

\a\—k 

Corollary 6.19. For any f £ L p (R m ), 1 < p < oo, and k > 1 there exist 
functions g a £ B a y, cr > 0, such that 

Wf - 9<r\\ Lp (R m ) < C , Wfc 1 p(/,<7 _1 ), 
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First we prove Theorem 6.15. In proving Theorem 6.14 we use the idea 
[168] of reducing inequalities like (6.26) to inequalities like (6.27). With 
that end in view we construct two special “bridges” between Theorems 
6.14 and 6.15. First of them is an estimate of best polynomial approx¬ 
imation of functions from B a y. The second one is an extension theorem 
preserving moduli of smoothness uniformly in r. Finally, using these results 
and Theorem 6.15, we prove Theorem 6.14 and Corollaries 6.18, 6.19. 


6.4.3. Proof of Theorem 6.15 

Let d\ be a function from C , °°(R m ) with a support supp di C (1/2)P, 

H°MI.L 2 (R m ) = L Let us set 

d a (x) = a~ m ^di (x/a); 7 <r (i) = a m d\(at) = %(t), (6.28) 


where 


<f(t) = (2 tt) m/2 / ip{y)exp(-i(t,y))dy 

J R m 

denotes the Fourier transform of tp G L 2 (R m ). 

We get from (6.28) 


7o-(i) ^ 0; llTalli^R" 1 ) — I; 



t\ x " 1 a{t)dt = a x 


nr 


\t\ x d\(t)dt = Ca x , 


A > 0. 


(6.29) 

(6.30) 


Let us now consider the multidimensional analogue of Korovkin means 
[168, 277, p. 258] 

9r(f, x)= f (7+(—l) r+ 1 Aj)/(a;) 7 cr (t)dt = f D r (x-t)f(t)dt , (6.31) 
J R m J R m 


where I is the identity operator and 


D r(y) = ^T(- l) s m ( r \ <T (-y/s), r> 1. (6.32) 

S= 1 ^ ' 

We need the following properties of g r (f,x). 

(1) For every / G L p ( R m ), 1 < p < oo, the function g r (x) = g r {f,x ) € 
B cr y fl L p ( R m ). This fact was proved in [168]. 

(2) g r {l,x) = 1. This follows from (6.29) and (6.31). 

(3) For every / G W"p(R m ) and any a, |a| < £, 

g r (D a f, x) = D a g r {f , a;). (6.33) 


J^iLfLCL P/tyliel 



82 6. About L-Positive Approximations 


To prove (6.33) we consider a function ip £ C°° (R m ) with a compact 
support. Using (6.31), (6.32) and the definition of Sobolev derivatives, we 
have 



D a g r (f,x)(p(x)dx 


(-i) w hr hr Dr{x)f{x 


t)D a ip(x)dtdx 


= f D r (t)dt [ D a fix — t)ip(x)dx = f g r (D a f,x)<p(x)dx. 

J R m J R m ./ll m 

Thus (6.33) is proved. 

Using (6.29), properties (l)-(3) of g r (f,x), properties (6.23)-(6.25) of 
moduli of smoothness and the generalized Minkowski inequality [274, p. 
271] we derive for every / € W p ( R m ) and arbitrary r > 0 

\\D a {f - gk+t )|| ip(Rm) = \\D a f — gk+i(D a f, •)Hi p(R m ) 


< 



w fc+ ^p(I? Q /,t)7 CT (t)dt < x> k+t {D a f 1 t) 


fi 1 + \t\/T) k+e 'y < 7 {t)dt 


< Ct £ |q| maxw fc+ | a |,p(D /3 /,r) ^1 + r {k+e) J \t\ k+e 'y (T (t)dtj 

< Cr e ~ l“l maxwfc, p (D' J /,T) (l + r" (fc+£) \t\ k+e ^(t)dt^ . (6.34) 

Setting r = (/p™ \t\ k+e 'y (T (t)dt) 1 ^ k+i ' > we have r < C/a by (6.30). Thus 
(6.27) follows from (6.34) and (6.23) for g a (x) = g k +t{f,x). ■ 


6.4.4. Polynomial Approximation of Entire Functions of 
Exponential Type 

Lemma 6.20. Let g £ By* H L p (R m ), 1 < p < oo. Then for arbitrary 
q £ (0,1), k > 1 , l > 1 , n > k +£, there exists a polynomial F n £ V n ,m 
such that for every a, 

II D a (g - F n )\\ Lp ( qnV ) < Cexp(-bn) maxa) kiP (D^, 1), (6.35) 

\P\ ^ 

where b > 0 is independent on n and g. 

Proof. In [168] showed that there exist polynomials F s £ V s ,m, s > k + £, 
such that 

\\g ~ Fs\\c(qsv) < Cexp({-b, s))u> k+it00 (g, 1), (6.36) 

where b\ > 0 is independent on s and g £ By* nC(R m ). Using the multidi¬ 
mensional Markov type inequality [281] we obtain from (6.36) for n > k + £ 

\\D a {g ~ F n )\\ Lp(qnV) < Cn m / p \\D a (g - F„)|| c(g ^) 
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< Cn™/? \\D a (F s - F s+1 )\\ c{qnV) 

s=n+1 
oo 

<Cn m /v- l“l ]T (s + 1) 2 I“I ||<7 — f’s||c , ( gsV ) 

s=n+l 

< Cexp(-bn)u) k +e,oo(g, !)• (6.37) 

Thus we have from (6.37) and (6.24) 

II D a (g - F n )\\ Lp ( qnV ) < C exp(—&?i) max u> k ,oo(D 0 g, 1). (6.38) 

\(3\ t 

Furthermore, A^D^g(x) is an entire function of exponential type d for 
each fixed t G R m and |/3| = L Here d is a diameter of V*. Therefore, using 
the Nikolskii inequality for functions from Bd t m [277, p. 235], we obtain 

ma xu>h t00 (D /3 g, 1) < C maxc o k ,p (Dtg, 1). (6.39) 

1/31—t |/31— C 

Inequalities (6.38), (6.39) yield (6.35). ■ 

6.4.5. An Extension Theorem 

Lemma 6.21. For any £ > 0, k > 1 and p G [1, oo] there exists a bounded 
operator T: W£(V) —> Wp(R m ) with the properties: 

(a) Tf-fe Vk+t-i , m on V, / G W*(V); 

(b) for any r G [0, diam V] and 0 < s < £, 

ma<C , maxUfc iP (l//,r)y. (6.40) 

The proof of the lennna is based on several lemmas. First of them is the 
extension theorem of Stein [274, p. 181]. We denote 

l/|p,s,fi = max ||-D“/||z, ( n)- 
|/3|=s 


Lemma 6.22. There exists a linear operator E mapping functions on V 
to functions on R m with the properties: 

(a) ( E f)(x ) = f(x) for all x G R; 

(b) E maps W^fV) continuously into Wp(R m ) for all p, 1 < p < oo, and 
all £ = 0, 1 ,..., that is, 

l|£/ll M R m ) + \m p ,t,Br < C (\\fh P (v) + \fUv). (6.41) 
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The next lemma considers relations between functionals and moduli of 
smoothness. We set (£ > 0, k > 1) 

KeAfi T )fi = ipf (1/ - g\ P ,e,n + r\g\ pk +e,a). 

gew£+ e ( fi) 

Lemma 6.23. IfQ is an open convex set in R m , then for every f £ W p ( f2), 
1 < p < oo, and s = 0 , 1, ... ,£■> 

CiK\ k (f,T k )n < ma,xLJ k , p (D a f,T k h < C 2 K 2>k (f,r k h. (6.42) 

H=s 

For s = 0 inequalities (6.42) were proved by H. Johnen and K. Scherer 
[198]. The proof of Lemma 6.23 is similar to the case s = 0. 

The last lemma considers estimates of polynomial approximation in the 
Sobolev spaces. 

Lemma 6.24. For every h > 1 there exists a polynomial operator P k : L p (V) 
Vh-i,m> 1 < p < oo, such that for any f £ Wf(V), 0 < s < h, 

11/ - Ph{f)\\L p (y) + If ~ W)\p,.,v < C\f\ PtS , v . (6.43) 

Proof. Let / € L P (V) and Ph{f) G Vh-i,m be a polynomial satisfying the 
Whitney type inequality [120, 198] 

11/ - Ph(f)\\L p (v) < Cu hj> (f, !)• (6-44) 

If s = h and / £ Wp(V ) then (6.43) follows from (6.44) and (6.24). Let 
now 0 < s < h — 1. Using (6.44) for h = s and f = P k we get 

11^ - Ps(Ph) \\l p (v) < Cu SJ ,(Ph, 1). (6.45) 

Applying now estimates (6.44), (6.45), (6.22), (6.24), (6.25) and the 
Markov type inequality [281] we derive 

\Ph(f)\p,s,V — |Ph - Ps(Ph)\p,s,V < Cu} SiP (Ph, 1) 

< C(cv s Af, 1) + 11/ - Ph\\ Lp (v)) < C\f\ PlS ,v. (6.46) 

And (6.23) and (6.46) yield (6.43). ■ 

Proof of Lemma 6.21. Let E be the bounded extension operator from 
Lennna 6.22 and let P k+ e(f) be the polynomial operator from Lemma 6.24. 
We claim that the operator 

Tf = E{f - Pk +t (f)) 

is the desired extension operator. It is obviously Tf — f £ V k+ e_\ m on 
VJ£L P (V). 
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Furthermore, from (6.41) and (6.43) we obtain that T is a bounded 
operator from W p (V) into W p (R m ), s = 0,..., k + £; moreover, for any 
/ e W S (V) 

I T /Ip, s ,R- < C\f\ P , s ,v■ (6.47) 

It only remains to prove (6.40). Using Lemma 6.21 and (6.47) we get 

max w fei p(D Q T/,T) R m < CK Stk (T /,T fc ) R ™ 

M=« 


< C inf (\Tf-Tw\ pm+T fc |IV| .^p-) 

“ vew£+°(v) ^ lp ’ s - K 1 ^- fc+s ' K ; 

<C inf (|/- v\p,s,v + T k \ip\ p ,k+s,V ) 

■pewZ+'iv) 

< CK Si k(f, T k ) v < C max Uk,p(D a f, t) v . 

M=» 


6.4.6. Proof of Theorem 6.14 

Let / G Wp(V ), 1 < p < oo, and let fi = Tf G W p (Tt m ) be the function 
satisfying properties (a), (b) of Lemma 6.21. According to Theorem 6.15 
we can find g G B( n / 2 )v- FI L p { R m ) satisfying the inequality (|a| <£) 

\\D a {fi -5)ll Lp (R m ) < Cn^i'Vaxw^^/nn -1 ). (6.48) 

p 1 / 31 £ 

We obtain from (6.48) 

maxwfc^p^jii -1 ) < Cmaxwfc .P^/U' 1 ). (6.49) 

| /31 —t | /31 —t 


Furthermore, the function g ra (x) = g((2/n)x) belongs to By* - Therefore 
using Lemma 6.20 for q = 1/2 we obtain that there exist polynomials 
F n G V n} m, n> k + £, such that 

II D a (g„ - F n )\\ Lp (( n / 2 ) V ) < C exp(—6n) max.u> ktP (DPg n , 1). (6.50) 

\P\ -c 

Setting G n (x) = F n ((n/2)x) and using (6.49), (6.50) we have 

\\D a (g - G n )\\ Lp{y) = (n/2)W- m /r\\D a (g n - F n )\\ Lp((n/2)v) 


< Cexp)— bn) max u> k v {D ,j q. n 1 ) 
\0\—t 

< Cexp(— bn) max io k D (U ,:i f\, rU 1 ). 
\p\=i 


(6.51) 


Finally, setting P n = G n + f — fi we get from estimates (6.40), (6.48), 
(6.51) and (6.23) that 

\\D a (f - Pn) \\L P (V) < \\D a (h - 5)lli p( R m ) + \\D a (g - G n )\\ Lp(v) 
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< Cn e (l+n e exp(— bn)) maxtu^ P {D^ f\,n 1 ) 

\p\=e 

< Cv) a ^~ e maxwfc JD^fi, Hn -1 ) 

\/3\—£ ’ PV J ' 

< Cn) a \~ e max u k p (D^f, Hn^ 1 ). ■ 

I/3M 

6.4.7. Proofs of Corollaries 6.22, 6.23 

Proof of Corollary 6.19. Denoting by d the diameter of V we have 
B a y C Bda,m • In the further estimates we need the Nikolskii inequality 
[277, p. 217] 

P“sll M R™) < (ad/2)W\\A" A g\\ Lp{R m y g G B d<7 , m n L p (R m ), (6.52) 

where denotes a mixed difference of order a, A = (ai,... ,a), a = 
7 t/(2ct); and the Brudnyi inequality [120] 

W^AgW^R-^c^MAl), geL p (R m ). (6.53) 

We obtain from Theorem 6.15 that 

ll/ _ 5 r <r|lL J)( R m ) < Cwk'pif,*- 1 ). (6.54) 

Using (6.52), (6.53), (6.54) and (6.25) we derive 



< C<j k u k , p {g a ,a x ) <C(7 k (w kt p(f,c7 X ) + ||/- ga\\ Lp( R m )) 

< Ca k u> ktP (f, cr _1 ). ■ 

Proof of Corollary 6.18. Let / G L p (V), 1 < p < oo, and let fi G 
L p (R m ) be the function satisfying properties (a), (b) of Lemma 6.21 for 
l — 0. Using Corollary 6.19 we can find g G £?(„/ 2 )y* C L p ( R m ) such that 

ll/i -ffllL p (R m ) ^ Cut !P (/i,n _1 ), (6.55) 

max \\D a g\\ L < Cn fe w fc>P (/i, n _1 ). (6.56) 

|q:|=ac pk ’ 

Using Lemma 6.20 we obtain that there exist F n G V n ,m, n > k, such 
that (6.50) holds. Putting G n {x) = F n ((n/2)x) and using (6.55), (6.56) we 
get 


max || D a {g - G n )\\ L t V ) < C exp(-bn)u ktP (g,n 

\a\=k 


*) < Cu k , p (fi,n x ). 

(6.57) 
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Setting P n = G n + / — /i we derive from (6.55), (6.57) that 
\\f - Pu\\l p (v) < CW^C/jrT 1 ). 

Furthermore, taking into account (6.56), (6.57) and the relations D a P n = 
D a G n , |a| = k, we obtain 

max \\D a P n \\ L {v) < max(\\D a g\\ L (R m + \\D a (g - P n )\\ L (V )) 

\Qc\=k \a\=k PK ’ 

< Cn k u>k, p (fi, n _1 ) < Cn k u) ktP (f, HnT 1 ). ■ 
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7 

About Shape Preserving Weighted 
Uniform Approximation 


Results concerning shape preserving weighted uniform approximation on 
the real line are presented. This chapter is based on [74]. 


7.1 Introduction 

Shape preserving approximation by real polynomials of real variables on 
the compact interval [a, b} in the classical non-weighted L p [a , 6]-norms with 
0 < p < oo, is a well developed topic in mathematics (for a comprehensive 
treatment of the subject see for example the book [167]). 

But studies concerning shape preserving weighted approximation on the 
real line seem to be almost nonexistent. An interesting rare article on the 
topic is [220]. 

The aim of this chapter is to show that the so-called L-positive approx¬ 
imation method developed in [75], see also Chapter 6, is powerful enough 
to produce new results in shape preserving weighted approximation. 


7.2 Shape Preserving Weighted Uniform 
Approximation 


For a continuous weight function w : R —► (0,1], define the weighted space 
Cu,(M) = {/ : M —► R; / — continuous on M and lim f(x)w(x) = 0}. 

x —>-±oo 
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It is a linear space endowed with the norm ||/||c m (R) = sup{ru(a;)|/(a;)|; x G 

R}. 

Also, for any r € N|J{0} define the space 

C;(R) = {/ : R - R; / (7) G 0,(11), for all 7 = 0,1, 

endowed with the norm ||/||cj, = max {||/^ 7 ^llc m (R)j 7 = 0,1,Clearly 
we have C° (R) = Cu,(R). 

In all what follows we will consider the exponential (Freud) weight 
w a (x) = with a > 1 . 

The general results in [75], see also Chapter 6 , will allow us to obtain in 
an easy way shape preserving results in weighted approximation. Thus, first 
we obtain the following results in simultaneous shape preserving weighted 
approximation. 

Theorem 7.1. Let r > 0 be an even number. For any f G C£, (R) 
satisfying f^\x) > 0, for all x G M and j = 0,2,4 there exists a 
sequence of polynomials (P n ) n with degree (P n ) < n, such that Pn\x) > 0 , 
for all x G R, n G N and j = 0, 2,4,..., r and 

11/ - Pn\\cr wa < CE n (f;C r w J R)), for all n G N, 
where C > 0 is independent of n and f and 

E„(f;C r w JR)): = M{\\f-P\\ C r a ;PeVn}. 


Proof. If we fix r an even number and in Corollary 6.2 here, we take 
L-y(f) = / (7) , 7 = 0, 2,4, ...,r, F = Cf Ua (R) and define p(x) = YJj=o x2j G 
(R), then we immediately obtain the conclusion in the theorem. ■ 
As an immediate consequence we obtain the following result. 

Corollary 7.2. Let r > 0 be an even number and f G C^, (R) satisfying 
f u \x) > 0, for all x £ R and j = 0,2,4, ...,r. There exists a sequence 
of polynomials (P n ) n e n with degree (P n ) < n, such that for every j = 
0 , 2 ,4,..., r we have 

lim || Ptf) - f u) \\ Cwa (R) = 0 and P&(x) > 0,Vx G R. 

n—>■ 00 


Proof. Taking into account Theorem 7.1, clearly that it is sufficient to 
prove that for any fixed even number r, we have 

lim E n (f,C r w J R))=0. 

n—> 00 

For this purpose, let us denote by Q n a polynomial of degree < n attached 
to / such that 

11/ - <2Jcv,(R) < cmi 11/ - Q||c„ a (R), 
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with a constant c > 1 . We clearly have lim^oo ||/ — Q n \\c w (R) = 0 . 

But according to a classical result of Freud ([161, Theorem 4.1]) (see 
also for example [225, p. 90, Theorem 4.1.7]), this immediately will imply 
that 

lirn ||/ (j) - Q^Hc^r) = 0 , for all 1 < j < r. 

Since 

E n (f,C r w J R)) < max {||/« - Q^Hc^k)}, 

0<j<r 

passing to limit with n —>■ oo we get the desired conclusion. ■ 

Remark 7.3. Given rgN and / with > 0 on R and denoting 

E r n (f,C Wa ( R)) :=inf{||/-P|| c ^ (R) ;PGP„, P^{x) > 0}, 

the main result in [220, Theorem 1] is that we have 

lim E r n (f,C Wa ( R))=0, 

n—> oo 

or equivalently, that there exists a sequence of polynomials (P n )neN with 
degree (P n ) < n, such that we have 

lim ||P„ - /||c m „(R) = 0 and P£\x) > 0,V:r G R. 

n—* oo a 

It is clear that for even r € N, Corollary 7.2 is a simultaneous approxi¬ 
mation-type result corresponding to Theorem 1 in [220]. 

Now, if for fixed d > 0 we define as in [75, p. 483] the set R) of all 
^-increasing functions, by the set of functions / : R —> R satisfying the 
property 


Hal — Hal > q, f or a n £, 7 g R, |a; — y| > S, x ^ 7 , 
x — 7 

applying Corollary 6.3 here, we immediately obtain the following. 

Theorem 7.4. For any S > 0, / G C Wa (R) f) Ms(R), there exists a 
sequence of polynomials (P n )n with degree (P„) < n such that P n G Mg( R) 
for all n G N and 

11/ ^ PnIUa < CE n (f ■ C Wa (R)), for all n G N, 

where C > 0 is independent of f and n. 

Remark 7.5. 1). Theorem 7.4 is the weighted correspondent of the 
non-weighted approximation result, see Corollary 6.12 here. 

2) In fact, all the applicative results in the Sections 6.3 and 6.4 can be 
re-written in the weighted approximation setting, at least for Freud-type 
weights of one or several variables. 
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Jackson-Type Nonpositive 
Approximations for Definite Integrals 


In this chapter the integral of a function over a finite interval, is approx¬ 
imated by Jackson-type approximations that are non-positive linear func¬ 
tionals. Several important cases are treated, in which approximations are 
given with rates by using higher order moduli of smoothness. Real appli¬ 
cations of these results might be, e.g., in Communications and Medical 
Imaging. This chapter relies on [70]. 


8.1 Introduction 

In this chapter we construct nonpositive linear functionals that approxi¬ 
mate the integral f* f(y)p(dy), where p is a probability measure on [0,1], 
with the order 0(uj p+ i (/; i)), p G N U {0}. These linear functionals are 
sums of suitable linear combinations of the integrals of dilated translates 
of / over successive subintervals of [0,1]. They are Jackson-type general¬ 
izations of approximants arising in Statistics and introduced in [20]. 

The chapter has been motivated by the interpretation of J () f{x)dx as 
work or energy from physics, and especially by applications in Signal The¬ 
ory (time-limited and band-limited signals). In Communications and Med¬ 
ical Imaging, for example, we often measure work or energy of involved 
signals approximately, that is, by measuring work or energy of dilated 
translates of such signals over successive subintervals of the main finite 
interval, for example [0,1]. 

G.A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 93 1 93 1 
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8.2 Main Results 

Let pgNU {0} be fixed and /: [—p, p+ 1] —» R be integrable on [0,1] with 
respect to a probability measure denoted by p. 

By using the classical idea in approximation by trigonometric polynomi¬ 
als which produces better estimates, we introduce the integrated sums 

n p+1 „i. 

R p +i,n(f) = / di, k (f){y)X[i^,±](y)i^(dy) 

i— 1 k—1 ^ 

where 

di,k(f)(y ) = (-i) fe ^^ 1 ) f(y + k(u — y))p(du) 

and 

Qp+l,n(f) = — 

These are, for p€N, nonpositive linear functions. 

Remark 8.1. 1) For p = 0we obtain the so-called sums-linear functionals 
introduced in [20]. 

n 

2) For p = 0, Qp+i, n (f) becomes the Riemann sum i 52 / («)> which 

2—1 

means that Q p +i, n (f) represents in fact the Jackson-type generalization of 
the Riemann sum above. 

Next we mention the usual (p + l)th uniform modulus of smoothness 
defined on the interval I p = [—p, p + 1] by 

u P +i(f',6)i p := sup{\A p h +1 f(x)\;x,x + (p+l)h € [~p,p+ 1],0 < h < 5}, 
where 

A p h +1 f(x) = + (-l) fe • f{x + kh). 

k—0 ' ' 

Theorem 8.2. It holds 

(i) R p+ i,„(f)- [ f{y)p{dy) <u p+ i(f;-') , Vn G N, 

Jo V n J i p 

(ii) Q p+ i,„(f)-J^ f{y)p(dy) <uj p+1 ^f;^j , \/n € N. 

Proof, (i) We observe that 

,. 1 I n I* ± P +1 n r. 

Rp+l,n(f) - / f{y)p{dy)\ = 'y ^ / i f (y)/^(dy') 

Jo ' i=i J1 irk=i i= 
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p+ i 


n fir 

p +1 

e £ 

^2 ndi tk (f)(y) - f(y) 

V(dy) 

* e £ 

nd iAf)(y ) ~ /(y) 

i=i ■' ~rr 

k =l 


i=\J —fT 

fc=i 


fi(dy) 


E fill n f i l 1 (~ 1 ) k ( P ^ k . 1 )f(y + k ( u -y')')v( d y)- n f(y)v(du) 


fi{dy) 


=e 




M( dy) 


*£’ 


i -1 i -1 


\K + - V f(.y)\t^du)p{dy) 


(y + k(u — y) G [-p,p+l],k = 0,p+l,u,v G [0,1]) 


<B 

i=1 


oj p+ i(f; |u - y\) Ip y(du)y(dy) =: (*). 


But u, y G i implies |it — y| < i, so we derive 


2—1 


(*) < £ n / -Wp+i ( /; - j y(du) = u p+1 ( /; 


which proves (i). 
(ii) We obtain 


<2 P +i,n(/) - [ f(y)y(dy) 

JO 


n / r ± p +1 

-£ /IB- 1 )* 


2=1 


fe=l 


P+1 


/ h/ + fc 


J. x f{y)v{dy) \ 


£ i L-i A f-yf(y)i j ( d y) r - £ i (/ 




< w p+i /; - 

' n 


which establishes the theorem. 


Remark 8.3. If / G C p+1 [— p,p+ 1], then the order of approximation of 
So f{y) y{dy) by R v+1 . n (f) and Q p+ i, n (f) is O(^Sft), which for p G N 
big enough, cannot be obtained by the Riemann sums or by the classical 
quadrature formulas. 

We now consider related Zd-results for -R p +i,n(/) and Q p +i, n (/)- 
Theorem 8.4. Let f G L*(K.). Then: 
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(i) i? p+ i,„(/) - [ f(y)n(dy) < 2w p+i (f- Vn G N, where 

J o V n /Li M (R) 

w p+ i (f ; := sup|||A^ +1 /(a;)IUv(R); 0 < ^ < -} 

V n /LV( R) l n J 

= SUP {/ ^ • 

(ii) If & P h +1 f(y) > 0, V/i > 0, y G [-1,2], f/ien 

<5p+i,n(/) - f f{y)y{dy) < oj p+1 (f; , Vn G N. 

Jo V n / iV(t) 

Proof, (i) We get 

Rp+i,n{f) — / f(y)Kdy) (see the proof of Theorem 8.2) 

J o 

n „ i. p +1 n ( „ i. „ i. 

< 53 JZi S nd iMf)(y) - f(y) m( lf(y)y( du ) 

i=l J ~n~ k= 1 i=l l J ~n~ rT" 


= X]j/ o pj/.! A «-y/(^( du ) • X[i^i,i.](2/) 

n „± 

/ A^/(y)/x(du) =: (*). 




For any y G £], it holds 


A «ty/(l/M^) < / |A^ 1 y /(y)|/x(du) 


l A «tl/(?/)IMdu) 


l A «tl/(2/)lA i (^) 


| A ? L+ 1 /( 2 /)|/z(dy) 




lifJiGi.il 




|A? +1 /(2/)I/j(^) 




H A ^ 1 /(w)llM[i=i,±]M(dv)+ / ||AP +1 /(j/)|| L ^i ( i]/i(du). 


Therefore, it follows 
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(*)< 


\\A P X 1 f{y)\\ L i [ o A ]H{dv)+ / ||Ap +1 /(2/)||li[o,i]R(^) 


< n • 


+ / “ W^mh^dv) 


< 2n [ \\AP +1 f(y)\\ L i m ii{dv) < 2 n ■ -u p+ i (f; - 
Jo n \ n 

which establishes (i). 

(ii) Similarly, we obtain 


LU 


Qp+iAf) - / f(y)v(dy) 


= E 

i= 1 
n 

= E 


,_ x A?±2 y f(y)v(dy) 


AP L_J(y)v(dy) ■= (*)• 


On the other hand, we have — < y + which implies A p ±2 f(y) < 
A^ +1 /(y). Indeed, first let us assume g G C p+1 [0,p + 2], as in (ii). Denote 
F (h ) = a l +1 g(y), (y G [0,1] fixed), h G [0,1]. By F(/i) > 0, V/i > 0. 
Also, by 5 (fe+1) (t/) = lim EE+ 1 , we obtain g (p+1) (y) > 0, Vy G [-1, 2]. 
Furthermore, 


-F'O) = (P + !)■ A W(y + h) = (p+ 1 )h p g [p+1) (£) > 0 

(see, e.g., [67, p. 59-60]), so A p ±* y g(y) = F - y) < F (£) = A| fl 3 (y). 

Also, the condition A^ +1 /(y) > 0, V/i > 0, Vy G [—1, 2], implies forp > 1 
that / is necessarily continuous on [0,p + 2], (If p = 0, it follows that / 
is nondecreasing and the theorem was proved in [20].) Then, denoting by 
B m (f)(y), the sequence of Bernstein polynomials on [0,p + 2], it is well 
known that Bm +1 \f)(y) > 0, Vy G [0,p + 2], Vto G N, so reasoning as 
above (because B m (f )(y) G C p+1 [0,p + 2]), we get 

AP ±l y Bm{f){y) < Ai +1 5 m (/)(j/), V?n G N, 

by taking g := B m (f). Passing to the limit with m —> +oo, we easily derive 

Apyfo) < A fV(»), g [o,i]. 

Hence 

(*) < E [ A i +1 /(2/)M(rfy) = / A^ +1 /(y)/i(dy) 

!= i j ir n •'o " 

= ||Ai + 7(2/)|U[o,i] < ||Ai +1 /(2/)llM (R ) 
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< Up +1 


which establishes the theorem. 



Remark 8.5. 1) If in the formulas of Rp+i, n (f) and Q P +i, n (f) we substi¬ 
tute /p 1 by J b and ^ by a + ^f-i, then we easily obtain approximants to 
the integral f b f(u)/j,(du). 

2) Let us assume that /: [ A , B] x [— p,p + 1] —> R satisfies the Lipschitz 
type condition 


\f(t,u)-f{s,u)\<M\t-s\, Vs ,t G [A, B], Vu£[-p,p+ 1], 

where M is independent of s, t, u. Then, let us define R p+ 1 „(/): [A, B] —> R 
by 

~1 n p+ 1 

Rp+l,n{f){ x ) = ~ I ££ nd itk (f)(x,y)X[i^i±](y)^(dy) 
i=i k =i 

where 

di,k(f)(x,y) = J ^ f(x,y + k(u-y))n(du). 


Then we easily obtain 


|-^p+l,n Rp+l,n(f)( s )\ 

71 P+1 -j^ /• — 

</ EE»( p . ) /.^ |/(t,l/+fc(li-J/))-/(s,3/))|M rf ^)X[*=zi,A](j/)M(rfj/) 

1/0 i=lfc=l l/1 W n ’ n 

< M2 p+1 |f — s|, for all s,t 6 [A, £?], 

i.e., R p +i,n(/)(a ; ) satisfies a kind of global smoothness preservation prop¬ 
erty. The same property is valid for the modified expression 

/»\ Tl P+1 1 / / \\ 

Qp+l,n{f){ x ) — — 
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9 

Discrete Best L\ Approximation Using 
the Gauges Way 


A discrete theory is presented for the best approximation in the ’’gauges” 
sense. This chapter relies on [8]. 


9.1 Introduction 

In [249], A. Pinkus and O. Shisha introduced novel measures of size (’’gauges”) 
of real functions of a real variable, continuous on [0,1]. In their simplest form, 
these measures can be described roughly as follows. If / = 0 throughout [0,1], 
then these gaugesof /, |||/||| and |||/|||* areO. Otherwise, |||/||| is the largest 
of the areas of the (positive and negative) humps made up by the graph of / 
over [0,1], while 111/|||* is the largest of the sum of areas of consecutive humps 
of the same sign (see Definition 9.1 below). Best approximation by polyno¬ 
mials (or other Chebyshev systems) can then be studied with respect to 111 • 111 
and III'IH*. The main point is that doing so, we can imitate successfully the 
classical Chebyshev theory of best approximation, much better that by us¬ 
ing L p norms, while, at the same time, 111• 111 and 111 • 111* are basically integral 
measures of functions, a feature often desirable. 

Such a continuous theory of best approximation with respect to 111*111 
and ||HI|* has been carried out in [249]. 

In this chapter we present the analogous discrete theory for real functions 
on finite subsets of [0,1]. In particular we prove (Corollary 9.12), that given 
/, continuous in [0,1], an integer n > 0 and a sequence (.Ffc)fcLi °f finite 
subsets of [0,1], each containing 0,1 and of cardinality > n + 2 such that 
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the maximal distance between consecutive points of —> 0 as k —> oo, the 

following relation holds (under a simple condition): 

lim min|||/ — p\\\ F = min|||/ -p|||, 

k—>oc 

where |||'||| Ffc is the discrete version of lll'lll, and where the minimum on 
both sides is taken over all polynomials p of degree < n. 

The continuous theory of [249] has been further developed in [219], which 
contains also an outline of a discrete theory similar to this chapter, but with 
some of the proofs left out and with the underlying discrete gauges different 
from ours. 


9.2 Background 

We recall from [249]. 


Definition 9.1. Let / be a real function of a real variable, continuous 
in [0,1]. We put 


111/| 11 (’’gauge of/”) = 


max 



: 0 < a < 6 < 1, / (#) > 0 on (a, b) or f ( x ) < 0 on (a, 6) | 


(see Note 9.13), 


| j f{x)dx 


Ill/Ill* (”star gauge of /”) = 

: 0 < a < b < 1, f (x) > 0 on (a, b) or / (x) < 0 on (a, b) . 


As mentioned in [249], |||H|, |||-||L are n °t norms over C([0,1]). 
Observe that the definitions of |||/||| and 111/111* make sense also if, for 
some 0 = Xo < X\ < ... < x m = 1, / is a real function, constant on 
[%j,Xj+ 1), j = 0,1,..., m — 1. 


Definition 9.2. Given a finite set 


F : 0 = xo < x\ < ... < x m = 1 (m > 1) 

and a real function / defined on F , we denote by fp the real function, with 
domain [0,1), which equals / (xj) on [xj,Xj+ 1 ), j = 0, 1 , ..., m — 1 , and set 

\F\ = m +1, ||/Hk = |||/f|||, II|/IIU = I||/f|||*. (9.1) 
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Observe that ||/||| F and Hl/H^ are independent of /(1) but it is still 
natural to associate these ’’gauges” with a finite set including 1, as x m = 1 
determines the interval of constancy Dr m _i,x m ) exactly as other Xj do 
(if 1 < j < in') . Also, one can consider a definition of |||-||| and 111 -11 
’’symmetric” to Definition 9.2 where, in (9.1), / F (x) = f (xj+ 1 ) on each 
(xj,x j+ 1 ], j = 0,..., m — 1. 

(9.1) clearly implies 

m— 1 

III/IIIf < III/IILf S I ( X j+1-Xj) < max {|/ (xj)\ : 0 < j < m - 1 } , 

3=0 

(9.2) 

11 I/I I If = 0 iff / i x j) = 0, 3 = 0, l,-.,m- 1, (9.3) 

III/IILf = 0 iff f{ X j)= 0, j = 0,l,...,m- 1, 

II|c/|||f = Id • III/IIIf i III c /III*f = Id • III/IILf for ever y real c. 

For a fixed F, |||-||| F and 111*11do not always satisfy the triangle in¬ 
equality. Indeed, let F = (0, |, §, §, l), let / = 1 on F; g (0) = g ( 5 ) = 
5 ( 1 ) = 1 , 5 ( 3 ) = 9 (f) = Then 

III/IIIf = III/IILf = 1 . Ill* = IIMILf = ^ 

111/ + * = IIIZ + sIILf = y > +W* = • 

9.3 More Background 

If, for functions /, / 1 , /21 / 3 , • we have f n (x) —> / (x) on some F, then it 
easily follows that 


II/™ /I I If * 0, lll/n-ZIII.F^O; 

but neither of the statements 

[I I /™ 111 f * III/IIIf 5 IIIMIU-III/IILf 

is valid. Indeed, let F = (0, |, |, l) and 

/(0) = /n(0) = /(|) =/n(|) =/(l) = /„(l) = l, 

/(g) = 0 , /n(g) =-; n=l, 2 ,... . 

/n (®) ->• / (x) on F, (9.4) 


PiiAe P/tyliel 


Then 



102 9. Discrete Best LI Approximation Using the Gauges Way 


but 

\\\fn\\\ F ^l*\\\f\\\ F = 

Also, with the same F, /, let /„ be modified to 



Then (9.4) but 



2 

3' 


9.4 Basic Result 

Theorem 9.3. Let / n —> / on some F. Then 

\\\f\\\ F < lim |||/n||| F < list WlfnWLp- (9.5) 

n —»oo n —»oo 

Proof. The last inequality follows from the first inequality in (9.2) (applied 
to /„). The first example of Section 9.3 shows that the first inequality in 
(9.5) can be strict. 

To establish that inequality, let £ > 0. We show that for some no, 

ll/nllR > III/IIIf - £ for a11 n > n 0- 

We may suppose f (x) ^ 0 for some x € F — {1}. Using the notation of 
Definition 9.2, let 

S 

III/IIIf = *52 f ( x j) i x 3+i ~ x i) > 0 < r < s < m, 

j=r 

where 

/ (x r ) 7 ^ 0, / (x r ) f (xt) > 0 whenever r <t < s. 

Choose no so that 

f n (xj)f(xj)> 0 , |/« {xj) - f{xj)\ < e; j = r, r + 1 ,..., s; n = n 0 , no + 1 ,... . 

Then, for these n, 

s s 

lll/nlllp. > X) l/«( x 9l (Xj+I-Xj) > X [\f( x i)\ -e] ( x i +1 — Xj) > |||/||| F — e. 

j=r j=r 
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9.5 Main Result 


Given an integer n > 0, we denote by n n the set of all polynomials 
Sl—o a kX k , ak real, considered as functions with domain (— oo, oo). 


Theorem 9.4. Let n > 0 be an integer and let F and / be as in 
Definition 9.2. Then: 

(I) There exists a p* € 7 r n for which 11 \f — p* \ | < 11 \f — p\ | | F for every 

p e 7 r n . 

(II) For some F,f, (I) becomes false if ][J-||| F is replaced by IH-IH^. 
Proof. To prove (I), we may assume |.F| > n + 3. For otherwise, we can 
take as p*, Lagrange’s interpolation polynomial to / on F — {1}. 

Call 


C = inf (HI/ -p||| F :p S tt„} (9.6) 


and for j = 1 , 2 ,..., let 


Pj ( x ) = ^2 a^x k € 7 x n (9.7) 

k—0 


be such that 

W-pMf^c. 

Then clearly the sequence max {\pj (a:)| : x € F — {1}}, j = 1, 2,..., is 
bounded, and hence by representing Pj (x), j = 1,2,..., as its own La¬ 
grange’s interpolation polynomial on {xq,xi, ...,x n }, we see that for every 
a, b, —oo < a < b < oo, the sequence max{|pj (x)| '■ a < x < b}, j = 1 , 2, ... 

is bounded. Hence [234, p.56, Corollary 2] each of the sequence ( a ^ 1 ) 

V / i 

is bounded. Therefore there are integers 1 < hi < /12 < such that, for 
k = 0,1, ...,n, a jjy’) converges, say, to a *,■ Put 


p* (x) = ^2 a kX k ■ 
k—0 


By (9.7), for every x , 


p*^ R) p* R) 


and hence, by Theorem 9.3, 


W\f-P*\\\ F <C 

which, by (9.6), yields (I). 

To prove conclusion (II), let F = (0, 4-, 4, |, l), let / (0) = / (4) = 2, 
/ (3) = / ( 1 ) = 0 and / (f) = -2. If c < 0, then |||/ - c|||, F > 1. If c > 0, 
then IIIZ-cIH^ > 

In particular, for n = 1,2,..., 111/ — n" 1 11| = 2 _1 + (An) -1 . Hence 

among the numbers |||/ — c|IU, — 00 < c < 00 , there is no minimal. ■ 
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9.6 Preparation Results 

We use the following result, essentially well-known. For the convenience of 
the reader we include proof. 

Lemma 9.5. Let —oo < a < b < oo and let / be a real function of a real 
variable, continuous in [a, 6 ], for which the set of x € [a, b] with / (x) = 0 
is finite. Given a<a<x<(3<b with f (x) = 0, set cr(a,(3,x) = 2 
if a < x < (3 and / ’’does not change sign” at x, namely, there is 5 > 0 
such that a < x — 8 < x + 8 < (3 and either f (x) > 0 throughout I = 
(x — S, x + 5) — {x} or f (x) < 0 throughout /; otherwise, set a (a, /3,x) = 1. 


Let 

a < ci < C 2 < ...,c„ <6 (n > 2 ), 

(9.8) 

and let 

(-!) fe / (cfc) > 0 , fc = l, 2 ,...,n. 

(9.9) 

Then there are 




Cl < Xi < X 2 < ■■■ < x m < c n (to > 1) 

such that 

f(x k )= 0 , k = 1 , 2 , ...,to, 

and 

m 

Xk) >n - 1 . 

fe=l 

Proof. Observe that if a < a\ < «2 < x < fa < Pi < b, f (x) 


(9.10) 
= 0 , then 


cr(ai,/Ji,a;) > a(a 2 ,(3 2 ,x). 

We prove Lemma 9.5 by induction. It is trivial for n — 2. 

Let N > 2, and suppose Lemma 9.5 is true whenever 2 < n < N. We 
prove it for N + 1. 

Let 

a < ci < C 2 < ... < Cjv+i < b, 

(-l) fe /(c fe ) >0, fc = 1 , 2 ,..., IV + L 
We prove (*): the existence of 


Cl < X\ < X 2 < ... < X m < Cn+1 

such that 

f(xk) = 0 , j = 1 , 2 ,..., to, 

and 

m 

^cr(ci,cjv+i,a:fc) > iV. 

fe=i 
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By the induction hypothesis this is easily seen to hold in case / (cjv+i) = 
0, or f(c N+ i)f(c N ) < 0. As f (c N+1 ) f (c N ) < 0, we merely need to 
prove (*) when / (cjv+i) ^ 0, / (cjv) = 0. We can also assume not all 
of / (ci),/ (cat) vanish. So let 

/ (cr) ^ 0, / (c r+ i) = / (c r+2 ) = ... = / (cat) =0, 2 < r + 1 < IV. 

If (c r ,CN+i) contains a zero of / other than cv+i, Cr+ 2 ,Cat, then (*) 
is trivial if r = 1 and, otherwise, follows from the induction hypothesis, 
using it for n = r. So we may suppose / never vanishes in (cfc,Cfc+i). 
Also, sgn/ throughout (c r , c r+ i) is (—l) r . We may suppose that it is (—l) fe 
throughout (cfc, Ck+ i) for k = r + 1,..., IV, for otherwise cr (ci, cjv+i, Ck ) = 2 
for some r < k < N and again (*) would follow trivially if r = 1, and, 
otherwise, would follow from the induction hypothesis, with n = r. How¬ 
ever, sgn / cannot be (— 1)^ throughout (cat, Cat+i), because sgn / (cjv+i) = 

(-U" +1 . 

Corollary 9.6. Let — oo < a < b < oo and let / ^ 0 belong to some 
7Tfc. Suppose (9.8) and (9.9). Then the number of zeros of / in [ci,c n ], 
multiplicities counted, is > n — 1. 

This follows from (9.10), nothing that, for k = 1,2,..., to, the multiplicity 
of Xk as a zero of / is > a (ci, c n ,Xk ) • 


9.7 Another Main Result 

Theorem 9.7. Let n > 0 be an integer and let F and / be as in Definition 
9.2, with |A| > n + 3. There is a unique p* € 7r„ minimizing |||/ — p||| F 
among all p £ n n . This p* is characterized by the following property: 

(**) There are integers 

0 < U\ < VI < U 2 < V 2 < ... < u n+ 2 < V n+ 2 < to, a = ±1 (9.11) 

such that, for k = 1,2,..., n + 2, p* € 7r„ satisfies: 

(~l) k cr [f (xj) - p* (xj)\ > 0, j=u k ,u k + l,...,v k ; (9.12) 

v k 

(-i) fe ^E - P* (AA Rl+I ~ x j) > III/- P*\\\f- (9- 13 ) 

j=Uk 

Remark 9.8. The second sentence of Theorem 9.7 is true even if |F| = 
n + 2. For, in that case, let p* be Lagrange’s interpolation polynomial to / 
on F — {1}, and let p £ 7r„ be a different polynomial. Then by (9.3), 

III/ —p* 11 If = o < III / — pIIIf ■ 
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Proof, of Theorem 9.7. 

(A) Assume the property (**) of the theorem. Let p £ ir„, p / p*. 
We prove |||/ — p*||| F < |||/ — p||| F . Thus p* is the unique element of 7 r„ 
minimizing ||| / — p||| F among all p £ 7r„. 

Assume, on the contrary, 11/ — P* 11 | F > 11/ — p| | | F . We claim there exist 
Wk satisfying 

Uk<Wk<v k , (-l) fe cr[p(x<„J - p* {x Wk )\ > 0 ; k = 1 , 2 ,..., n + 2 , 

which implies by Corollary 9.6 that the number of zeros of p — p* yl 0, 
multiplicities counted, is > n + 1 , which is false. 

Suppose our claim is false, and let k, 1 < k < n + 2, fulfill 

{-l) k a\p( x j)-p* (xj)\ <0, j = u k ,u k+ i,...,Ufc. (9.14) 

By (9.14) and (9.12), 

(~l) k v [f (xj) -P( x j)]>{~ 1 ) k v[f ( x j) ~P* (®j)]>0, j = u k ,u k+ 1 , ...,v k , 
and hence 

Vk 

(-!) fc o' if fo) “ P* fe)] ( x J+i - x i) < 

j=U k 

v k 

(-!) fc o- ^ [/ (a:j) -p(xj)\(x j+ 1 -Xj) < |||/-p||| F < |||/-p*||| F , 

j=Uk 

contradicting (9.13). 

(B) Let p* € tt„ minimize 11 \f — p\ | | F among all p g 7 r„ (existence of such 
p* is guaranteed by Theorem 9.4, (I)). We shall prove (**) of the theorem, 
which, as shown above, establishes the second sentence of the theorem. We 
may assume f — p* does not vanish identically on F — {1}. 

A maximal-definite sequence (mds) is a sequence of integers / = 
(a, a + 1 ,..., b) where 0 < a < b < m, satisfying: 

(i) [/ ( x a) - P* (£«)] [/ (x b ) - p* (x b )] ^ 0; 

(h) [/ (xj) - p* (xj)] > 0 for every j £ I, where cr a = sgn [f (x a ) - P * (x a )]; 

(iii) cr a Ej= a 1/ ( x j) - P* ( x j)] ( x j+i - x o) > 111/ - P* 11 If ; 

(iv) If s, t are integers, 0 < s < a < b < t < m, and if a a [f ( Xj ) — p* (xj)] 
> 0 for every s < j < t, then / (. Xj ) — p* (xj) = 0 for every j satisfying 
s < j <t but not a < j < b. 

rnds’s are easily seen to be mutually disjoint. There are clearly integers 
a,b; 0 < a < b < m, such that 

b 

o-a^t/ i x i)-P* ( x j)} ( X 3+1 ~ x j) = lll/-P*lll*F 

j=a 

and such that (i) and (ii). Then I = (a, a + 1,..., b) is an example of an 
mds. 
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Let all mds’s be (ai, ai + 1, bi) , (a 2 , as2 + l, 62 ),(a r , a r + l, 6 r ) 


where 0 < 

at < bi < 

a 2 

<b 2 < ... < a r 

< b r < m. 

Let (J = 

-cr ai and 

let 

rq be the largest j for which er ai = <r 02 

0 

C 

V 

«4H 

1—1 





^a ri+ i 

= 

®a ri - 1-2 

= °a r2 = <T = (-1) 2 <7, 


& a r 2 + l 

= 

^ a r 2 + 2 ••• - 

= <Ja r3 =-<J= (-if O', 


(Ta r s _ 1 + 1 

= 

(J ar a _ 1+ 2 = •• 

• = <J ara = (-1) S CT. 


If n = r, set s = 1. Let 


Uk = a rk , v k = b rk , k = 1,2, 


Then 

0 < iti < iq < U2 < v 2 < ... < u s < v s < m 

and (9.12), (9.13) for k = 1,2, Hence (**) will follow once we show 
s > n + 2. Suppose s < n + 2. Set t/o = 0, y s = 1. If s > 1, then for every 
k, 1 < k < s — 1, we define yk as follows. If there is j, b rk < j < a rk + 1, for 
which / (a:j) — p* (xj) = 0, take the smallest such j, and denote by y k the 
corresponding Xj. If there is no such j , put 




+ Xb. 


I n»+ 1 ) ' 


(9.15) 


Thus, always, 


0 = yo < yi < < y s = 1. 


Call 

s-1 

P (x) = -a JJ (y k - x) ( = -a if s = 1). 

fc=1 


If 1 < j < s, yj -1 < x < yj, then sgnp (x) = (—1) J a. This equality holds 
also if yj- 1 = x, j = 1. 

We show: for e > 0 sufficiently small (to become clear from what follows), 


|||/-p*- e p||| F <|||/-p*|lf F . 


As p G 7r„, (9.16) contradicts the definition of p*. 
Given e > 0 sufficiently small, let 


(9.16) 


-P* -ep\\\ F = 


( x j) ~ P* ( x j) ~ £ P fe )] ( x j+ 1 “ 


(9.17) 
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0 < u < v < m, where 

/ (xj) — p* (xj) — ep (xj ), j = u, u + 1, v, are all >0 or all <0. 

(9.18) 

It is impossible for [x u ,x v ] to contain a y k , k > 1. For either such a y k 
would be an Xj, u < j < v, f (, Xj ) — p* (xj) = 0, p (xj) = 0, contradicting 
(9.18), or, by (9.15), we would have 

u<b rk < b rk+ 1 < v , sgn f (x brk ^ - P* (^ fc ) = (-l) fe cr, 
sgn f (x brk+1 ^j -p* (x brk+1 ^j = (-l) fc+1 cr 

which implies 

sgn [/ (a- brfc ) -p* (a- brfc ) - ep (s^)] ^ 

sgn f ( 'x brk+1 ) -p* (x brk+1 ^j - ep (x brk+1 ^j , 

again contradicting (9.18). 

So let 

Uk -1 <x u < x u+1 < ... <x v <y k 

where 1 < k < s and where y k -i < x u if k > 1. Observe that if k < s, then 
v < a rk +1 while if k > 1, then u > b rk -\. It follows that if (u,u+ 1,...,«) 
is a subseciuence of an mds (a, a + 1,..., b), then <r a = (—1) a. 

(a) Assume 

sgn [/ (xj) - p* (xj) - ep (xj)\ = (-l) fe a, j = u,u+ 1,..., v. 

Then, by the above, for these j, 

sgn [f (xj ) — p* (xj)] = ( 1)^ (J, \f{xj)-p* (xj) -ep{xj)\ < \f(xj) - p* {xj)\ 

and hence, by (9.17), we have (9.16). 

(/3) Assume 

sgn[f(xj) -p*(xj) -ep(xj )] = (-l) fe+1 cr, j = u, u + 1,..., v. 

Then, if £ > 0 is sufficiently small, for j = u, it+1, sgn [f ( Xj ) — p* (xj )] 
is (—l) fe+1 a or 0. Also 

V 

J2[f( x j)-p*( x j)]( x j+i~ x j) < III/-p*IIIf> ( 9 - 19 ) 

j=u 

for otherwise, as is easily seen, ( u,u + 1, ...,v) would be a subsequence of 
an mds (a, a + 1,..., b) with er a = (—1) cr, contradicting our statement 
preceding (a). But (9.19) and (9.17) imply (9.16) for £ > 0 sufficiently 
small. ■ 
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9.8 Conclusions 

Theorem 9.9. Let n > 0 be an integer and let / be a real function of a 
real variable, continuous in [0,1]. For k = 1,2,..., let 

F k : 0 = < x[ k) < ... < x^ k) = 1 , m ( k ) >n + 1 , 

be a finite subset of [ 0 , 1 ] with 

5k = max | — 2 ^) : 0 < j <m{k) — 1 j —> 0. (9.20) 

After Theorem 9.7 and Remark 9.8, given k > 1, consider the unique 
Pk £ 7 r n minimizing |||/ — p\\\p k among all p £ Tr n . After Theorem 3.1 of 
[249], consider the unique p* £ n n minimizing ||| / — p||| among all p £ 7 r„. 
Then 

III/ -Pill < 1™ III/ -P* k \\\ Fk < Jim III/ PfellCfc — III/ P*III* * 

fe^oo 

(9.21) 


9.9 Proofs 

In proving Theorem 9.9 we shall use the following two lemmas (see Note 
9.14). 


Lemma 9.10. Assume the first two sentences of Theorem 9.9. Then 



Lemma 9.11. Repeat the first three sentences of Theorem 9.9. Then 
the sequence 


p k = max{| p* k (a:)| : 0 < x < 1}, k= 1,2,..., 


is bounded. 

Proof, of Theorem 9.9. For k = 1,2,..., 

W\f-p>MiF k < il3/-p*IIU - III/-P1II.F*; 

hence, by Lemma 9.10, 

Jim III/ Pk \ 11 Fk ^ Jim \\\f ~P*\\\ Fk < lll/-P*lll» 

k—*oo k—> oo 

which yields the last inequality in (9.21). ■ 
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For a real function g of a real variable, continuous in [0,1], denote by 
u>i ( g , •) the first modulus of continuity of g ( x ), 0 < x < 1 . 

Let k > 1. We prove that 


1/ - Ml < 25 k M k + Ul (/, 4) + wi (p* k ,S k ) + |||/- p* k | || Ffc , (9.22) 


where 

Let 


M k = nrax{|/(a;) — p* k (a:)| : 0 < x < 1} . 


I/-Pfclll = 


(/ ~Pk) 


, 0 < a < b < 1 , 


(9.23) 

(9.24) 


where sgn (/ — p* k ) is constant (±1) throughout (a, b). 

If no point of F k lies in (a, b ), then (9.24) implies 

1:1/ • 4 ;i: <4.14 

and a fortiori (9.22). Thus we may suppose 

x^ < a < < ... < < b < a^+r, 0 < u < v < m (k). 

Then (9.24) yields 


ll/-Pfclll = 


r m 

L u+1 


r x ^ pb 

\f~Pl\+ (k . \f-Pl\+ (k . 1/ -Pl\< 24 M k + 

Jx uh Jx ” 


v — \ (fc) 

/( 1 + [\f(. X )-f( X j k) )\+\f( X f ) )-Pl( X f ) )\+\Pk( x j)-Pk{x)l\ dx 

j-u i 1 

(an ’’empty” sum means 0) which implies (9.22). 

By the mean value theorem and A. A. Markoff’s inequality [131, p. 94, 
problem 4], 

wi ( p* k ,S k ) < 2 n 2 4 sup {gj , j = 1 , 2 ,...} , k = 1 , 2 ,... . 

By (9.20) and Lemma 9.11, the first three summands on the right side 
of (9.22) —> 0 as k —> oo. Hence, by (9.22), 


-P*lll < 1™ Il/-Pfcl|| < lim \\\f-pt\\\ Fk ■ (9.25) 

k—> oo k —»oo 


9.10 More Proofs 

Proof, of Lemma 9.10. For k = 1, 2,..., let f k be the function whose graph 
is the polygon pWpW _ w j iere p j s the point (x^ k \ f i n 
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the x, y plane, j = 0,1 ,in ( k ). By (9.20), fk converges uniformly to / on 
[0,1]. Also, as one easily sees, for k = 1 , 2 ,..., 

HIM] < 111/111^ + 4; III/IILf, < IIIMII* + 4' 

where e' k —► 0, e' k —> 0. By [249], Lemma 9.10 follows. ■ 

Proof, of Lemma 9.11. The conclusion is obvious for n = 0. For let 

p* k (x)=a k , k= 1 , 2 ,.... 

If is unbounded, then for some k > 1, \f (x) — ak\ > |/ (ar)| and 

/ (x) — a,k has a fixed sign throughout [ 0 , 1 ], which clearly leads to a contra¬ 
diction with the definition of p k . Suppose n > 0. Let ko > 1 be such that 
if k > k 0 , then 5k of (9.20) is < (40?r 2 ) 1 . We prove that, for all k > ko, 

Hk < 2 (1 + 5n 2 ) M (9.26) 


where 

M = max{|/ (cc)| : 0 < x < 1} . 

Indeed, let k > ko and suppose (9.26) is false. Put 

S k = {x : 0 < x < 1, y < \Pk (®)l} - 

Then Sk is open and hence is the union of a set of open, disjoint intervals. 
One easily sees that there is an I belonging to this set and a real £ such 
that | p k (£)| = Hk and such that £ belongs to the closure of I. The length 
d of / must be > (4n 2 ) 1 . To prove this we may assume I ^ (0,1). Then 
I has an endpoint r) with \p k (?y)| = Observe that, throughout /, \p k \ is 
differentiable, being nowhere there 0. By the mean value theorem and A. 
A. Markoff’s inequality referred to above, for some ? € /, 

y k [2 (£ - n)]” 1 = {IPU ^Z\ ^ {V)1) = ±pX (?), \pX (41 < 2 nV; 

hence 

d > |£ — 77 I > (4 n 2 ) 1 . 

Since k > ko, I must intersect F k . Let 


< x^h < ... < x[ k \ 0 < u < v < in (k) 

be all points of F k 0 I. Then xi^ — x ^ > (5n 2 ) , for otherwise either 

x — x^l\ or — xi k ^ would be > (40?r 2 ) 1 . 

For j = u, u + 1,..., v, we get 




> 



> 
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and, as 


one has 


Hence 



11 / - Pfciiu, ^ E \f { x f ] ) - p*k ( x f ] ) | ( 


- Xj ) > M 


j=u 
m.k—1 . 


> 


£ |/(xf , )|(4',-xf)>iii/i 


I F k 


1=0 


contradicting the definition of p* k . 


9.11 Final Conclusions 

Theorem 9.9 implies 

Corollary 9.12. Using the hypothesis and notation of Theorem 9.9, if 

III/-F1II = \\\f-P*\\l, (9-27) 


then 


lira \\\f ~p* k \\\ Fk = HI f-P* 


On the other hand, if (9.27) fails, then |||/ — pKIIIfj, ma y di vei 'g e as 
k —> oo, as the following example, with n = 0 , shows. 

Consider the figure consisting of a plane coordinate system, the lines 
y = 8 and y = — 8 , and the graph of a function y = f (x), made up of the 
non-horizontal sided of four isosceles triangles. For k = 1, 2,..., let 

/ 1 2 k-1 


so that, as is easily seen, 
Also 


Pi = o. 


lim \\\f-pl k \\\ F = lim \\\f\\\ F = 1 

k—> oo k—> oo 
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while 

&ll|/-PWi|IU fc+1 =&lll/llk fc+1 =2 

so that HI/ — PfeHIjr diverges. 

Note 9.13. Observe that 0 always belongs to the set whose maximum 
is taken (consider 0 < a = b < 1). If / (x) = 0 throughout [0, 1], then 0 is 
the unique element of this set and, so, |||/||| =0. 

Note 9.14. The first inequality of Lemma 9.10 is not used. 
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10 

Quantitative Uniform Convergence of 
Smooth Picard Singular Integral 
Operators 


In this chapter we study the smooth Picard singular integral operators on 
the line of very general kind. We establish their convergence to the unit 
operator with rates. The estimates are mostly sharp and they are pointwise 
and uniform. The presented inequalities involve the higher order modulus 
of smoothness. To prove optimality we apply mainly the geometric moment 
theory method. This chapter relies on [34]. 


10.1 Introduction 

The rate of convergence of singular integrals has been studied earlier in 
[163], [164], [231], [16], [69], [68] and these motivate this chapter. Here we 
consider some very general operators, the smooth Picard singular integral 
operators over R and we study the degree of approximation to the unit 
operator with rates over smooth functions. We prove related inequalities 
involving the higher modulus of smoothness with respect to || ■ ||oo. The 
estimates are pointwise and uniform. Most of the times these are optimal in 
the sense that the inequalities are attained by basic functions. We apply the 
geometric moment theory method to give best upper bounds in the main 
theorems and also we give handy estimates there. The discussed operators 
are not in general positive. 

Other motivation comes from [12], [13]. 
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10.2 Results 


In the next we study the following smooth Picard singular integral operators 
P r ,df \x) defined as follows. 

For r G N and n € Z + we put 




j = 1, 


i-B-r'jr", j = o 


that is 52 a j = I- Let /: R —► R 
l=o 

a; € E, ^ > 0 the Lebesgue integral 


be Lebesgue measurable, we define for 


,?(/;£) ; = ( X^l/R+jO J e |t|/? cft. (10.2) 


We suppose that x) € R for all iff. We will use also that 


Pr,df; x ) = (y f( x + jt) e '<**) • (!0.3) 


We notice by ^ e = 1 that P r ,|(c, a:) = c, c constant and 


Pr,df; x ) - f( x ) = -^Z a o(yJ (f(x+jt)~ f(x))e w/i dt^j . (10.4) 


r k e -\x\ ] = j 0, k odd, 

1 2fc!, k even, 


we get the useful here formula 


t k e-W^dt = l r. 


k odd, 


2fc!£ fc+1 , k even. 


Let / £ C n (M), n £ Z + with the rth modulus of smoothness finite, i.e. 


iodf (n \h) ■= sup ||A)'/ ( ” ) (a;)|| 00 , x < oo, h > 0, (10.7) 

\t\<h 


where 


A!/<">(*) := £(-1)^ Q &\x + jt), 
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see [143], p. 44. 

We need to introduce 

r 

4:=5>/, k = € N, (10.9) 

3 = 1 

and the even function 

r\ t \ (\f\ — w \ n ~^ / \ 

G n (t):= ^- ±—uj r (f( n \w)dw, ne N (10.10) 

do (n-1)! 


with 


G 0 (t) := iv r (f, |t|), te 


( 10 . 11 ) 


Denote by [-J the integral part. 
We present the first result 

Theorem 10.1. It holds that 


L9J 


Pr,dfi X ) ~ f ( X ) - Y f (2m) ( X ) S 2 mt 2 

m —1 

1 z* 00 

< - G n (t)e“ t/ «dt, n G N. (10.12) 
s do 


/n L.H.S.(10.12) the sum collapses when n = 1. 
Proof. By Taylor’s formula we get 

n—1 


n*+M) - E + J* ° ( t „j[][ 1 / w (»+o* 


n 1 fW(x) 


= Y 


/c=0 


fc! 


(j*)* 


+ d" / / (ra) (a:+jw)dw. (10.13) 

do (n-1)! 


Multiplying both sides of (10.13) by ay and summing up we obtain 


Y a 3(f( x + jt) ~ f( x )) = Y ^ fot k + Kn(0,t), (10.14) 

j = o fc=l 

where 

7£„(0,t):= / —^-—- r(w)dw, (10.15) 

do ( n — 1)! 

with 

r 

T (w) := ^2 otjj n f {n) {x + jw) - 5 n f {n) (x). 

3=0 
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Notice also that 

-S(-d’-'(’:) = (-i)’'Q. (lo.w) 

According to [16], p. 306, [12], we obtain 

tW = a;/W(x). (io.i7) 

Therefore 

\t(w)\ < w r (/ (Tl) ,H), (10.18) 

all «i£l independently of x. We do have after integration, see also (10.4), 
that 


Pr,z(f\x) - fix) 




f( k \x) 

k\ 


6 k t k + K n (0,t) 


e dtt 


E 


k =1 


k\ 6k 2£ 


t k e~Wt(lt 


K,i 10.19) 


where 

1 /‘°° 

K n (0,t)e-W^dt. ( 10 . 20 ) 

J —oo 

Here by (10.10) and (10.15) we get 
/•lO /l + l _ w )n-l 

|72.„(0, t)| < / — -—— \r(sign(t)w)\dw < G n (t). (10.21) 

Jo W- 1 ) 1 

Hence by (10.20) we find 

\K\ < 


Using (10.6) we obtain 

LfJ 

Pr,df;x) - fix) - E / ( 2 m E)<W 2m = K ■ (10-23) 

m =1 


hi: 

l f°° 

I Jo 


G n (t)e 

© 

G n (t)e~ t ^dt. 


( 10 . 22 ) 


Inequality (10.12) is now clear via (10.23) and (10.22). 
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Finally we would like to prove (10.21) with the use of (10.18). We have 
that for t > 0 it is obvious. Let t < 0, then 


\K n (0,t)\ = 


rO 


(t - w) 


n— 1 


< 


It («-!)! 

f° ( w-t) n ~ l 


r {w)dv 


l t (n — 1)! 

rO 


0(_ f _ 1 

r(w)\dw<l -——- ujr{f {n \\w\)dw 


(«-!)! 


(/ 

U>r(fW,\0\)d0' 


0 {-t - 0) n ~ 1 


1-t 

r- f (-t - ey - 1 


/ 0 («-!)! 

'■ 1*1 ( i+i a\n-1 


u r (f^,\e\)de 


I Qt j 0) ™ 1 Mf (n \o)do = G n (t). 

Jo 


The last completes the proof of Theorem 10.1. 


Corollary 10.2. Assume ui r (f,£) < oo, £ > 0. Then it holds for n = 0 
that 


I P, 


1 f°° 

■Af> x ) - f( x )\ < 7 / Uj r (f,t)e~ t/i dt. (10.24) 

s JO 


Proof. We observe that 


Pr,df',x) ~ f(x) = 



2 ay_ 


J2aj(f(x + jt)-f{x)))e w/i dt 


l=i 



2£W- 


1=1 


r )(/(a: + jt) - /(x))Je 





1=1 


^(-!) r J ’( j/(* + ^) 


- (f:<- 1 > r -' i 0 ) /(»>) e- |tl/£ <**) 
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( 10 . 16 ) 



f(x + jt) 


+ (_1)r (o 

- k (/I (g ( ~ ir " G) ,ix+jt) ) eH,l/£<s ) 

(1 = ) ^ . 


I.e. we have proved 


p r,df;x) - f(x) = kk- (^j (A r J(x))e Wtdtj . (10.25) 

Hence by (10.25) we derive 


p r,df]x) -/Or)| < 

< 


1 POO 

- J ^\AU(x)\e-Wtdt 

- J u r {f, \t\)e- w/i dt 

i r°° 

- / uj r (f,t)e~ w/i dt. 
s Jo 


That is proving (10.24). ■ 

Inequality (10.12) is sharp. 

Theorem 10.3. Inequality (10.12) at x = 0 is attained by f(x) = x r+n , 
r, n £ N with r + n even. 

Proof. As in [16], p. 307, [12], [265], p. 54 and (10.7), (10.8) we obtain 
w r(/^ n \ t) = (r + n)(r + n — 1) ■ • • (r + l)r!i r , 


t > 0. And 


G n {t) = r\\t\ r+n , teR. 

Also we have /^(0) = 0, k = 0,1,..., n. Thus the right hand side of 
(10.12) equals 


t-I f°° 

- J t r+n e-*^dt = r!(r + n)!f +n . 


(10.26) 
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The left hand side of (10.12) equals 



I.e. we have established 


\P r , ( (fM=r'.(r + n)\C +n . (10.27) 


Thus by (10.26) and (10.27) we have established the claim of the theorem. 
Inequality (10.24) is sharp. ■ 


Corollary 10.4. Inequality (10.24) attained at x = 0 by f(x) = x r , r 
even. 


Proof. Notice that A \x r = r\t r and uj r {f^ n \t) = r\t r , t > 0. Thus 

r | r°o 

R.H.S.(10.24) = - / t r e~ t ^dt = (r!) 2 f. 

s JO 
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Also /(0) = 0. Therefore 


L.H.S.(10.24) = |P r , £ (/; 0 )| = ^ J°° e ~ Widt 

i r oo ( r / \ \ 

= 77 / E(- 1 ) P " ; ’'(jJ r )t r e-' m dt 

J — oo \ ,_n \J / I 


1 r 00 

= 2 f 


= — r! / t r e^^dt 

J — OO 


( 10 . 6 ) 1 


|r!2r!f +1 1 = (r!) 2 f- 


That is (10.24) is attained. ■ 

Remark 10.5. On inequalities (10.12) and (10.24). We have the uniform 


estimates 


| 2 ■ n OO 

n,f(/;z) - /Or) - V f {2m \x)S 2m e m < 7 / G n (t)e-*Kdt,n G N, 

m=l 4 • y ° 


i r°° 

Il-Pr,c(/) - /lloo <7 / uj r (f,t)e~ t/i dt, n = 0. 
s do 


(10.28) 

(10.29) 


Remark 10.6. The following regards the convergence of operators P r £. 
From (10.10) we have 

f |t| (1 + 1 _ 

G n (t) < u r (&\ |t|) / ^ 

do W-l)! 


Gn(t) < ^,(/ (n) ,|t|). (10.30) 

n! 

Furthermore from (10.28) and (10.30) we obtain 

1 r°° 1 r°° 

-J Gn^e-^dt < — J t n u r (f^\t)e~ t ^dt. (10.31) 

That is from (10.28) we get 

LfJ 

IU := P r ,*(/;z) - f(x) - £ f {2m \x)5 2m e m 


1 z * 00 

< —7 / t n uj r (f ( ' n \t)e~ t ^dt, n G N. (10.32) 

&'■ do 
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Using u r (f( n \t) < t r ||/(’■+") Hoc, i>0we find 

ll/ (r+n) l|oo f 


1 f 

— t n u r (f {n \t)e- t ^dt< 
in\ Jq 


£n\ 


t n+ r e-*/idt 


||/ (r+ " ) ||oc r+r(n + r)!== (pj( n + i )j || / R + n)|| oor+ ._ 


Ki= 1 


I.e. 


< (f[(" + o) ll/ (r+ ” ) iur +r - (10.33) 
That is for / € C n+r (R) we have 

r 

K 1 <l[(n + i)\\f^\\ 00 C +r , ne N. (10.34) 




Here is assumed that ||/0’ +ra )|| oo is finite. 
One may use also that 

COr(f in \t)<2 r \\f^ 


Then 


1 

— J^ fVC f {n \t)e~^dt < 


2 r ||/( 


Jo 

= 2 r n/ (n) iur. 


u) || rOO 

^ / t n e-*/ £ dt 


(10.35) 


That is 

K\ < 2 r ||/ ( " ) || 00 £ n , neN. (10.36) 

Here is assumed that ||/("*|| 00 < oo. Clearly from (10.34) or (10.36), given 
that ||/^ 2m ^|| 00 < oo, for to = 1,..., , as £ —> 0 we obtain that P r ^ —> 

unit operator I pointwise as £ —> 0 with rates, n £ N. 

Next using u> r {f,\i) < (A + 1 ) r uj r (f,i), A ,t > 0, we get from (10.29) 
that 


1 

I 



u> r (f,t)e * d ‘dt 


< 


Ur(f,0 ( 1 + ^) e ~ t/idt H 


w r (/,£) J (1 + u) r e U du 

“r{f,0 (l)^) ■ 

\k—0 ' ' ) 
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That is, we find for the case n = 0, see (10.29), that 

ll^(/) -f\\oo < (± Qfcij 

Here is assumed that w r (/, £) < oo. Now as £ 0 we obtain 


P, 


r,i 


I with rates, n = 0. 


(10.37) 


Note 10.7. The operators P r are not in general positive and they are of 
convolution type. 

Let r = 2, n = 3. Then «o = «i = —2, a 2 = g. Consider /(f) = t 2 > 
0 and x = 0. Then 

P r , f (t 2 ;0) = -3/ 2 <0. 

Next using Geometric Moment theory methods [200], [16] we find best 
upper bounds for the right hand side of (10.12) and (10.24). 

Theorem 10.8. Let vf be a continuous and strictly increasing function on 
R+ such that ip(0) = 0, and let 



=: dc > 0 , £ > 0 . 


(10.38) 


Suppose H n := G n o if 1 is concave on R+, n £ Z + . Then we obtain the 
best upper bound 

l [ G n (t)e-*^dt < G n (d { ). (10.39) 

? J R + 

Corollary 10.9. Consider the upper concave envelope H*(u) of H n (u). 
We derive the best upper bound 


1 

I 



G n {t)e-*Kdt < H*{ij>{d € )), 


n £ Z + . 


(10.40) 


Note 10.10. When H n , n £ Z + is concave, then Hf (if(d^)) = G n (d j). 

Proof of Theorem 10.8. Here H n is concave by assumption. It follows 
from the moment method of optimal distance [200], [16] that 

sup f G n (t)/j.(dt) = G n (dt). 

/j.e {probability measures as in (10.38)} ~' R + 

Here is supposed that the last integrals are finite. Since by concavity of H n 
the set 

Ti := {(u,H n (u)): 0 < u < oo} 


J’lLfLcc 7/faf/tcjftaficaZ P/ty.lxc.A 



10.2 Results 


125 


describes the upper boundary of the convex hull conv To of the curve 
T 0 := {(V>( t),G n (t)): 0 < t < oo}. 

Notice here that \e~ t ^dt is a probability measure on R.+ . ■ 

The fact that H n can be a concave function is not strange at all, see [16], 
p. 310, Lemma 9.2.1 (i) which we adjust here. Let g be a general modulus 
of smoothness function and consider 

r\y\ i\y\ _ tj "- 1 

G n {y) := / ' g(t)dt, (10.41) 

J o («-!)! 

all y £ R, n £ N. 

Then we have 

Lemma 10.11. Let ip £ C n ({ 0, oo)) such that %p^ k \0) < 0, for k = 
1 1 and g(y)/ip( n \y) is non-increasing, whenever tp( n \y) > 0. 

Then H n := G n o ip -1 is a concave function, n £ N. 

For the right hand side of inequality (10.12) we find the following simple 
upper bound without any special assumptions. 

Theorem 10.12. Call 

T c := £((n + l)!) 1/n+1 , tie N, f > 0, (10.42) 

which the same as 

\ l/n+l 

7 / y n+1 e~ v/i dy\ = t ( . (10.43) 

? J R + J 

Let 

r\v I (\ v \ - fp-i , , 

G* n (y):= ^- ’—^(f^Odt, (10.44) 

Jo \ n — 1)! 

all y £ R, where u>i(f^ n \t) is the first modulus of continuity of f^ and is 
finite, f £ C”(R). Suppose also that 


[ G* n (y)e v/i dy < oo. 
J K_i_ 


Then 

l [ G n (y)e-y'tdy<2 r G* n ( n ), reN. (10.45) 

s Jr+ 

Proof. We have u> r (f( n \\y\) < 2 r ~ 1 uji(f^ n \\y\), for all y £ R, see [143], 
p. 45. Furthermore by [143], p. 43 we find 

ui(&\\y\)<M\y\)<^i(f in \\y\), 
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for all y £ R, where ui\ is the least concave majorant of u)\. 
Thus 

w r (/ w , |j/|) < < 2^i(/ (n) , |y|), 

for all y £ R. Put 


Gn{y) 

for all y £ R. Therefore 



(1 i/I-*)"- 1 

(n — 1)! 




r\v\ (\ v \ _ u ™- 1 , , 

Gn(y ) = / ^ ^r(f in) ,t)dt <2 r ~ 1 G* n (y) 

< 2 r ~ 1 G n (y) < 2 r G* n {y), for all y £ R. 

The function ip(y) = y n+1 on R + is continuous, strictly increasing and 
0) = 0. And ^^(y) = (n + l)\y > 0, for all y £ R + — {0}, along with 
^/>( fe )(0) = 0, k = 1,... ,n — 1. Since uh(y) is concave on R + , this implies 
uJ±(y)/y is decreasing in y > 0, so that Zd\{y)/ip'- n ' > {y) is decreasing on 
(0, oo). _ _ 

Thus by Lemma 10.11 we get that H n := Gn.oijj -1 is a concave function 
on M + ; and by Theorem 10.8 we derive 


1 

I 



G n {y)e v/ ^dy < G n (Tc) 


giving us 


\ f G n (y)e-*Kdy < 2 r f G n (y)e-^dy 
s Jr + s Jr + 

< 2 r - 1 G„(r 4 ) < 2 r G* n ( n ). 

The proof of the claim is now finished. ■ 

A related convergence theorem follows. 

Theorem 10.13. Let f £ C(R) with u>i(f,y) finite, y > 0. Then 


\\Pr,^(f) ~ /||oo < 2 r u 1 (/,£). 


I.e. as 0 we get again P r /, n = 0. 
Proof. Notice 

7 I ye~ vli dy = £. 
S J R+ 


We have again 


i^Jr(f,\y\) <2 r 1 u 1 (f,\y\), Vy £ R, 


(10.46) 


(10.47) 
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see [143], p. 45. Furthermore 

wi(/, \y\) < uh(\y\) < 2wi(/, |y|) Vy G R, 
where ZJi is the least concave majorant of wi, see [143], p. 43. Thus 
Wr(/, M) < 2 r ~ 1 uh(\y\) < 2 r uji(f, \y\), \/y G R. 

Notice that for n = 0 we obtain 


\ p r,df’> x ) = 7^ 


J R (^Z a j(f( x+ 3 t )-f( x ))^ e W/ ‘ dt 


( 10 . 24 ) 1 r°° 

< 7 / u r (f,y)e v/i dy 

s Jo 


< 


0 J 1 (y)e v/i dy. 


The probability measure |e v ^dy fulfills (10.47). By moment theory [200], 
[16] we get 


sup 

/x£{probability measures as in (10.47)} 


wi (y)n(dy) 


Wl(0 <2td (/,£)■ 


Hence 

l^r,{(/;*) - /(y)| < 2 r ~ 1 ■ 2u 1 (f,Z) = 2 r u 1 (f,Z). 


In the next we consider / G C™(R), n > 2 even and the simple smooth 
singular operator of symmetric convolution type 

1 f°° 

p t{f’ x o) ■= 77 / f( x o +y)e~ lyl/i dy, for all x 0 G R, £ > 0. (10.48) 
That is 

p i(f', x o) = 77 / (/(To +2/) +/(xo -y))e~ v/i dy, for all x 0 G R, £ > 0. 

■‘s Jo 

(10.48)* 

We assume that / is such that 

P//;io)Gl, Vt’o Gl,V(>0 and u> 2 {f^ n \ h) < oo, h > 0. 

Note that Pyj = P^ and if P^(f;xo) G R then P r ^(f;x o) G R. Let the 
central second order difference 

{Alf)(x 0 ) := f(xo +y) + f(x 0 -y)~ 2f(x 0 ). (10.49) 
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Observe that 

(AV)(*o) = (A 2 y /)(^ 0 ). 

Using Taylor’s formula with Cauchy remainder we eventually obtain 


(\2n\( \ _ o f^ 2p \ x o) 2p , v 


where 


Notice that 


Ki ■= f (A 2 / (n) )(*o) 

Jo 


(y ~ t) n - 

(n — 1 )! 


-dt. 


(10.50) 


(10.51) 


1 f'°° 

Pdf’ x o) - f( x o) = 777 (A 2 yf(x 0 ))e- y/i dy. (10.52) 

Jo 


So immediately we derive 

Proposition 10.14. Assume w 2 (/, h) < oo, h > 0. Then 


Hence 


1 r°° 

\Pdf'’ x o) ~ fi x o)\< 777 w 2 (f,y)e~ v/i dy. (10.53) 
Jo 

1 /‘°° 

}| Pdf) ~ /Hoc < 2 ^ W 2 (f,y)e~ v/i dy. (10.54) 


Furthermore we observe by (10.50) and (10.52) that 

p £ (/;* o >-/(*»> = ^ £ dT. f -ddd-y 2 ‘ 


^ ( 2 <°) ! 

+ J\%fW)(x 0 ) (V { ~^ }! 1 <ttj e-vKdy 

n /2 

= Y,f i2p) ( x o)? 2p 


P =i 

+ 


hni’^^dr-w*)'-*** 


Clearly we have the representation 


n/2 


/C 2 (cr 0 ) : =P 4 (/;cro)-/(cro)-E/ ( 2 p) ( x o)/ 2P ( 10 - 55 ) 

P =i 

poo / py jVn-1 


1 

2? 


'0 Vo 


'(Ag/W)^) ^^"" 1 ^ e-y^dy. 
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Therefore 


iK.Mi < 


We have established that 

Theorem 10.15. Let f £ C"(R), n even, Pt(f) real valued. Then 
\K 2 (x 0 )\ < h ( C Mf [n \t) {y ,: t)n ~,! di) e-y/^dy 


1K2(10)1 s 5 

i r°° 

< 77-7 / U 2 (f in \y)y n e - y/ *dy. 

2£n\ J 0 


(10.56) 


Remark 10.16. The operators Pc are positive operators. From (10.54) we 
obtain 

kS« “ M - y ^ ,,idy = Y( l 

< ^w 2 (/,0^ ( 1 + f) e_2// ^y = t^ 2 (/,£)• 

I.e. 

\\Pdf)-fWoo e>0. (10.57) 

Acting similarly on the last part of inequality (10.56) it leads us to get 

Moo < ( n2 + f+ 5 ) o, 2 (/W or, £ > 0. (10.58) 

Then from the inequality (10.57) as £ —► 0 we obtain Pc —T / with rates. 
And we get the uniform and pointwise convergence of P^ —> / with rates 
from inequality (10.58), given that ||/( 2 ^|| < oo,p = 1, ...,n/2. Call here 

for n > 2 even 

rV (n, _ /An—i 

T n (y)~ co 2 (f^,t) yy \ dt , yeR+. (10.59) 

Jo W-l)! 

Then by (10.56) and (10.59) we have 

1 7°° 

]tf 2 (*o)| < 77 / T n (y) e ~y/tdy, (10.60) 

Z S Jo 

and 

1 f°° 

\\K 2 \\oo < 77 / T„(y)e-^dy. (10.61) 

z s Jo 
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We put also 


To(y) ■= u 2 (y), y > 0. 


Optimality of Theorem 10.15 follows. 

Proposition 10.17. The first inequality of (10.56) is sharp, namely at¬ 
tained at Xq = 0 by 


\y\ a+n 

f*(y) ■= — -, 0 < a < 2, y € R, n even. 

n(a + t) 

i =1 


(10.62) 


Proof. See that /* (y) = \y\ a and by Proposition 9.1.1, p. 298 of [16], [13] 
we get u> 2 (/* n \ 12/|) = 2|j/| a . Also f*( 0) = 0, k = 0,. .. ,n. Then 

1 f°° i, a + n 

A^(0) = Pdf*; 0) = 7/ id - e~ vl ^dy 

]!(<* + *) 

i= 1 

t-a+n poo ca+n 

— _5_ / ~a+n 0 -x _ _S_ 


n(a + t) 


X a+n e X d x= -iYa + n+l) 

n(«+i) 


That is 


ea+n / n \ 

^- n^ + O r(a + i) = r(a + i)r 

(a + t) Vi—i / 

2 — 1 


Jv 2 (0) =T(a + l)r + " > 0 . 


On the other hand we observe that 




{("-!)! to U> ' ' ' 

e ra+a ( T(n)T(a + l) M“ + “ 

(n~ 1)1 Jo ((T(n + a + l) U/ 

--———- / i" +a e- I di = r +a : 

T(?r + a + 1) Jq 




da; = ^+«r(a + l). 


That is proving equality in the first part of inequality (10.56). 
It follows the optimality of inequality (10.53). 
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Proposition 10.18. Inequality (10.53) is attained by f*(y) = \y\ a , i/6®, 
0 < a < 2 at x o = 0. 

Proof. We notice that 

1 r°° 

n(/*;0) = - / y a e~y^dy = £°T(a + 1) > 0. 

s ^0 

Also we see again by Proposition 9.1.1, p. 298, [16], [13] that 

i r°° i r 00 

v 2 (f*,y)e- y/i dy = - y a e~ v/i dy. 

■‘s Jo s Jo 

That is proving equality to (10.53). ■ 

Next we present a Lipschitz type of related optimal result. 

Theorem 10.19. Let n> 2 even and f £ C" (M) such that 

co 2 (f {n) ,\y\)<2A\y\ a , 0 < a < 2, A> 0. 


Then for Xq £ K we have 


n/2 

Pdf> x o)-f{xo) -E/ ( 2 p) (-o) 5 2p 

p =1 


<r(a + l)^ n+ “. (10.63) 


Inequality (10.63) is sharp, namely it is attained at x o = 0 by 

A\y\ a+n 


f*{y) = 


n(a + t) 

»=1 


Proof. For y > 0 we observe that 


rV (n, _ f\n— i 

r„(y) = / W2 (/ (n) ,f)^- br^dt 

Jo 


< 


(n — 1)! 

° 1; - n (<*+•) 


Hence 


1 

2£ Jo 


/»00 

/ T n ( y )e~y^dy < 

Jo 


— - / y n+a e-^dy 

en(«+*) Jo 

2=1 

-X s -r(n + a + 1 ) = r(a + 1 )AC +a . 

Yl(a + i) 

2=1 
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Using (10.60) we have proved (10.63). 

Notice that f) n \y) = A\y\ a , and by Proposition 9.1.1, p. 298, [16], [13] 
we find 

w 2 (/i"\ \y\) = 2A\y\ a . 

Also fi k) (0) = 0, k = 0, ..., n. Then K 2 ( 0) = T(c* + l)A£ a+n > 0. That is 
proving equality to (10.63). ■ 

Let / G C n {M),n > 2 even, be such that u> 2 {f^ n \ |t|) < g{t), where g 
is given arbitrary, bounded, even, positive function and Borel measurable. 
We consider the even function 

f v (v - t\ n ~ 1 

T n (y)~ git)—, -TT T-dt, y£ R. (10.64) 

Jo 

Theorem 10.20. Let ip be a function on R+ such that ip( 0) = 0, which is 
continuous and strictly increasing. Suppose that 

ip(y)e~ v ^dy^j = dc > 0. (10.65) 

Suppose {n > 2 even) that M n {u ) := T„(t/> -1 (it)) is concave on R+. Then 
for any xo € R we get 

\K 2 (x 0 )\ < ^T„(d ? ). (10.66) 

Proof. Here we are applying geometric moment theory, see [200], [16]. 
Notice that 



sup / f n {y)y(dy) =T n {d i ). 

be probability measures as in (10.65))-'° 

Since by the concavity of M n , the set 

Ti := {(it, M n {u )): 0 < u < oo} 

is the upper boundary of the convex hull of the curve 

r 0 := {(ip{y),T n (y))\ 0 < y < oo}. 

Now theorem follows from (10.59) and (10.60). ■ 

A more general result follows. 

Theorem 10.21. All here as in Theorem 10.20, but we consider now M*, 
the upper concave envelope of the not necessarily concave M n . Then 

\K 2 (x 0 )\ < i. M* n {ip{d t )), Vcr 0 G R- (10.67) 
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If M n is concave then 


R.H.S.(10.67) = if n (d£). 

Let g be an arbitrary, continuous, even, positive function on R such that 
^(0) = 0. Let if be continuous, strictly increasing function on R + with 
V>(0) = 0 and T n be as above, see (10.64). 

Next we give sufficient conditions for M n = T n o if -1 to be concave on 
R+, n > 2 even. The result is similar to Theorem 9.1.3(h), p. 302, [16], [13]. 

Theorem 10.22. Suppose if G C"((0, 00 )), n > 2 even, that satisfies 
-i/»( fc )(0) < 0, for k = 0, ... ,n — 1. 

Assume, further that g(y)/ip( n \y) is non-increasing on each interval where 

ip( n ) 

is positive. Then M n = T n oip 1 is concave. In particular T n (y)/ijj(y) 
is non-increasing. 

Finally we give to both operators -Pj some alternative kind of esti¬ 
mates. 

Theorem 10.23. Assuming f G C”(R) and uj r (f^ n \ f) < 00 , ( > 0, n G N 
and G n as in (10.10). Then 

G n (t)e~ t ^dt < 5(f), (10.68) 



where 


5(f) := fc!(n _ 1 ) ! ) (r + fc + !) [Le(n+r)!J-Le(n-fc-l)!]] |. 

(10.69) 

I.e. from (10.32) we have 

Ki < 5(f). (10.70) 

That is as f —> 0 we get again P r —■» I, pointwise with rates, given that 
||/ (2m) L < 00 ,m= 1 ,..., [n/2j . 

Proof. We see that for f > 0 

u, r (/KH) = ^(/ (n U(^)) < (i + ^J Mf {n \0, (10-71) 
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see [143], p. 45. Hence by (10.10) and (10.71) we observe 


Gn(t) < \t\~wr~ 1 (l + | ) dw 




rm 

fr( E/ m-wr-'iw+zydw 
- 1)! J 0 

Wr(/ (n) ,0 f^ +w \ 


?(n - 1)! h 

U r (Y n \0 (n ~ 1 


) /■«+, 
y J ((£ + 1*1)-*)" z r dz 


rc-DiiS*-u( n y 1 )«-Ht)"-‘- , / 5+ '"^ 


>-(/ (n) ,£) 


v /c=0 
’'n—1 


e 


E 


k / 
(-i) fc 


. fc =0 


fc!(n — /c — l)!(fc + r + 1) 


[(£• 


\n+r 


-r +fc+1 (£+iti)"~ fc_1 ] 


(10.72) 


That is we find 


(-1)' 


g {t) < J E_ 

^ fc!(n-fc-l)!(fc + r + l) 




[(£+i*ir +r -r +fc+1 (£ + i*D 


n—/c—11 


>.(10.73) 


Therefore 


1 7°° 

- / G n (t)e~ t/i dt < 
s Jo 


o;< 


■(/ (n) ,o 


r n—1 


E 


(-d* 


, k—0 


k!(n - k - l)!(r + k + 1) J 0 


((£+ 1) 


n+r 


- C +fc+1 (£ + i) n-fc_1 )e- t/£ d(i/0 


o;< 


■(/ (n) ,o 


E 


(-d* 


Y | k\{n — k — l)!(r + k + 1) 


pOO pOO 

tn+r j p 'y\ n + r e~ x dx — £ r +™ 


pOO 

/ (1 + s) r 

J 0 


poo 

/ (i + *) 7 

^0 




da;] 
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= ^(/ W ,r E 


k\(n — k — l)!(r + k + 1) 


) POO 

(1 + x) n + r e~ x dx- / (l + x) r 

J o 




-fcror— 


= £*.(/<">, or E 


fe!(n — k — l)!(r + k + 1) 


E 


n — fc — 1 


= Wr (/(">, or E 


k\(n — k — l)!(r + k + 1) 


E (?r T r)! v ' — tv — i j i 

(n + r — j)! (n — k — 1 — j)\ 

l=o v j=o v 


(n — k — 1)! 


= ^(/m.oHe 


fc!(n — k — l)!(r + k + 1) 


n+r n—k— 1 ^ 

(n + r)!^--(n-fc-l)! ^ - > = <5(O-(10.74) 
l=ol=o J ' ) 


Use now 


to! — = [em \\, m € N. 

i—n J ' 


(10.75) 


That is proving (10.68). ■ 

The counterpart of the last theorem follows. 

Theorem 10.24. Assuming f £ C n (M), n even and u> 2 (/^ n \£) < oo, 
^ > 0, and T n as in (10.59). Then 


1 r°° 

7 Z 7 / T n {y)e~ v/i dy < r(0, 
z s Jo 


(10.76) 
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where 


t(0 ■= 


I** 


E 


k—0 


(~D fc 

k\(n - k - l)!(/c + 3) 


[e(n + 2)!J 


[e(n — k — 



(10.77) 


I.e. from (10.61) we find 


|A" 2 ||oo < t(0- 


(10.78) 


That is as £ —> 0 we obtain again Pc —> I, pointwise with rates, given that 

l|/ (2p) |loo < °°,P= 1 .f- ' 

Proof. We observe for £ > 0 that 


IV2 


(l + 0 ^(/ (n) ,0, *> 0, (10.79) 


see [143], p. 45. And by (10.59) and (10.79), we have, y > 0, that 

rr, , ^ V2(f (n) ,0 f\ , rt3j . 

T„(y) < J q (y -1 ) (t + o dt. 

That is for y > 0 we derive 

tt 2(/ ( "U) f y^ 1 (-1) 1, 


(10.80) 


^n(j/) < 

Therefore 

1 

2? 


l E M(B - fc Ei),( t+ 3 ) [«+>)""-^tt+>r > - 1 ]^ 


( 10 . 81 ) 


/•OO -j (Tl—1 

“'° lfc=0 


(- 1 )* 


fc!(n — k — l)!(/c + 3) 


n+2 


^ ii— k— 1 ^ 


( n + 2 )! ^ -y - (n - A; - !)! £ - 


J- 


= t(0 - (10-82) 


3=0 J j =0 

We used in the last (10.75). That is proving (10.76). 
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11 

Global Smoothness and Simultaneous 
Approximation by Smooth Picard 
Singular Operators 


In this chapter we study the smooth Picard singular integral oper¬ 
ators over the real line regarding their simultaneous global smooth¬ 
ness preservation property with respect to the L p norm, 1 < p < oo, 
by involving higher order moduli of smoothness. Also we study 
their simultaneous approximation to the unit operator with rates 
involving the first modulus of continuity with respect to the uni¬ 
form norm. The established Jackson type inequalities are almost 
sharp containing elegant constants, and they reflect the high order 
of differentiability of the involved function. This chapter is based 
on [33]. 


11.1 Introduction 

The global smoothness preservation property of singular integrals has been 
studied initially in [17] and later in [67]. The rate of convergence of singular 
integrals has been studied initially in [231], [163], [164], later in [23] and 
[69], [68], and also was studied in detail in [34], [36] over the real line, just 
for the Picard general type integral operators case. All the above-mentioned 
articles along with the earlier ones [12], [13] by the author motivate this 
chapter. 

More precisely here we study the smooth Picard singular integral op¬ 
erators over ffi. acting on highly smooth functions. We study first their si¬ 
multaneous global smoothness preservation property with respect to |j • || p , 

G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 1 -37 1 150 .] 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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1 < p < oo, by using higher order moduli of smoothness. Then we study 
their simultaneous pointwise and uniform approximation to the unit oper¬ 
ator with rates by using the first modulus of continuity. The established 
estimates are almost optimal and contain nice constants. The modulus of 
continuity in the estimates is with respect to the higher order derivative of 
the involved function. The studied operators are not in general positive. 


11.2 Global Smoothness Preservation Results 

Let /: M. —> R be a measurable function and consider the Lebesgue integral 
p df'^ x )'■= 7 Z 7 j f{x + t)e~ w/ ^dt, 5 > 0, i£l. (11.1) 

J — oo 

We would like to mention from [67], pp. 407-412 the following result re¬ 
garding global smoothness preservation properties of P$, see there (16.23), 
(16.36), (16.48). 

Theorem 11.1. Let h > 0. 

i) Suppose that u> m {f > h) < oo and P^(/; x) £ R, then 

Um(P(f, h) < h ). ( 11 . 2 ) 

Inequality (11-2) is sharp, namely it is attained by f(x) = x m . 

ii) Let f £ Li(R) then 

Vm{Pif, h)i < u m (f,h) 1 . (11.3) 

And 

iii) let f £ L p { R), p, q > 1 such that 1 + 1 = 1, then 

Um{Pif ,h)p < i/ p i/q w m(/, h) p . (H-4) 

Above we use for m £ N the mth modulus of smoothness for 1 < p < oo, 
uJ m (f,h) p := sup ||A™ f{x)\\ PiX , (11.5) 

0 <t<h 

where 

m , \ 

A ?f{x) :=X)(- 1 ) m "d ,)/(* + #)> (H-6) 

j=o V J ' 

see also [143], p. 44. Denote h )<*, = h). In [34], [36] we studied 

extensively the convergence properties to the unit of the following smooth 
Picard singular integral operator P r ^(f;x) defined next. 
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For r G N and n G Z + we call 


( - 1)r -3 = 

j = o, 

i=i v/ 


r 


that is ay = 1. 
l=o 

We consider the Lebesgue integral 


P r ,df\x) 



(11.7) 


( 11 . 8 ) 


Operators P r are not positive, see [34]. We notice that j? e = 

1. We observe for j = 1,..., r that 

1 f°° 

2 ^ J f(x + jt)e~ w/ ^dt = P u (f;x). (11.9) 

And furthermore it holds 

r 

Pr,df\x) = a 0 f(x) + ^2,a j P u (f\x). (11.10) 

l=i 

Notice that P\^ = P, 1. Assuming P^j(f-,x) G R, j = 1,..., r, clearly one 
sees that P r ^{f\x) € R. 

The following global smoothness result holds. 

Theorem 11.2. Let h > 0, /: R —> R. 


i) Suppose Ptjif'i x) € R, all j = 1,..., r, £ > 0, x € R and ui m (f, h ) < 
oo. Then 


u>m(Pr,tf,h) < IE KI ] w m (/, h). 

O=o 


( 11 . 11 ) 


ii) Suppose f G Li(R), then 


i(Pr,tf,h) 1 < El a tl u m {f,h) i. (11-12) 


G=o 


iii) Suppose f G L p (R), p,q> 1 such that ^ + 1 = 1. Then 

2 (EM 

0Jm(Pr,^f > h) p < i/p i/g (11.13) 
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Proof, i) We observe that 
( 11 . 10 ) 


(Pr*f,h) = aof(x) + 


3= 1 


< |«o| (/> h )+e Ittj oj rn (/by f , h ) 

3 = 1 


( 11 . 2 ) 


< |ao|w m (/,ft) + (E l«ll ) Wm(M) = E l a ll ) 

3=1 ) \j=0 


That is proving (11.11). 
ii) Next we see 


w, 


i( p r,zf,h )i (11 = 0) ( «o/(x) + '^2a j P( j {f-,x),h 

3=1 


< \a 0 \u m (f,h)i + ^2\aj\u m (P(jf,h)i 
3=1 


(11.3) 


< \o/o\oJm(f,h)l + IE \ a j\ Wm(f,h) 1 = EKI| U rn(f,h) 1. 
1=1 / \1=0 


That is proving (11.12). 


iii) Finally we get 


id r A! ( n - 10 ) 

Um{Pr,£j,h) p = 

33rn 

< 

\a 0 \uJr 

(11.4) 


< 

\a 0 \u) r 


i=i 


|ao|w m (/, ft) p + ^ \ a j\Um{Pzjf, h\ 


3=1 


1. 4 ) ' \ 2 

< \a 0 \uj m (f, h) p +1 2J K‘l J pi/pqi/g ^f’ h ^P =: (*)• 


1 < 


pi/pqi/q 
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by Corollary 13.3, p. 190, [185]. Hence we find 

M - \ a °\ p l/ Pq l/q UJm (f’ h ')P + pl/pgl/q^f’^P 

2 (EM 

= pl/Pql/q u ™(f> h )p- 

That is establishing (11.13). ■ 

Next we discuss about the derivatives of P£(/; x) and P r ^ (/; x ) and their 
impact to simultaneous global smoothness preservation and convergence of 
these operators. 

For the following differentiation result we use Theorem 24.5, pp. 193-194 
of [9] and then the proof is easy. 

Theorem 11.3. Let f £ C m_1 (R), such that /(") exists, n £ N. Further¬ 
more suppose that f^\t)e~ 1*1 £ Ti(R) for all j = 0, 1,... , n — 1. Assume 
that there exist gj > 0, j = 1, 2,..., n, gj £ Ti(R) such that for each i£l 
we have 

|/ W (a;-K)|e _|t| < (11-14) 

for almost all t £ R, all j = 1,2 Then f^\x + t)e~^ defines a 
Lebesgue integrable function with respect to t for each x £ R, all j = 
1 ,,n, and 

( roo \ U) roo 

/ f(x + t)e~^dt j = / f^\x + t)e~^dt, (11.15) 

J—CO J J — oo 

for all x £ R, all j = 1,... ,n. 

We apply the last theorem to our case. First comes the related differen¬ 
tiation result about operator Pf. 

Theorem 11.4. Let f £ C m-1 (R), such that /(") exists, n £ N. Further¬ 
more suppose that f^ (t)e^^^ £ Ti(R) for all j = 0,1, 2,..., n — 1, £ > 0. 
Suppose that there exist gj^ > 0, j = 1,2,..., n, gj£ € Li(R) such that for 
each x € R we have 


\f {j \x + t)\e 141/1 < gj,i{t), (11.16) 

for almost all t £ R, all j = 1,2 ,...,n. Then f^\x + defines 

a Lebesgue integrable function with respect to t for each x € R, all j = 
1,..., n, and 

(Pdf-,x)) U) = W w) ;*), (11-17) 

for all ieR, all j = 1,... ,n. 
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Proof. As in Theorem 11.3. ■. 

It follows the related differentiation result about P r ^ operator. 

Theorem 11.5. Let f G C m_1 (R) such that f ^ exists, n € N, r G N. 
Furthermore suppose that /M(i)e~W //r £ G Pi(R) for all i = 0,1,2,, n—1, 
^ > 0. Suppose that there exist gi tV ^ > 0, i = 1, 2,..., n, gi >r £ G Li(R) such 
that for each iGRwe have 

\f^(x + t)\e-W^<g iH (t), (11.18) 

for almost all t. G R, all i = 1,2 ,...,n. Then f^\x + t)e~^^^ defines 
a Lebesgue integrable function with respect to t for each x G R, all i = 
l,...,n; j = l,...,r, and 

(P,., ? (/;x)) (i) =P r ,df (i \x), (H-19) 

for all x € R, all i = 1,... ,n. 

Proof. By Theorem 11.4 and (11.10). ■ 

Using Theorems 11.1 and 11.4 we obtain the following simultaneous 
global smoothness result. 

Theorem 11.6. Let h > 0 and assumptions of Theorem 11.f valid. 

i) Suppose that u) m (f^\ h) < oo, all i = 0,1,..., n, then 

to m ((Pif) {i \h) <Um(f {i \h), (11.20) 

for all i = 0,1,... ,n. 

ii) Let /W g Li(R) ; i = 0,1,..., n then 

w m ((P ? /) (i) ,/t)i <w m (/ (i U)i, (11.21) 

for all i = 0,1,... ,n. 

And 

iii) Let /M G L P (R), i = 0,1,... ,n, p,q > 1 such that ^ | = 1, then 

u> m ((P(f) (i) ,h) p < ^ 17 -Um{f {i) ,h) p , (11.22) 

for all i = 0, 1 ,..., n. 

Using Theorems 11.2 and 11.5 we get the more general simultaneous 
global smoothness result. 

Theorem 11.7. Let h > 0 and assumptions of Theorem 11.5 valid. 
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i) Assume that u> m (f^ l \ h) < oo, all i = 0,1,, n, then 

U m {{Pr£f) {i) ,h) < “rn(f {i \h), 

for all i = 0,1,... ,n. 

ii) Let /W € Li(R), i = 0,1,..., n then 


COm((Pr. i f) {i \h) 1 < IE Wj\ ] lVm(f {l \h) 1 , 

J=° 


(11.23) 


(11.24) 


for all i = 0,1,... ,n. 

And 

iii) Let /W g L p (R), i = 0,1,... ,n, p,q > 1 such that 1 + 1 = 1, then 


2(Ehl) 

COm{(Pr,d) {i \h) p < J v ° /g W m {fW,h) p , (11.25) 

for all i = 0,1,... ,n. 


11.3 Convergence Results 

Here let / € C™(IR) with u>i(/( n \/i) <oo , h > 0, n G N. Suppose 
Pcj(f;x ) € R for j = l,...,r € N, £ >0, all x € R. From (11.10) we 
obtain 

r 

p r,df\x) - f(x) = ^2aj(P u {f;x) - f(x)), (11.26) 

i=i 

and 

r 

\ p r,df'’ x ) ~f( x )\ <^2\ a j\\ p a(f'’ x ) ~ f( x )\- (11.27) 

1=1 

Here we have 

p ti(f'’ x ) = J f{x + t)e~ w, ^dt. (11.28) 

We set 

In/ 2J 

A u (f;x) := P u {f-x) - f{x) £ f {2m \x)(U) 2m , (H-29) 
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j = 1,... ,r, where [-J is the integral part of the number, x £ R. 

In (11.29) the sum collapses when n = 1. Clearly we have 

Ln/2j 

AtU\x) = P i {f\x)-f{x)-Y, f {2m \ x )? m > xGR - ( n - 30 ) 

m— 1 

We call also 

r 

62 m := 5>y? 2m ’ (11.31) 

i=i 


E r ,df\x) := P r ,tif;x) - f(x) - f (2m \x)5 2m e m , lei (11.32) 

m —1 


We observe that 

r 

E r,df> X ) = ^2 a 3 A a(f'^ X ) (11.33) 

1=1 


and 

r 

\E r ,i(f]x)\ < Kl \A u (f;x)\, tel. (11.34) 

3 =1 

We study here the convergence of operators P r ^ to the unit operator I 
with rates, r € N. We give first 

Theorem 11.8. It holds 


|Aa(/;a)| < m 


1 1 
J+ 2 + 8j 


wi (/ (n) ,0» i = i,-..,g C > 0 

(11.35) 


and 


13 


A c (/;:r)|<-eV(/ (n U). 


(11.36) 


That is we have 


|A ?j (/)|U < (07 


1 1' 
J + 2 + 87. 


Wi 


(/ (n) ,0, 


(11.37) 


and 

||Aa/)||oo<yf^i(/ (n) ,0- (11-38) 

Proof. Here let / € C”(R), n £ N. By Taylor’s formula, see Lemma 2, (2), 
p. 2 of [24] we have 


f( x + t) 




(11.39) 
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where 

1Z„ 


i rx+t 

if;x,x+t) := - - w (11.40) 

(n - 1)! J x 


for all x, t € R. 

Applying Theorem 6, (14), p. 4 of [24] we get 


\H n (f;x,x + t)\ < ui(f {n) ,0 


|i | n+1 


+ + 


m r 


|_(n + l)!£ 2 n\ 8(n — 1)! J 

alH G M, £ > 0, jf = 1,..., r. From (11.39) we find 


f{x+t) - ^2 


/ (fc) (*u 


k -0 


k\ 


t = K n (f;x,x +1) 


, (11.41) 


(11.42) 


and 


1 Z 100 

= — / K n (f;x,x + t)e~ w/ °dt. (11.43) 

20 J-oo 


That is 


\2 m 


Ln/2j 

PMx)-f{x)~ £ / ( 2 m) (*XO ) 2 

m=l 
1 /*°° 

— / TZ n {f;x,x + t)e~ w/ij dt. (11.44) 

20 J-oo 


I.e. by (11.29) we obtain 

1 /*°° 

A o(/; a; ) = ^ / ^»(/;2;,2! + f)e _|t|/ Wf, 

J — oo 


all 

Furthermore we have 


1 Z 100 

|A 0 (/;a:)| < —J \TZ n (f;x,x + t)\e~ w/ij dt 


(11.45) 


< n < 41 > q;,(/("), Q r°° 

20 7-oc 

= w 1 (/ (n) ,0(0)’ 


■ |n+l 


£1*1 


n—1 1 


(n + l)!£ 2?i! 8(n—1)! 

1 1 
J + 5 + 8j 




(11.46) 
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The more general result follows. 

Theorem 11.9. It holds 


\Er,df;*)\ < ( E (j 


G'=! 


1 1 

J + 2 + 8] 


(/ (n) ,0. (11-47) 


all x € R, £ > 0, and furthermore 


\\Er,if\\o° < ( E 

0' =1 U 


1 1 

J + 2 + 8j 


rwt(/ (n) ,0. C>0, n€N. 

(11.48) 


Proof. From (11.7), (11.34) and (11.35) we get 


\E r ,df-,x)\ < elk" 
i=i w 


- IE 

o= 1 


1 1 

J + 2 + WJ 


1 1 ' 
J + 2 + E 


^i(/ (n) K) 

r^(/ (n) K)- (n-49) 


That is proving (11.47). 

Some alternative basic results follow. 

Proposition 11.10. All assumptions as above. Then 


L"/2J 

\P u (f;x)-f(x)\< E l/ ( 2 m) (*)l( 0 -) 2m + ( 0 T 

m=l 

and 


1 1 

J + 2 + «J 


^i(/ (n) K), 

(11.50) 


1«/2J 


|P 5 (/;x)-/(*)!< E |/ (2m) (*)|L m + y^i(/ (n) ,0 5 XGR, C>0, nGN. 

m=l 

(11.51) 

Assuming that ||/^ 2t ™^||oo < oo, m = 1,..., |_ri/2j we derive 

Ln/2j 


ILo/-/lloo< E ll/ ( 2 m) ILKi) 2m + (UY 

m =1 

and 


1 1 

J + 2 + 8j. 


(11.52) 


Ln/2j 


13 


IL«/-/lloo< E ll/ ( 2 m) llocL ro + yr^(/ (n) K), OOoteN. 

(11.53) 


m=l 
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Proof. By (11.29) and (11.35), etc. ■ 

We give 

Corollary 11.11 (n = 2 case). It holds 

\ p a(f’’ x ) ~ f( x )\ < (O') 2 \f"( x )\ + J + ^ wi(/",0 , (11.54) 

and 

ip«(/;*)-/(*)i<? 2 (ir^i + , ^r,oo. (ii.55) 

Furthermore when ||/"|| 00 < oo we get 

||%/-/||oo<(0? II/I 00 + J + i + ^-^(/",0 , (11.56) 

and 

\\pd-f\\oo<e(\\n\oo+Y^(f"^))^ ?>°- ( n - 57 ) 


Proof. By Proposition 11.10. ■ 

It follows 

Corollary 11.12 ( n = 1 case). It holds 



\ p a(f> x ) - fi x )\ < £ i 2 + { + \ w i(/'^)- 

(11.58) 

and 

\ p df> x ) ~ f( x )\ < y&h (/',£), zeR, C>o. 

(11.59) 

Furthermore we have 



||P«/ - /Hoc < £ J 2 + f + ^ <*(/',£), 

(11.60) 

and 

||P«/-/||oo<yfr>i(/',0, C>0. 

(11.61) 

Proof. By proof of Theorem 11.8 for n = 1, see also (11.29). 

■ 


More generally we have 
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Proposition 11.13. All assumptions as above. Then 


r [n/ 2J . . 

\Prt(f-,x)-f(x)\ < Y: E l/ (2m) (*)l( r ) 

j—1 m= 1 \3 / 


'r\ e 


(11.62) 


E 

<3=1 


1 1 ' 
1 + l + s] 


Cm (/<">, 0 . 


all i £ I, ( > 0, » 6 N. Furthermore by assuming that ||/* 2m -*||oo < oo, 
for m= 1,..., |_n/2j we derive 


\\Pr,tf-f\\ 


< 


r L^/2J 

E E ii/ (2m) 


j=1 m= 1 



(11.63) 


+ 






rwi(/ (n) ,o. e>o, neN. 


Proof. From (11.27) and (11.50) we obtain 
I Pr,df',x) - f(x)\ 




Ln/2J 

\ ^ i /•(2m) / \ i /-2m -2 m — n . /-n 

E1/ (*)l£ i + £ 

m=l 


. l l 
J + 2 + 8i 


wi(/ (n) ,0 


L«/2J 


= e e i/ (2m) wi 


j =1 m=l 


+ ISU 


3 3" 


1 1 

^ + 2 + 8i. 


rw/ (n) ,o- 


We have 

Corollary 11.14 (n = 2 case). 7t ZioMs 


l-Pr,?(/;*) - /(*)| < £ 2 j(2 r - 1)|/"(*)| + ^E (i + | + £t)^wi(/",£) j, 

(11.64) 

all x £ R, £ > 0. Furthermore by assuming that ||/ ,, || 00 < oo we derive 

||Pr,e/ - /||oo < / 2, f (2 r — l)||/"||oo (11.65) 


+ (§ 0) G’ + i + ^))^ i(/ "’ e) }’ e>o - 
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Proof. By Proposition 11.13. ■ 

We also give 

Corollary 11.15 (n = 1 case). It holds 

I PrAf;x) - /(*)I < (j2 (]) + 5 + ( n - 66 ) 

all x £ R, £ > 0. And furthermore we get 

ll^, € /-/||=o< + 5 + £>0- ( n - 67 ) 

Proof. By use of (11.7), (11.27) and (11.58). ■ 

Next we present simultaneous approximation results of Pf, to I with rates. 

Theorem 11.16. Let f £ C n+k ( R), n £ N, k £ Z+ and uj 1 {f (n+i) ,h) < oo, 
h > 0, for i = 0,1,..., k. We consider the assumptions of Theorem 11.4 as valid 
for n — k there. Then 
1) 

l(A«(/;z)) {i) | < fCcoi(f in+i \t), (11.68) 

all x £ R, £ > 0, i =s 0,1,..., k, n £ N, 

2) 

|_n/2j 

i(n(/;®)) (i) -/ w (z)i < E i/ (2m+i) (*)ic 2m + f rwi(/ (n+1) ,o, (n-69) 

m= 1 

all x £ K, £ > 0, * == 0,1,..., k, n £ N, 

3) n = 2 case, 

|(P 5 (/;x)) (i) - / (i) (x)| < C 2 ^|/ (2+0 (m)| + ^U(/ (2+i) ,o) , (11-70) 

all x £ K, £ > 0, * = 0,1,..., k, and 

4) n = 1 case, 

|(P € (/;x)) (i) -/ w (*)| < f^i(/ (1+<) ,£), (11-71) 

all x £ K, £ > 0, * *= 0,1,..., k. 

Proof. By using Theorems 11.4, 11.8 (11.36), Proposition 11.10 (11.51), Corol¬ 
lary 11.11 (11.55) and Corollary 11.12 (11.59). ■ 
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We finish with operator P r ^ simultaneous approximation results to I with 
rates. 

Theorem 11.17. Let / G C n+fc (R), n £ N, k £ Z+ and ui{f^ n+t \h) < oo, 
h > 0, for i s= 0,1,..., k. We consider the assumptions of Theorem 11.5 as valid 
for n — k there. Then 
1) 


\(ErAf;x )) (i) I < (e Q (j + \ + CMf (n+i) ,0, 

for all x £ R, £ > 0, i = 0,1,..., k, n £ N, 

2 ) 

r L n / 2 J / \ a2 m 

l(*.«(/;*))«-/«(*)I < EEl/ (2m+i) WI • = 

j= 1 m= 1 W J 


(11.72) 


(11.73) 


+ £ 


t=i 




all x £ R, ^ > 0, i = 0, 1, ..., k, n £ N, 
3) n = 2 case, 


l(f’r„e(/;a:)) w - f <l) (x)\ < 



l)|/ (2+i) 0r)l 


(11.74) 




all x G R, £ > 0, i = 0,1,..., k, and 
4) n = 1 case, 





(i+O 


,0, 


(11.75) 


all x G R, £ > 0, i = 0,1,..., k. 

Proof. By using Theorems 11.5, 11.9 (11.47), Proposition 11.13 (11.62), Corol¬ 
lary 11.14 (11.64), and Corollary 11.15 (11.66). ■ 
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Quantitative L p Approximation by 
Smooth Picard Singular Operators 


In this chapter we continue with the study of smooth Picard singular 
integral operators on the line regarding their convergence to the unit 
operator with rates in the L v norm, p > 1. The related established 
inequalities involve the higher order L v modulus of smoothness of the 
engaged function or its higher order derivative. This chapter relies on 
[36]. 


12.1 Introduction 

The rate of convergence of singular integrals has been studied in [163], [164], 
[231], [69], [68], [16], [23], [34] and these articles motivate this chapter. Here we 
study the L p , p > 1, convergence of smooth Picard singular integral operators 
over R to the unit operator with rates over smooth functions with higher order 
derivative in L P (R). These operators were introduced and studied in [34] with 
respect to || ■ ||oo- We establish related Jackson type inequalities involving the 
higher L p modulus of smoothness of the engaged function or its higher order 
derivative. The discussed operators are not in general positive. Other motivation 
comes from [12], [13]. 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 15 1- | I67-| 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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12.2 Results 


In the next we deal with the smooth Picard singular integral operators Pr,$(f', x) 
defined as follows. 


For r £ N and n £ Z+ we set 

(-ir-'GR 

l 

on = 


3 = 1,- 


i-E(-r 3 ;|r, j = o, 

3 = 1 W 


( 12 . 1 ) 


that is ^2 Oij = 1. 
i=o 

Let / € C n (R) with f^ £ L P (R), 1 < p < oo, we define for x £ 1, f > 0 the 
Lebesgue integral 

p r,df\x) = 7 ^ j (jt^ajfix+jt)^ e~ w/i dt. (12.2) 

P r ,£ operators are not positive operators, see [34]. 

We notice by ^ [2^ e~^^dt = 1, that P r ^(c,x) = c, c constant, and 

p r,t (f;x)-f{x) = 3- J (f(x+jt)-f(x))e~ w/( dt^j. (12.3) 


We use also that 


J°° t k e~^dt = { 


0, 


k odd. 


2 fc!£ fe+1 , k even. 

We need the rth L p -modulus of smoothness 

Ur{f (n \h) p := sup \\At f (n) (x)\\ p , x , h > 0, 


\t\<h 


Ar/ (n) (x) := X>l) r - J ( r ) f M (x + jt ) 


where 


3=0 

see [143], p. 44. Here we have that c o r {f ( ' n \ h) p < oo, h > 0. 
We need to introduce 

r 

6u k=l,...,n£ N, 

3 = 1 


(12.4) 


(12.5) 


( 12 . 6 ) 


(12.7) 
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and denote by [-J the integral part. Call 

r 

t(w, x) := Y (x + jw) - S n f (n) (x). 

3=0 

Notice also that 



According to [16], p. 306, [12], we get 

t{w,x) = A r w f (rl \x). 

Thus 

||r(w,a;)||p, j: < ui r (f (n \\w\) p , w € R. 

Using Taylor’s formula one has 

r n r(k) ( \ 

Y a j[f( x + j f ) - /(»)] = Y ' TT s kt k + Kn{0,t,x), 
j=0 k= 1 

where t 

H n {0,t,x):= f — —— 7 -tt— t(w, x)dw, n € N. 

Jo ( n ~ 1)' 

Using the above terminology we derive 

L»/2J 

A (x)~P r ,i{f\x)~ f{x)- Y f < ' 2rn \x)S 2m ^ 2m = Tln{x), 

m= 1 

where 

lZn(x) := — / 1Z„(0,t,x)e~^^dt, n £ N. 

J — oo 

In A(x), see (12.14), the sum collapses when n = 1. 

We present the first result. 


Theorem 12.1. Let p, q > 1 such that - + 1, n € N and the rest 

Then 


I A (®)IIp < 


2 1 /'? r 1 /P£" 


(rp + l) 1 ^ p (q 2 (n — 1) + g) 1 / |J (n — 1)! 


Wr(/ W ,Op> 


where 


r := 

/•OO 

/ (1 + u) rp+ V p_1 e _(p/2) “dii - 1 

/9\ np 

- r(np) 


Jo 

W J 


( 12 . 8 ) 

(12.9) 

( 12 . 10 ) 

( 12 . 11 ) 

( 12 . 12 ) 

(12.13) 

(12.14) 

(12.15) 

as above. 

(12.16) 

(12.17) 
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Hence as £ —> 0 we obtain ||A(x)|| p —> 0. 

If additionally, / (2m) € L p (R), m = 1,[f J , then ||P r , € (/) - /|| p - 0, 


Proof. We observe that 
1 


A(,r)|" = 


< 


< 


(2£) p 

1 

(2^ 

1 

(2^ 


/ OO 

1Z„(0, t, x)e~^^dt 

-OO 


(/. 


\1Z n (Q, t, x)\e 

— OO 

OO / /■ |t| n+l iion-l 


(12.18) 


r (la (|f (n - W l)7 Msign^w^dwy-^dtj . 


Hence we have 
I ~ 
where 


/ oo i / r 00 / r 00 \ p \ 

IA (a:) | P dx<j^yj -y(t,x)e~ w/i dtj dxj , (12.19) 


l(t,x) := [ 
Jo 


hi <\ t \ _ w)"- 1 
(n- 1)! 


r(sigm(t)ui,*)|dw > 0. 


( 12 . 20 ) 


Therefore 


R.H.S.(12.19) = 


(2£) p 


/ OO / /* oo 

( / 7(M) 

-OO \o/ —oo 


e ) dx 


< 




\ p/4 
g-|4*l/25^\ dx 


1 /4£ 


9 p - 


/* oo / /* oo \ 

/ ( / 7 P (f>*)e _ ' pt ^ 25 df 

J —OO \J — oo / 

^ (y°° (/“ 7 p (t,x)e- |pt|/2? dt^da;j . 


(2£) p V ? 

2 P- 2 £-l / /’oo / /‘oo 


I.e. 


op-^e- 

R.H.S.(12.19) < — 


— 2^ — 1 / /‘oo / /»oo \ \ 

J (J 'y p (t,x)e~^ pt ^ 2 ^dt)dxj . (12.21) 


But we need to treat 


7(t,*) < 


(f 


|r(sfgin(t)w,*)| p dw 


i/p 


Vdti-^r 


f( 


(n- 1)! 


dw 


1/4 


(/q* 1 |r(sipn(t)w,a;)| !> dui) 1/p |/|( n 1+1 / ? ) 


(n- 1)! 


(<?(n — 1) + 1) 1/9 ' 
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I.e. 


(Jo* 1 \r(sign(t)w,x)\ p dw) \t\ np 


7 P (t,x) < 


Consequently we have 

2 p-2 £ -1 


R.H.S.(12.21) < 


(calling 


and 


((n-l)!) p (q(n - 1) + 1 )p/« ' 

(JcT 1 \r(sign(t)w,x)\ p dw ) Itl”* 1 " 1 __ |pt|/2 g 
, ((n - l)!)P(g(n - 1) + 1 )p/« 6 


( 12 . 22 ) 


dt ) dx 


(*), 


2 p- 


Ci := 


£q p - 1 ((n - l)\)P{q(n - 1) + 1)p/« ' 


(12.23) 



(*) = Cl | I ^ J \r(sign(t)w, x)\ p dwj\t\ np 1 e J dxj dtj 

|AL, n(t)u ,/ (n) (x)| p dwjctej \t\ np ~ 1 e~ lpi,/2 ^dtj 

(/ (/ wr (/ (7i) ’ w )p du ’)i t i” p_ieHp * i/2? ) d y 


(12.24) 


< Cl 

So far we have proved 


I < ci j II J u r (f (n) ,w) p dw ) |t| n * , - 1 e- |pt|/2€ ) dt ) . (12.25) 


By [143], p. 45 we have 

/ ro o / r |t| / 

(R.H.S.(12.25)) < ci(ov(/ (n) ,<e) P W / / (l + y) dm 

\J—oo\Jo \ S 



But we see that 


| t |„ P —i e _| P t|/2« \ dt \ ^ (l 2 . 26 ) 


(**) = (^qri) ( Wp( / (n) >Op)V, (12.27) 
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where 


J ■= 


Here we find 


- 1 Itr^e 


np-1 -\pt\/2i 


/:((-!)' 

2 /°°(( 1 + l) P+ -lj tnP ~ le ~ Pt/2i dt- (12.28) 


POO 

J = 2C P ((l+w) rp+ 1 -l)w np “ 1 
Jo 


-1 -(p/ 2 )u 


du 


= 2C P 
= 2C P [ 

Jo 


POO 

/ (l + «) 

Jo 


rp -\-1 rip —1 — (p/2)n 


u np -e- yp ^ ,u d U - / u p ~ e 


f 

Jo 


np-l -(p/2)u 


(1 + u) 7 ' p+1 u np - 1 e" (p/2) “du - ( - ) T(np) 


Thus by (12.17) and (12.29) we obtain 

J = 2C p t. 

Using (12.27) and (12.30) we find 


du 


(12.29) 


(12.30) 


(**) = 


M/ (n) ,0p) p 2rv 


(12.31) 


2 plq rC 


(rp + 1 )(q 2 (n — 1) + q) p / q {{n — l)!) p 
I.e. we have established that 

2 p/q rC P Mf (n) ,Op 


(wr(/ (B) ,0p) P . 


J < 


(rp + l)(g 2 (n — 1) + q) p i g ((n — l)!) p 
That is finishing the proof of the theorem. 

The counterpart of Theorem 12.1 follows, case of p = 1. 


(12.32) 


Theorem 12.2. Let f £ C n (R) with f ^ £ Li(R), n £ N. Then 


||A(a:)||i < r! 



An^(n-l+j)) \\ 
l fc!(r + 1 — fc)! J J 


Cu>r(f {n \0 1- 


(12.33) 


Hence as t; —> 0 we obtain ||A(x)||i —> 0. 

If additionally, f( 2m ) e Li (R), m = 1,..., , then ||P rj ,e (/) — /1^ —► 0, as 

i 
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Proof. It follows 


|A(aO| = 


2£ 


/: 


< 


< 


lZ n {0,t,x)e 

— oo 

1 POO 

— / \K n (0,t,x)\e~ ltWi dt 

J — oo 

(|*| - u;)"- 1 . 


ks: 


o («-!)! 


(12.34) 

(sign(t)w, x)\dw ] e~^^dt. 


Thus 


|A(.r)|, = J°° \A(x)\dx < 1 



(12.35) 


——-^yj— \r(sign(t)w, a;)|du>^ e 1 ; 'dl^j dx —: (*). 


But we see that 
44 (\+\ - w )”- 1 


/ 

do 


|t| n—1 f 1 * 1 

(sign(f)w,a;)|dw < y- J \r(sign(t)w,x)\dw. (12.36) 


(n- 1)! 


Therefore it holds 


(*) < 



j J \T(sign(t)w,x)\dw' S je ^^dt\dx 


2 £(n - 1)! J_oo yj-oo Vo 
1 r°° / /*l*l / /■°° 


< 



y J \T(sign(t)w,x)\drjj S je~^^dxjdt 

r(sign(t)w, a:)|du>) dx'j \t\ n ~ 1 e~\ t ''^ | dt 
T(sign(t)w,x)\doc]dw\ Itl ^ - )dt 


2£(n - 1)! 


i(/ (/ ,w)idv?J \t\ n x e |t|/5 )dfj. (12.37) 


That is, we get 


l!A(x)||i < 


2£(n ~ 1)! 



id 


u r (f ( ' n \w)idwj\t\ n x e (12.38) 
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Consequently we have 


iawii ‘ * 


i——el r([ m (i + A’dAtr-'e-" 1 ' 5 ' 


(/;((- r-o*-H 
(/.°°( (1+,r ‘ - 1 )‘"" 1 «"‘ <a ) ■ 


(12.39) 


We have gotten so far 


l|A(x)||i< 


Wr(/ (n) ,Oir-A 


(n — l)!(r + l) 


(12.40) 


poo 

A := / ((l + t) r+1 -l)t n - 1 e _t <tt. 

Jo 


(12.41) 


One easily finds that 


a = E 


(n + fc — 1)! — (n — 1)!. 


(12.42) 


But then one sees that 


(«-!)! 


r + l\ (n + k — 1)! 
k ) (n — 1)! 


(12.43) 


We have proved (12.33). 


The case n = 0 is met next. 


Proposition 12.3. Let p,q > 1 such that ^ | = 1 and the rest as above. Then 


\\PrAf)-f\\r<{-) 0 1/p Ur{f,t)p, 


(12.44) 


p OO 

6 := / (1 + x) rp e~ ( - p ^ 2 ^ x dx < oo. 

Jo 


(12.45) 


Hence as f; —> 0 we obtain P r ( —> unit operator I in the L v norm, p > 1. 


Proof. With some work we notice that, see also [34], 


r,df-,x) - f{x) = ^ (^f ((Atf){x))e ltl/( dt^j . (12 .4 
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And then 


We next estimate 


•I POO 

r,t (/; x) - f(x)\ < 7 ^J \A r tf(x)\e~ lM/i dt. (12.47) 


\Pr,df;x) ~ fi x )\ P dx 


1 / POO / POO \ p 

- dx 

= 5^ (/“ (/" IAI/WI e- WK e-'«'«d,)' <fc 


1 / P OO / P OO \ / OO 

-MfY'UlUZ'*'™'-'*'**)* 
- w (^)"’ CCCC 

< 2^(7) 1/1 (£^(/-l*l);e H ” l/>£ Ji) 

= MM''(l 


\ p/9 

g-|9*l/2S^\ 


1 (4tY' v (f' 

2 p-!^ ^ g J Wo 

1 /^V /9 „ 

2 p_1 ? p V q ) Ur ^ 

(T-mi 


Ml 


Pp-vt/te,. 

pO L 


,\rp 

l + M e- pt/25 C 


(1 + x) rp e~ (p/2)x dx 


Clearly we have established (12.44). 

We also give 

Proposition 12.4. It holds 

WMf ~ /111 < |er!Jwr(/,£)i. 
Hence as t; —> 0 we get P r ^ —> I in the L\ norm. 
Proof. We do have again 


(12.48) 


(12.49) 


l-Pr-, 5 (/; x)- f(x )| < 


|AW(z)l e |t|/c dt. 
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We estimate 


£ 


I Pr,df',x) ~ f(x)\dx 


< 


as: 


< 


< 


2£ j- 
1 
2 

2? J- 

i r x 

do 


Alf(x)\e ^^dtj dx 

/ oo / /* oo \ 

( / l A t/(®)|da; J e _|t|/? df 

-oo \J — oo / 

w r (/, |t|)ie _|t|/e dt 

JO 

cu r (/, t)i e~*^dt 


s:a 




dt 


roo f r ( r \ \ 

= w r (/,C)i / (1 + x) r e~ x dx = .w r (/,£)i 51 i fe! 

Jo Vfc=o VV / 

= w r (/,0 1 = cu r (/,C)iLer!J. 


(12.50) 


We have proved (12.49). 

In the next we consider / £ C n (R) with £ Z, P (R), n = 0 or n > 2 even, 
1 < p < oo and the similar smooth singular operator of symmetric convolution 
type 

1 f°° 

Pdf, x ) = -57 / f( x + 2/)e _lyl/C */, for all x £ R, £ > 0. (12.51) 

J — 00 

That is 

1 f °° 

P df', x ) = -^J {f{x + y) + f{x~y))e~ v/i dy, (12.51)* 

for all a; £ R, £ > 0. Notice that Pi^ = Pj. Let the central second order difference 
(Ay/)(s:) := f(x + y) + f{x -y)~ 2 f(x). (12.52) 


Notice that 

(A 2 -j)(x) = (ana- 


When n > 2 even using Taylor’s formula with Cauchy remainder we eventually 
find 


n/2 


(Alf)(x) = 2j2 


/ (2p) Qe£.2p 


(2 P)\ 


y p + Ki(x), 


(12.53) 
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where 

U^x) := J\^f^)(x) {y ~^ r iy \ t. (12.54) 

Notice that 

1 f°° 

Pdf', x) ~ fix) = ^ J o (Alf{x))e~ y/( dy. (12.55) 

Furthermore by (12.4), (12.53) and (12.55) we easily see that 


i/2 


K{x) := Pdf',x) - f{x) - f {2p \xK 


2 P 


(12.56) 


P= 1 




(■ y-t ) n - 1 

(n- 1)! 


dt I e v ^dy. 


Therefore we have 


1*001 < Yi r Uo lA < f(n){x}l {V (n-lV dt ) e ~ V,idy ■ (12 - 57) 


Here we estimate in L p norm, p > 1, the error function K(x). Notice that we 
have u> 2 {f ( ' n \h)p < oo, h > 0, n = 0 or ri > 2 even. Operators Pj are positive 
operators. 

The related main L p result here comes next. 


Theorem 12.5. Let p, q > 1 such that ^ | = 1, n >2 even and the rest as 

above. Then 


\\K(x)\\ p < 
where 


-H/v 


(4 p + 2 ) 1 /p(q 2 (n — 1 ) + q) 1 / q (n — 1 )! 


Cu2 if (n) ,Or, (12-58) 


f := (/ (1 + x) 2p+1 x np 1 e ^^dx — F(np)^ < oo. (12.59) 

Hence as £ —> 0 we get ||.ff(a:)||j, —> 0. 

If additionally, / (2p) € L p (1), p = 1,..., |, then ||P 5 (/) - /1| -> 0, as £ ^ 0. 


Proof. We observe that 
1 


\K(x)\ p < 


2 


ru 


y £?/<”> (s)| % ^- ^e-^dyV. (12.60) 


(n- 1)! 


Call 


ry 

i(y,x) ■= / 

JO 


\A 2 t f in) ix)\^^-dt>0, 


(12.61) 
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then we have 

\K(x)\ P < ^ 7 {y,x)e~ y,i dy^j . (12.62) 

And hence 

/ OO -t POO / POO \ p 

|AT(a;)| p da; < J (y ; y(y,x)e~ v/s dyj dx 

= 2 kiJZil **) 

(by Holder’s inequality) 

1 / /* oo / /»oo \ / POO \p/q \ 

- v¥{L(L (i e "’ m<, v d *) 

= 2 ^ qp/q (yj (^ (7 {y,x)) p e~ py/2i dyjdx S j =: (*). (12.63) 


By applying again Holder’s inequality we see that 

{J*\A?f^(x)\ p dt) 1/p j,< n - 1+ 5> 


i{y,x) < 

Therefore it holds 

(*) < 


(n — 1)! ( q{n — 1) + l) 1 /" 3 


(12.64) 


poo / poo / py 
J 0 \J — oo\JO 


(. q(n - 1) + 1 )p/«((n - 1 )!)p2^p/« 

• y pn l e~ vv ^ 2 ^dx^dy \ =: (**). 


We call 


C2 := 


1 


2 £qP/i((n - l)\)P(q(n - 1) + 1 )p/« 


iA?/ (B) (*)r* ; 

(12.65) 

( 12 . 66 ) 
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And thus 


(**) = C 2 



\^tf (n) (x)\ p dt)dx)y pn 1 e 


„pn-l -pv /25 


\Atf (n) (x)\ p dx)dt\y pn L e 


pn-\ -py/2£ 


)dy 

J 

\dy 


= C 2 


= C 2 


< C 2 

< C 2 U, 2 (f (n \0 P p 
That is, so far we proved that 


(I™ UoiF 1 A?/(n) ( *" tWdx ) dt ) y pn ~ le ~ pv/2i ) 

(f (/;(f |A t V (n) (*)rd®)*)jr -1 e- ,,w/2€ )dy^ 

(i 00 (£ " 2(/(n) ’ * )pdt ) lT~ 1 er pv/a ^ dy^j 


(12.67) 



00 / /- y 

0 Wo 


2 p 


1 + -) 


pn-1 -py/2£ 


dy • 


A < C2C0 2 (f (n \0 P p ( J™ {j* (l + |) 2P dt^j y ^-i e -Py/^ dy ^j (12 68) 


However 


R.H.S.(12.68) = u; 2 (/ (n) ,0? 



1+ !) 


2p+l 


-1 )j/ pn - 1 e _p, ' /2e dy 1 . 


Call 

M := 

Thus 

A/ = 

_ 

I.e. we get 
Therefore it holds 

A < 



*♦?) 


2p+l 


- 1 ) y pn - 1 e - ra/2 Wy. 


poo 

e n (( 1 +2?) 2p+i — i)® pn_i 
Jo 


— 1 „ —(f>/2)a: 


dx 


(12.69) 

(12.70) 

(12.71) 


(1 + x) 2p+1 x pn 1 e ( p ^ 2 ^ x dx— ( — ) T(np) ) . 


M = e n r- 

re n U2 (/ {n) ,OI 


2 ( 2 p + 1 )((n — l)!)p(q 2 (n — 1 ) + q)p/® ’ 


(12.72) 


(12.73) 
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We have established (12.58). 


The counterpart of Theorem 12.5 follows, p = 1 case. 


Theorem 12.6. Let f G C"(R) with f ^ £ Li(R), n > 2 even. Then 


(n + l)(n + 2 ) ( (n+ 1 ) 1 

2 h 2 


ll*OOI|i < n ( ^ + 5 ) i- (12-74) 


Hence as £ —> 0 we obtain ||A'(x)||i —*■ 0. 

If additionally / (2p - ) G L\ (R), p = 1,..., j, then \\P^ (/) — /Hj —> 0, as £ —> 0. 


Proof. Notice that 


A?/ w 0r) = A?/ w 0r-t), 


(12.75) 


all x, t G R. Also it holds 


/ oo poo 

\Atf (n) (x-t)\dx = / \AtJ (rl) (w)\dw 

-oo J — oo 

< W 2 (/ ( ”\ t)i, all t G R+. 


(12.76) 


Here we obtain 


11*00111 


(12.57) 1 

< 


< 


/ OO 

A"(x)|d* 

-oo 

p oo / p oo / py 

/ / |A?/^(x)| 

J — oo V JO wo 


(y-t)"" 1 

(n - 1 )! 


dt I e v ^dy I dx 


1 /* oo / /*oo / n —1 / py \ \ \ 

acZ-ooU G^ijiU |A?/(n)(a;)|d T" y/ TT" 


1 />oo / /» oo / n—1 / /*?/ \ \ \ \ 

= 57 / / ( 77-77j! / |A?/ (n) (a:)|dt )e _!,/5 jdxjdy 

2? Jo \J-oo V(«- !) ! Vdo / ) ) ) 

2 r(n) 


/ r oo / r oo / /*y 

2? yJo \J -oo o 


?/ n — 1 

Ai/ W (*)|dt Id* ) —-— e - ^ )dy 


(n- 1 )! 
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^ mai: 


\A 2 f (n) (x-t)\dx^dtj jy e v/<i ^jdy 


( 12 . 76 ) i i r°° / rv 

2?U \Jo 


) n — l \ > 

1 y e ~ y/ J dy 


2C 


1 + 0 Vibn)^’ K ) dy 




r^(/ (n) ,c)i (f 

6(n-l)! \y 0 

[ 

6(n-l)! 

^2(/ (n) ,£)i 


((1 + a;) 3 — l)x n x e “’da: 


(a: 71 " 1 " 2 + 3a: n+1 + 3x n )e~ x dx 


6 (n — 1)! 


((n + 2)! + 3(n+l)! + 3n!) 


( (n + 1} 6 (n + 2) + (12-77) 


We have proved (12.74). 


The related case here of n = 0 comes next. 


Proposition 12.7. Let p,q > 1 such that ^ 1 = 1 and the rest as above. Then 


\\Pdf)-f\\r< 


2 1 /pq 1 /i 


^(/.a 


(12.78) 


POO 

p - (l+x) 2p e~ ip/2)x dx <oo. (12.79) 

Jo 


Hence as (, —> 0 we obtain —> / in the L p norm, p > 1. 


Proof. From (12.55) we find 


I p df;x)~ f(x)\ p <^ |A 2 /(*)|e y/i dy'j . (12.80) 
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We then estimate 


/ OO 

I P({f m > x ) - f(x)\ P dx 

-OO 

i p oo / p oo \ P 

- W’SSL' e ~" /<d v ““ 

1 [■ OO / /* oo \ P 

= 2^ J yj o \^yf{ x )\ e ~ v/2 ^ e ~ v/2 ^ d yj dx 

^ f poo / poo \ / poo \p/q 

- w\l-XL dx 

-Mi 

- (L 

= (J^ 1 + X ) 2p e~ (p/2)x dx^ . (12. 


e py ' *dy 


e py ' *dy 


~ 2 £qP/<i \ K 

< ^2 (/,Qg 

_ 2£gP/9 

^ Mf,O p p 

2 qP/i 


- + x) 2p e ( p ^ 2 ^ x dx 


(12.81) 


The proof of (12.78) is now evident. 


Also we give 


Proposition 12.8. It holds 


IIA/-/111 < 2^(/.0i- 


(12.82) 


Hence as £—> 0 we get —> I in the L\ norm. 

Proof. From (12.55) we have 


1 r°° 

IA(/;z) - /(*)I < 2^ J o \Kf( x )\ e ~ y/i dy. 


(12.83) 
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Hence we obtain 

/ OO 

I-Pe(/;z) - f{x)\dx 

-oo 

ir ]K2yf{x)i e ~ v/cd y) dx 
= rJh U°° lK2yfix)[dx ) e ~ v/idy 

= yj™ \Al f ( x - y )\ d x y- y/ % 

= rJh U°° ]A2fix)ldx ) e ~ v/idy 

1 POO 

< y; J u 2 (f,y)ie~ v/( dy 

= ^ ( 2 01 j™^ + *) 2 e~ X dx=\^(f,0i- (12-84) 

We have established (12.82). ■ 


J^iLfLCL 7fco£4cMia£icaZ P/tyliel 



13 

Approximation with Rates by 
Fractional Smooth Picard Singular 
Operators 


In this chapter we study the very general fractional smooth Picard singular inte¬ 
gral operators on the real line, regarding their convergence to the unit operator 
with fractional rates in the uniform norm. The related established inequalities 
involve the higher order moduli of smoothness of the associated right and left 
Caputo fractional derivatives of the involved function. Furthermore we present a 
fractional Voronovskaya type of result giving the fractional asymptotic expansion 
of the basic error of our approximation. 

We finish with applications. The operators are not in general positive. This 
chapter relies on [60]. 


13.1 Background 

We mention 

Definition 13.1. Let v > 0,n = \u\ ([■] is the ceiling of the number, [•] is 
the integral part), / £ C n (K). We call left Caputo fractional derivative ([145], 
[160], [179]) the function 

D* X0 f{x) = ^ J {x- i) 71 -'" 1 f (n \t)dt, (13.1) 

Vx > xo G M fixed, where T is the gamma function T (is) = J 0 °° is > 0. 
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We set D° XQ f(x) = f(x),\/x > x 0 - 
We suppose D* XQ f(x) = 0, for x < xo- 

We need 

Lemma 13.2. Let u > 0, u ^ N, n = [j/| , / £ C n (R), 11/^ II < oo, xo £ R 

I II OO 

fixed. Then D” XQ f(x o) = 0. 


Proof. By Definition 13.1 we obtain 

||/ (n) [ 


dt 


< 


nx 

/ ( x-t) n -"- 1 

J xn 


T(n — u) 

Il'iL (*-*.)- 

T(n — v) {n — v) 

|/ (n) H 


dt 


r(n- v+ 1) 


(X — Xo) n " , V* > Xo. 


The claim is now clear. 


We need the following left Caputo fractional Taylor formula. 

Theorem 13.3. ([44,145]) Let / £ C m (R) ,m = [a] , a > 0. Then 

m = E —tr 1 ( x - x ^ k + TUa) { - X ~ C) “ _1 D **of(Od(, (13.2) 
k =o ‘ ' ’ - 1 I o 

V* £ R : X > Xq. 


We also mention 

Definition 13.4. ([160], [179]) Let / £ C m (R), a > 0, m = [a] . The right 
Caputo fractional derivative of order a > 0 is given by 

( _1 rxo 

D X0 .f(x) = r / (C - a:)” 7 -"- 1 / (m) (CR, (13.3) 

T(m - a) J x 

Vx < xo £ R fixed. 

We suppose D XQ _f{x) = 0,V* > xo- 

We need 

Lemma 13.5. Let a > 0,a ^ N, m — [a] , / £ C m (R), /*' m 4 < oo, 

I 11 OO 

Xo £ R fixed. Then D xo _f(xo) = 0. 


Proof. 


\D X 0 -f(x)\ < r( J_ a) f*° (c - xr -*- 1 |/ (m) (o| dc 


< 


T(m — a) 
y( m ) 

II_ 11 OO 

T(m — a) 


/ /> \m—ot — 1 

/ (C - x) 

j X 


d( 
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proving the claim. 


/ 


(m) 


(c-*r 


r(m — a) (m — a) 


T(m — a + 1) 


(xo — x) m “ ,V* < *o, 


We need the following right Caputo fractional Taylor formula. 
Theorem 13.6. ([44],[155]) Let / £ C m (R) ,m = [a] ,a > 0. Then 


/(*) = I] 

k=0 


r\x o) 

k\ 


(x - xo) k + -i- [ (c-x) a 1 (13.4) 

L (^r) J x 


V* < xo- 

We further need 

Theorem 13.7. Let g £ Ch (R) (continuous and bounded), 0 < c < 1, x,xo £ 
R. Define 

rx 

L{x,x o) = / (x — t) c_1 g(t)dt, iorx>xo, 

J XQ 

and L(x,xo) = 0, for x < xq. 

Then L is jointly continuous in (x,xo) £ R 2 . 


Proof. We notice that L(xo,xo) = 0. Assume x > xo . Let xn —> x,xo n —> 
xo,N £ N and assume without loss of generality that xn > xon ■ We have 
\x N — *ojv| < |asjv| + |aiojv| < &i + &2 —: d, where bi, &2 the bounds of the conver¬ 
gent sequences xn,xqn ■ Clearly also x — xo < \x\ + \xo\ < d. Then we have 


rx—XQ rd 

L(x,x o) = / z c ~ 1 g{x-z)dz = X[o,x-x 0 ] (z) z c ~ l g (x - z) dz, 

Jo Jo 


where x is the characteristic function. 
So we have again 


L(xn,xqn) = 


z c 1 g (xn — z) dz 


r x N 

Jo 

rd 

/ X[0,XAT — xon]( z ) zC 1 g{XN - z)dz. 

Jo 


We observe that 


X[0,x N — X owl ( a ) > X[o,x — XQ ](z), a.e., 
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and 


X[ 0 ,xjv — x 0N ]{z)z c 1 9 (xn - z) -► X{ 0 ,x-x„](z)z c 1 g{x-z), a.e. 
Notice that 


X{o,x N -x ON ](z)z c 1 \g{x N -z)\ < 2 C 1 \\g\\ 00 , 

which is an integrable function. 

Thus by Dominated Convergence theorem we derive 

L (xn, xon) —> L ( x , xo ), as IV —> oo. 

Clearly now L ( x , xo ) is jointly continuous on l 2 . ■ 

We also mention 

Theorem 13.8. Let g £ Cb (R), 0 < c < 1, x, xo £ R. Define 
K(x, xo) = / (C - x) c g (() d(, for x < x 0 , 

J X 

and K (x, xo ) = 0, for x > xo- 

Then K (x, xo) is jointly continuous from R 2 into R. 


Proof. Let xn —> x,xon —> xo ,N £ N and without loss of generality we 
may assume that xn < xon- Here as in the proof of Theorem 13.7: xon — xn <■ 
bi + 62 =: d, and xo — x < d. We have 


K(x,x o) = 


z c 1 g(z + x)dz 


/' 

f d 1 

/ X[o , xo - x ]{z)z e ~ 1 g(z + x)dz, 
Jo 


and 


K(xn,xqn) = 


f 

f 

Jo 


z c 1 g(z + XN)dz 


X[o, 


xon —x t 


}{z)z c 1 g (z + xn) dz. 


We have 

and 


X[o , X 0N —x n] ( z ) * X[o 5^0 — x]{z), a.e., 

X[o,* oiv -* N ] {z)z c ~ 1 g 0 + xn) -> X[o,* 0 -*] (*)« C_1 S (z + x), a.e. 
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Notice that 

X[o , x on~ x n] (■ z)z c 1 \g{z + x N )\ < Z c 1 II^IU , 
which is integrable. 

Thus by Dominated Convergence theorem we obtain 

K(xn,xon) —> K(x,xo), as N —> oo. 

Clearly now K(x,x o) is jointly continuous on R 2 . ■ 

Based on Theorems 13.7,13.8 we get 

Proposition 13.9. Let / £ C m (R), with < oo, m = [a] , a ^ N, 

I II OO 

a > 0, x, xo £ R. Then D* X 0 f(x),D X 0 _f(x) are jointly continuous functions in 
(x, xo) from R 2 into R. 


We need 

Definition 13.10. Let / £ C m (R), < oo, m = [a] , a ^ N, a > 0, 

I 11 OO 

r £ N, x,xo £ R. We define the difference 

(a; (D: xo f)) Or) := J2 (- 1 ) r_J Q ( D *x 0 f) (x + jw) , (13.5) 


Vw £ R, 

and the rth modulus of smoothness, 


u>r(D? xo f,h) := sup \\(Al(DZ 0 f))(x)\\ 


\t\<h 


oo,cc,]R 


Notice that 


I(a;(d^ 0 /))(x 0 )| < ||(a;(d?, 0 /))(x)|i 


< UI r (D^ xo f,\w\). 


Similarly, we define the difference 

(AL (£>“„_/)) (*) := £ (- 1 ) 


l=o 


J ' T ) ( D x f)(x + jw ), 


Vw £ R, and the rth modulus of smoothness, 

Ur(DZ 0 _f,h) := sup ||(AT (£>“_/)) (*)|| 

\t\<h 


oo,cc,]R 


See again that 

I(A;(d: o _/))(xo)| < ||(A;(D“_/))(x)|| 0Oi(e>R 
< Ur(D X 0 _f, |w|). 


(13.6) 


(13.7) 


(13.8) 


(13.9) 


(13.10) 
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As a related result we mention 

Proposition 13.11. Let / : R 2 —* R be jointly continuous. 
Consider 

G (.x ) = Ur (/ (•,*), <5) [a , +oo) , (5 > 0, x £ R. 

(Here u r is defined over [as, +oo) instead of R.) 

Then G is continuous on R. 

Proof. Let x n —* x, x n < *, 5 > 0. 

(The case x n —>• *, x n > x is similar.) 

Then we can write 


G(x n ) — Ur (f (-,Xn) i <5) [;c n ,+oo) > 


which is 


G (xn) = max (Aq, Ai,.. ., A r+ 1 } . 


The Ao, A r +1 are described as follows. 

(Here A r t f (u, x n ) = E^=o Q f( u + fa %„) ■) 


Ao = sup {|A( / (u, x n )\ : u + jt € [x, +oo) for all j = 0 , 1 ,... r; |t| < 5} , 
Ai = sup {| A^/ (u, Xn)\ : u + jt € [a;, +oo) for all j = 0,1,... r — 1, and 
u + rt € [x„,x) ; |f| < <5} , 

A 2 = sup {| A If (u, Xn) | : u + jt £ [x, + 00 ) for all j = 0,1,... r — 2, and 
u + jt € \x n ,x) for j = r - l,r; |t| < 5} , 


A r _i = sup {|A(/ (u, x n )\ : w, u + t € [x,+oo), and 
u + jt £ [x n , x) for j = 2 ,..., r; |f| < 5} , 

A r = sup{|A(/(u, x n )\ : u € [x,+ 00 ), and 

u + jt £ [x n , x) for j = 1, ■ ■ ■ ,r;\t\ < S} , 

A r+ 1 = sup {\At f (u,x n )\ ■■ U + jt £ [x n ,x) for j = 0,... ,r;\t\ < 5} . 

Now, when x n —> x, then Ao —> G (x ); A; —> Ki (x) < G (x ), l = 1,..., r; and 
A r+ i —► 0 (since x n —> x). 

In conclusion, G (x„) —> max {G (x ), Aj (x ), 0 }^ =1 = G (x). ■ 

Proposition 13.12. Let / : R 2 —> R be jointly continuous. 

Consider 

H (x) = u r (/ {-,x), 5) ( _ XtX j, <5 > 0, * G R. 

(Here u r is defined over (— 00 ,*] instead of R.) 
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Then H is continuous on R. 

Proof. Let x n > x, x n —> x, (similarly is done x n < x),5 > 0. 

Then we can write 

H {X n ) =UJ r (/ (•,*«) ! < 5) { -oo,a; n] > 

which is 

H ( Xn) = max {Bo, Bi, • • •, B r+1 } . 

The Bo, Bi,..., B r +i are described as follows: 

Bo = sup{jA{/ (u,Xn)\ : u + jt £ (—oo,*]; for all j = 0,1, 

Bi = sup {| A{/ (u, Xn)\ : u + jt £ (—oo, x\ for j = 0,1,... r 

u + rt £ [x,x n ] ; |t| < 5} , 

B 2 = sup{|A{/ (u, x„)\ : u + jt £ (-oo,®] for j = 0,1,... r 
u + jt £ (x, Xn] , for j = r - 1, r; \t\ < 5} , 

B r _i = sup {| A[/ (u, x n )| : u, u + t £ (—oo, x ], and 
u + jt £ (x, x„] for j = 2 ,..., r; |t| < 5} , 

B r = sup {| A{/ (u, x„)| : u £ (—oo, x] , and 

u + jt £ (x, x n ] for j = 1 ,..., r; \t\ < 5} , and 
B r+ i = sup{|A{/ (u, x„)\ : u + jt £ (®,®„] for j = 0,... ,r; |f| < <5} . 

Now, when x n —> x, then Bo —> H (x ); B; —> Ti (x) < H (x ), l = 1,..., r; and 

B r+ i —> 0 (since x n —> x). 

Hence H ( x n ) —» max {B (x ), Ti (x ), 0} (l=1 = H (x). ■ 

From Propositions 13.9, 13.11, 13.12 we obtain 

Proposition 13.13. Let f £ C m (R), < oo, tn = [a] , a N, 

I II OO 

a > 0, r G N, x £ R. Then c o T (D* x f, h)y x +oo) , u r {D x _f, are continuous 

functions of x £ R, h > 0 fixed. 

We make 

Remark 13.14. Let g continuous and bounded from R to R. Then we know 
that 

Ur ( g,t) < 2 r < 00 . 

Assuming that (D* x f) ( t ), (D x _f) ( t ), are both continuous and bounded in (x, t)£ 
R 2 , i.e. 

||£>«/IL < AT, V* £ R; 

IP“-/IL < AT,V* € R, 


< 5}, 

— 1, and 

— 2, and 
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where AT, A ' 2 > 0, we obtain 


io r < 2 r K 1 - 

Ur{D2-f,£) < 2TA 2 ,V£>0, 


for each if 1 . 

Therefore, for any £ > 0, 

sup [max (uj r (D? x f,£),u r (A»“_ /,£))] < 2 r max(AT, K 2 ) < oo. (13.11) 


So in our setting for / € C m (R), < oo , m = [a] , a ^ N, a > 0, by 

I II OO 

Proposition 13.9, both (D* x f) (t ), (£)“_/) ( t ) are jointly continuous in (t,x) on 
R 2 . Assuming further that they are both bounded on R 2 we get (13.11) valid. In 
particular, each of ui r (D* x f,£) ,ui r ( D x _f , £) is finite for any £ > 0 . 


We need 

Remark 13.15. Again let / € C m (R), m = [a] , a ^ N, a > 0; /( x ) = 
1, V* £ R; xo € R. Notice 0 < m — a < 1. Then 




/ \m — Oi 

{x — Xq) 

T (m — a + 1 ) 


, V* > *o. 


Let us consider x,y > *o, then 

\ D *x 0 f(x) - D* Xo f(y)\ = r ^ — yy | (x - x 0 ) m ~ a - {y - xo) m ~ a \ 

I im-a 

< \x-y\ 

~ T (m — a + 1) ’ 

So it is not strange to suppose that 

\D: X J ( Xl ) - D: xo f (x 2 )\ < K \ Xl - x 2 \ P , (13.12) 

K > 0, 0 < (3 < 1, Vxi,X 2 £ R, any xo £ R, here more generally < oo. 

I 11 OO 

In general, one may assume 

Wr (!£-/,£) < Mi£ r ~ 1+/3l 7 and 

Wr(fl:j,£) < M 2 £ r - 1+/32 , (13.13) 

where 0 < Pi,p 2 < 1, V£ > 0, r £ N; Mi, M 2 > 0; any ifR. 

Setting f5 = min (/3i, /3 2 ) and M = max (Mi, M 2 ), in that case we get 

sup {max (ui r (D x _f , £), ui r (D“ x f, £))} < M£ r ' _1+/3 0, as £ -> 0 + . (13.14) 

:r(ER 
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We need 

Definition 13.16. Let r £ N, a > 0. We introduce the numbers 


= 


(-1 ) r “R;)r“, 3 = l.-.-.r, 

i-E; =1 (-i) r “R;)r a , t = o, 


that is Ej=o Q 1 = 1 - 
Also denote 


where m = [a] . 


S k = '^2,a j j k ,k= 1 , 

l=i 


(13.15) 


(13.16) 


We give 

Theorem 13.17. Let / £ C m (R), m = [a] , a > 0, |R m ^|| < oo, xo £ R 

I 11 OO 

fixed, £ > 0. Then 
i) if t > 0 we have 


r m — 1 r(k) ( \ 

A : s=A(t,x 0 )ir=J2a j [f(xo + jt)-f{x 0 )]-J2 fc! 

j =0 k=1 

= fjaj J ( t - w )°‘~ 1 ( A w(D* Xo f))(x 0 )dw, (13.17) 

and 

/ML A t k+a \ 

l-4| < w, (g (f J t) , (tr (a + k + 1) J (13.18) 

ii) if t < 0 we obtain 

r m—1 r(k) ( \ 

B : = B(t,x 0 ) '■= ^oij [f(x 0 +jt) - f (x 0 )] - ^ ; - k\ Skt,k 

j =0 k=1 

= fja) j t ( w “ f ) Q_1 ( D x 0 -f)) i x o)dw, (13.19) 

and 

1*1 ^ (£ (r 3 ), { > r (»TI + d ) ■ (ia20 > 
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Proof. 

i) Let t > 0, we obtain 


E a i (*° + ft) ~ f (*<>)] = E a i ^ ( x ° + ft) ~ f 

1=0 j=l 


= Y< 


3 = 1 


= Y< 


3=1 


Y 

k =i 

m— 1 

E 


f W (xo),k,k , 1 .v*-l„« 


fc! 


L j r + 


r(a) 


[ (( xo+jt)-cr- L D: xo f(Odc 

J XC\ 


f (k) (xo) .k,k , 1 


fc! 


3 t + 


r(a) 


L 


(.jt - «)“ 1 / (®o + it) du 


= E< 


t=i 


E< 

1=1 

m— 1 

E 


E 

. k—1 
m — 1 


f {k) (xo) .fc Jc , 1 


fc! 


3 t + 


r(c 


f 


(jt-jw) a 1 D* xo f (xo + jw) jdw 


Y ^p^j k t k + 3 


k =i 

/ (fc) M^fc 


fc! 


fc! J ~ ' V^ )JQ 

'E r j =i a ft°‘ rt 

- I 

0 


W / ^ _ 1 ' D * a:o ^ + ^ dw 


Skt K H- E [ (t- W T 1 OSro/ (®o + jw) dw 

Jo 


r(c 


E 


/ (fc) (xo), +fc , e ; =1 (-ir' q r 


fc! 


-4r + 


r(c 


[ ( t-w) a 1 D“ Xo f(x 0 + jw)dw 
Jo 


f (k) ( x o) c .fc 

E —^ &kt 


+ fja)j 0 1 {E(" 1 ) r ' Q K 0 /(io + ji«)) 


dw 


E 


f ik) (xo),, kl 1 


fc! 


S k t + 


r(«) 


f\t-wT~ 1 
Jo 


Y(-l) r T) (£>«<,/ (*0 + jw)) + (-l) r (D« Xo f(xo)) [ dw 

l=i ' 3 • 
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= E 




k\ 


+ f Ja)J Q (*- w )“ '{ti-W 3 (^j D ^ 0 (f (xo + jw)) 

">-! f(k) r \ i i-t 

= E - k\ Sktk + F(a) l - w ^ _1 ( D **of)) ( x °) dw - 


dw 


k= 1 

We have proved that 


•r rn — ± ^(/ b ) / \ 

E“i [/(*o+J*)-/Ml = E"— u\ 5ktk 


3=0 


k =1 


fc! 


+ ttE [ ( t-w) a 1 (A£, (D* xo f)) (xo) dw, 
Jo 


r(a) 


that is (13.17) is true. 
Next we observe that 


H < TJaj f Q M A ™(.D;^ 0 /)(iEo)|dw 


< E— [ ( t-w) a 1 w r (D“ Xo f,£™ ) dw 
Jo 


r» 




< 


Wr (£>?*„/,£) /, , W 


r(a) 


J (t — w) a 1 ^1 + A ) dw 




r(a) 

= Wr (!>?.„/, o 




dw 


E 


r\k\ t 


a-\-k 


kU k T(a + k + l) 


proving inequality (13.18). 
ii) Let t < 0. Then we get 


E a i ( Xo + J*) “ / (so)] = E a t 1/ (*0 + jt) ~ f (zo)] 
1=0 1=1 
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= E- 


1=1 


E +f ^y £° (c - - jtr- 1 DZ 0 _f (0 d( 


= E- 


t=i 


£■ 


i=i 


. /c=l 
m— 1 

E 

. k=i 

m — l „(fc) 


' XQ+jt 


/ (fc) ( x °) -fc ,/c . i 

fc! ' 


[ (u-jt) a 1 D xo _f (x 0 + u) du 

Jr 


E 


/ tfc) (*o) .fcjfc , 1 f° , . .^ct-l nQ f t , • 1 • , 

J t +f-^y J U w -Jt) D Xo _f (xo+jw)jdw 


fc! 


E- 


i=i 


E J —P l 3 k t k +f^y / ( w -*)“ ^-/(zo+jw)^ 


^ f {k Hx 0 ) SJ .k, E;=i«ir r°, w 

2__,--t-- J (w-t) D Xo _f(x 0 + jw)dw 


E 


/ (fc) (xo), +fc , E; = 1 (-ir j Q r 


fc! 


-4r + 


F(a) 


( w-t) a 1 D Xo _f(x 0 +jw)dw 


V'' (*°) r A , 1 f° t j-\a-l 

E —i^ 5kt + r(a)J t {w - t] 


Ll=i 


EW (^“o-/(*o+j«;)) + (-ir(£>“-/(*o)) 


dw 


E 


fc! 


+ rfe>f 


. 1=0 


E ( _1 ) r M j ^“o-/(*« + J w ) 


die 


E 


f W {xo), +kt 1 


fc! ' 4i ' r (a) Jt 


+ -FT^[ (w-t) a 1 (A r w {D x f))(x 0 )dw. 

r («) Jt 


We have proved (t < 0) 

E «,[/<»+«-/(»)] = 


l=o 


+ 


F(«) 


£ ( w-t) a 1 (A r w {D xo _f)) (x 0 )dw. 
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Next we notice that 


\B\ < p-r-^r [ ( w-t) a 1 |A^ (Z)“„_/) (*o)| dw 

T (a) J, 


r( 

r Jo) l ( W -V a ~ 1 “r( D *0 

r° 

'xq-j , s; / 

1 . / „,\ r 

dw 


< 


< i + M) 


r(a] 

uADZo-f,S) f° 


r (a) 


/v^-iy 


= :(*). 


We observe that 


/»0 / \ 7 * /» 0 / r / \ k \ 

l (!-f) *»=/ 


dw 


£©?/" (0 -” )l ‘ +,w< ”-' ) “~ , *-£ 

fc =0 ^ t-r 

Consequently we obtain 


p r («) u ,a+fc 


(r — fc)!£ fc r (a + fc + 1) 


|i| c 


(*) ^ (r - fc)!$ fc r (a! + fc + 1)) ’ 


proving (13.20). 


In the next, let £ > 0, x, *o £ R, / G C m (R), m = [a] , a > 0, with 

ll/MI <oo. 

I II OO 

Consider the Lebesgue integral 


-,«(/,*) = ^y e |t|/5 dt. 


We assume P r ,£ (/, r) £ t, Vr £ 
Notice that 


kS-j wtdls1 ' 


P r ,£ (c, x) = c,c constant, 


(13.21) 


(13.22) 

(13.23) 
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We have 


/ OO 

t k e~ W( dt = 

-OO 


0, k odd, 

2fc!£ fc+1 , k even. 


(13.25) 


We present 

Theorem 13.18. Let f £ C m (R), m = [a] , a > 0, with < oo, 

I II OO 

£ > 0, xo £ R. Then 

1 ) 


L^J 

P r,t (/, *0) - / (*o) - E 52 P^ P 

P= 1 


(13.26) 


< [er \J ■ C ■ max {uj r (D“ 0 _/,£), uv (D* xo f, £)} . 


(Above if m = 1,2 the sum disappears). 

2 ) 


L^J 

Pr,( (/,•)-/(•)- E f { 2 p) (-)S 2 p e P 

p=1 


(13.27) 


< [er!J • C • sup {max (w r (£>“_/,£) ,u T {D* x f,£))} . 


We further give 

Theorem 13.19. All as in Theorem 13.18. Additionally suppose that 
< oo, p = 1,..., L^J ■ Then 



OO 


ll^,e(/.•)-/(OIL < E \\f { 2 p) \\j 5 ^ 2p ( 13 - 28 ) 

p =1 

+ [er!J • C • sup {max (w r {D x _f,£),LO r (-D“ x /,£))} . 

x£R 


J^iLfLCL P/tyliel 



13.2 Main Results 


183 


Assuming further that both (D* x f) (t), ( D x _f ) (t) are bounded in ( t,x ) £ R 2 , 
we get, as £ —> 0 +, that P r ,£ / (uniformly), see (13.11). 

Or, by assuming (13.13) we get (13.14), that is from (13.28) we obtain again 
P r —> I (unit operator), as £ —> 0 + . 


Proof of Theorem 13.18. We use here heavily Theorem 13.17. We see that 
(see (13.24)) 


A = 


Hence 


_L [° 

2CJ-OC 


E 

k =i 


(*o) r 

~n^ 5kt 


<l/e 


■|t|/« r 0 


+ 


L r(«) 

POO 

Jo 


J 1 (A' (£>“„_/)) (*o)dw 


dt 


2 C 


V / (fc) (*oh .* 


=-*/€ 


=-*/? r' 


r(a) 


/ 


i/: 


(t-w) a - 1 (A r w (D: xo f))(x 0 )dw 
'• ,|/c dt 


dt 


E s —^5 k t k 


k =i 
■o 


/c! 


+ 2 WJa) J 6 W/( J t 1 i D x 0 -f)) i x o) dw 

+ 2 ^ r ^ eT t/i (t - w )“ _1 (A^ (D? Xo f)) (xo) dw 

L^J 

E / (2p) (*o) <52pC 2p + >> • 

P=1 


j dt 
dt 


L^J 

0(X 0 ) ■= Pr,t (/, Xo) - / (x 0 ) - ^ / (2P) (Xo) 5 2 pC 2P 


2 ? 


/ Or i /*0 

g— hi/^ — 1 — / 

-oaL r («)A 


— oo 
■+oo r 


(w-t) 0 " 1 ^ ( D*f))(xo)dw 


dt 


r+oo 1 /*t 

7 0 e ~ t( fJa)J 0 ( i_w )“~ 1 ( A ™(- D ^o/))( a; o) dw 


dt 


So that 


0(xo) = 


2 £ 


/ 0 /*+oo 

g-hl/?^ (^, Xo ) dt + / e~ t ^A(t,xo) 

-oo J 0 


dt 
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Consequently we derive 


|6»(x 0 )| < 


1 

2 ? 


/ 0 z’+oo 

e —PI/'S \b (t 5 x 0 )| dt + / \A(t,xo)\dt 

-oo JO 






|i|° 


'r — fc)! £*T (a + k + 1) 


dt 




f 

Jo 


p -*/£ 


V — 

( r — 


(r — fc)! £*T (a + k + 1) 


dt) Ur(D: xo f,i) 


(Call A4 (x 0 ) : = max (w r (,D? /,£) ,w r (.D?* /,£)}.) 


< 


.M (xo) 

FF 

A4 (xo) 

F 

= A4(xoK Q 
= CM(xo) 


£ 


„-!■*!/£ 


y — 






k=0 

r\ 


(r-fc)!£*T(a + fc + l) 


dt 


k=0 


(r — k)\T (a + /c + l)£ fc J- 


Y.J— 


(r - k )\r (a + fc + 1) 


/ OO 

-oo 

r«- w a 




(r-fc)!r(a + fc + l) J 0 


e~ u u ( ' a+k+1 ^~ 1 


du 


= CM (x 0 ) J! T- 1 - 


We found that 


(r — k)\ j 


!Fo)l < ( r\J2 (r ^ fc) , CM(xo) 


r! Xy) CM(xo) 

k=0 ' / 


= L er 'J (xo) ■ 


that is proving (13.26). 


Next we give a fractional Voronovskaya type result regarding singular integral 
operators. 

Theorem 13.20. Here / £ C m (R), m £ N, m = [a] , a > 0, < oo, 

I II OO 

and ||T>“_/(y)|| 00 < Mr, IP?*/(t/)^ < M 2 , where Ml,M 2 > 0, for any x,y £ 

R. 

Then 
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Pr,e(f,x)-f(x)~ J2 f (2p) (x) S2 P e P = o (e~ P ) , (13.29) 

p= 1 

0 < /3 < a, as £ —> 0 + . 

I.e. 


Pr,t {f, x)-f(x) = ^2 f (2p) (*) t 2p [ it, a ii 2p ) + ° (^“ 0 ) > (13.30) 

p =i \j =i / 

where 0 < /3 < a. 

(Above if m = 1, 2 the sum disappears.) 


Proof. Since / £ C m (R), m = [a] , a > 0, by (13.2) and (13.4) we obtain 


f(x)=J2 


f W (so) , „ , fc , D? xo f( C) 


fc =0 


fc! 


■ (a; — xo) + 


r(a + 1 ) 


(x — Xo) C 


Vx > xo, here xo < ( < x and 


f(x)=J2 




r> (xo) 

fc! 


(x — xo) + 


r(« + i) 


(xo — x) c 


Vx < xo, here x < ( < xo- 
So we find (j = 1,..., r) 


/ (x + it) - / (x) = I: ^r 1 m k + 0'*) a , 


for x < C < x + jt, here t > 0. 
Also it holds 




fc=l 


r (a + 1) 
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for x + jt < ^ < x, here t < 0. 
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Notice that 


Pr,( if, x) - f (x) = 


^(E a l l (/(* + Jt) -/(*)) e 

^ V j —o J -oo 

E a l [ (f(x + jt) -f(x))e~ Wi 

3=0 tJ-vo 

+ J (f(x + jt) - / (*)) e _t/c dt j 


1 

2C 


E V 1 e-^dt 



r (a + 1) 


- s(?> 


^ m—1 

- 

j=o L\fc=i 




+ r(<f+i) (/_° <"W-/«))e- |,l,J <«+r<"W./«))«-M ) 

/ r / I < m r 1) i \ 


= 4 I> 


+ 

I (m-1) 


1=0 

j 


2 £ / (2p) (z)j 2p £ 2p+1 

P =1 


r(( f +1) (/_° t“ {D°-f (0) e-' (|/? di + J™ r {D: x f (0) e- t/f dt) ) 

m-l) I 


E / (2p) (*) X>/ p U 2p 

p=i \j=i / 


We derive that 


(/° t a (^“-/ (0) e- |f|/5 dt + J™ t a (DU (0) e-^dt) 




(ra-1) I 


T : = P r , € (/,*)-/(*)- ]T f (2p) (x)S2 p e p 


P= 1 


e ; =1 Q 

2^r (a + 1) 


/ 0 /* oo 

*“ {DS-f(0) e- |t|/5 dt + / t“ (£>?„/ (0) 

-oo J 0 
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We consider 


Ac := — T. 


Then we have 


e;=i (~o r ~ j Q r r° 


2 £“+ 1 r(a + 1 ) 


/ 0 r oo 

t a (r%_f «)) e-l*l ^dt+ / t a (£>?*/ (0) c-*/€dt 

- oo JO 


0 r 


2g a+ T (a + 1, 7. J" g*- 1 ''- W-/(0)J •-"«-« 


+ j“c (izi-ir 1 y (d«/( o)j . 


0“ (*> *) = X) ( _1 ) r ^ (Jj (0) , 


(M) = XT 1 ^ J ( r ( D *xf(0)- 

0 — 1 V«^ / 


Therefore 


2r (a + l)^+ x 


/ O /» oo 

t“0 a (®, t) + / t“0 a (®, t) e^^dt 

-oo «/ 0 


By theorem’s assumptions we derive 


10c (x,t)\ < ^Xj(JJJ Ml 


= (2 r — 1) Mi, 

| ip a {x,t)\ < (2 r -l )M a , 


Mx , t € R. 

Call M3 = max (Mi, M2). 
Thus 


10a (as,01 ’ 10“ (M)l < (2 r - 1) Ms, 


V®, t € K. 
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Consequently we obtain 


That is 

and 


M < 


2r (a + 1)C“ +1 

(2 r - 1) A/s 


r(a + l)^“+ 1 

(2 r - 1) A/s 

17 

T(a + 1) 

IVo 

(2 r - 1) A/s 



(2 r - 1) M 3 J° 

r oo 

Jo 


e~ m/( 


s U ^du 


dt 


r(a + l) 

(2 r - 1) M 3 . 


6 


-«/o® 
C. 


— it; (a+1) —1 

e w K J 


du> 


I A^l < (2 r — 1) M 3 , 
|T| < (2 r — 1) M 3 £ a 


resulting into T = O (£“). 

However, let 0 < /3 < a, then easily we get 


^-0 

I.e. \T\ = o (5 a ~ f? ) , proving the claim. 


1 37, < (2 r - 1) M 3 f —*■ 0, as £ —> 0 + . 


13.3 Applications 


Let a = i, [|] =1, / € C 1 (R), H/'H^ < oo, £ > 0, a: 0 G R. 

Then by Theorem 13.18, (13.26), we derive 

I Pr,t {f,x o) — / (aso)| < L er! J ■ vA- max<j7 r (^D^ o _f,^j ,u r (^D? Xo f,(, 

Consequently it holds 


(13.31) 


\\Pr,t if) ~ f IL < L er! J ■ \fl' sup max |w r ^ ,uj r \ 

(13.32) 

Above we suppose yD£_fj (y ), yD? x fj ( y ) are bounded in (x, y) £ R 2 , for 

the convergence of P r ^ —> 7, as £ —> 0 + . 

By fractional Voronovskaya type Theorem 13.20, (13.29), under the above 
assumptions we get 

fr,«(/.*)- /(*) = °(A- /3 ), (13.33) 
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where 0 < f3 < |. 

Note 13.21. The integrals P r ,£ are not in general positive operators. 

Take f (t) = t 2 > 0, r = 2, a = 2.5, x = 0. Then ai = —2, «2 = 2 -2 ' 5 . 

We find 

P 2 , 5 (t 2 ,0) = 2£ 2 (-2 + 4 • 2 -2 ' 5 ) < 0, 

proving the claim. ■ 
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14 

Multivariate Generalized Picard 
Singular Integral Operators 


In this chapter, we study the type of Picard singular integral operators on R n con¬ 
structed by means of the nonisotropic /3-distance and the (/-exponential functions. 
The central role here is played by the concept of nonisotropic /3-distance, which 
allows us to improve and generalize the results given for classical Picard and 
q-Picard singular integral operators. In order to obtain the rate of convergence 
we introduce a modulus of continuity depending on the nonisotropic /3-distance 
with respect to the uniform norm. Then we give the definition of /3-Lebesgue 
points depending on nonisotropic /3-distance and a pointwise approximation re¬ 
sult shown at these points. Futhermore, we present the global smoothness preser¬ 
vation property of these type of Picard singular integral operators and prove a 
sharp inequality. This chapter relies on [61]. 


14.1 Background 

The (/-analysis is extensively used in approximation theory, especially in 
the study of various sequences of linear positive operators such as 
Bernstein [248], Szasz Mirakyan [98], Meyer, Konig and Zeller operators [276], 
Bleimann, Butzer and Hahn operators [100] and singular integral operators 
such as the Picard and Gauss-Weierstrass operators (see [99], [97] and 
[101]). In [97] we introduced a generalization of the well known Picard 
singular integral operators (see [67]) by using the (/-analogue of the Euler 
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Gamma integral, and called the operators as q —the Picard singular integral oper¬ 
ators. We have shown that these generalized operators have a more flexible rate 
of convergence than the classical Picard singular integral operators. Also these 
operators retain some approximation properties regarding, direct and pointwise 
approximation results in L p (R) and weighted —L p (R) spaces, global smoothness 
preservation properties and a Voronovskaya type theorem (see [99], [100], [97], 
[96], [95], [101]). 

In this chapter, we introduce the multivariate variant of the g-Picard singular 
integral defined by (14.1) depending on the nonisotropic /3-distance. Then we 
show that from the rate of convergence point of view these operators with this 
construction are more flexible than both of the classical Picard and g-Picard 
singular integral operators. That is, depending on our selection of the parameter 
q and the parameter /3 (which is defined below) the rate of convergence can be 
refined. Also we define a modulus of continuity which is harmonious with these 
operators. Finally for these operators a pointwise approximation result is shown 
and the global smoothness preservation property is given. 

Recall that, the generalization of the Picard singular integral in the multivari¬ 
ate case given [67] and some approximation properties of them have been studied 
initially (see [17], [67], [69], [164] and [163]). Also the generalization of the clas¬ 
sical Picard and Gauss-Weierstrass operators depending on /3-distance and some 
pointwise approximation results have been presented in [96] and [95]. 

Now we give the concept of the nonisotropic /3-distance. Let n £ N and /3i, 
02, ■ ■ ■ , /3„ be positive numbers with |/3| = /3i+ 02 + ■ ■ ■ + 0 n and 


ll x !l/3 = (j*i | 01 h— + |a;n| Pn ) n , x e R n . 

The expression HxH^ is called the nonisotropic /3-distance between x and 0 . Note 
that this distance has the following properties of homogeneity for positive t : 


t h x i W 


+ \t Pn X „ 


= f^llx! 


0 ■ 


Also, nonisotropic /3-distance has following properties. 


1. | |x| l^g = 0 X = 0, 

2. Il^xl^ =t^ 11 x| | ^ , 

3- Hx + yHp < Mp (llxll^ + HyH^ , 

/1 i \ iil 

where /3 m i n = min{/3i,/32,.. .0 n } and Mp = 2' n , (see [193]). 
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It can be seen that nonisotropic /3-distance becomes the ordinary Euclidean 
distance |x| for (3i = ^, i = 1,2,... ,n. Also, this distance does not satisfy the 
triangle inequality. 

Now we recall that the (/—generalizations of Picard singular integrals given in 
[97]. Let / : R —> R be a function. For A > 0 and 0 < q < 1, the (/—generalizations 
of Picard singular integrals of / are 


Pa (/; q, x ) = Pa (/; x) := 


(1-9) f f(x + t ) 


/ 


2 M„ ln 9 1 J E n 


dt. 


where the q —extension of exponential function e x is 


(14.1) 


rt(n-l) 


E i (x) ■= J2 \ q . q ) x " = g )oo . 


(14.2) 


with (a; q) n = f[ (1 - aq k ) and (-x; q) x = n (l + xq k ) . 

k=0 k =0 

For q > 0, q —number is 


for all nonnegative A. If A is an integer, i.e. A = n for some n, we write [n] and 
call it (/—integer. Also, we define a q— factorial as 

r nl i — / K I"- 1 !, •••[!], . n =k 2,-. 

\ 1 n = 0. 

For integers 0 < k < n, the (/—binomial coefficients are given by 

I»u 


[k]J [n~k] 


For details see [170]. 

Another needed formula is q —extension of Euler integral representation for 
the gamma function given in [102] and [10] for 0 < q < 1 


c q (x) F, (x) = 


1-9 


In q~ 


1 f 

T 9 - J 


Eq ((1 — q) t) 


dt , Re x > 0 


(14.3) 


where (a;) is the q— gamma function defined by 

r q (x) = j^^(l-q) 1 ^, 0 < (/ < 1 

(■i ; 9 ) oo 

and c q ( x ) satisfies the following conditions: 
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1. Cq (x + 1) = C q (X ) 

2. c q ( n ) = 1, n = 0, 1, 2,... 

3. lim c q (x) = 1. 

9 — 1 - 

When x = n + 1 with n a nonnegative integer, we obtain 

r* (n + l>= [«],!■ (14.4) 


14.2 Construction of a Family of Singular Integral 
Operators 

In order to introduce the new singular integral operators, we start with the fol¬ 
lowing elementary lemma. 


Lemma 14.1. For all A > 0, n £ N and 0i £ (0, oo) (i = 1, 2,... n) with 
\0\ = 0i + 02 H-+ /?„ we have 


c{n, 0 , q) 

[A] 


pj— jv a (0, t) dt = 1, 


where 


and 


/ (1 - q) ||t|L 
V x (0,t) = l/E q 1 

V Ms , 


, a \-1 n -r ( \ ln <? 

c{n, 0, q) = (n) 


(1 - g)C 1 " 2 11 


(14.5) 

(14.6) 


Proof. The t = [A] ^ x change of variable gives that 


c(n, 0, q) 


[A] 


\P\ 


/ 


V\ {0, t) dt = c(n, 0, q) 


/ 


dx 


E t 


(( 1 - 9)1 


We use generalized /3-spherical coordinates ([193]) and consider the transforma¬ 
tion 


Xi 

= (wcos0i) 2/31 


X2 

= (u sin 6*i cos 62 ) 

202 

X n -1 

= (u sin 6*i sin 62 ■ 

■ • sin 0„~2 cos 0„_i) 2/3ra_1 

X n 

= (u sin 6 \ sin 62 ■ 

• • sin d n -i) 2/3n , 
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where 0 < 61 , 62 , ■ , 6 n ~2 < n, 0 < 6 n ~ 1 < 27r, u > 0. Denoting the Jacobian of 

this transformation by Jp (u, 6 1 ,..., 9 n - 1 ) we get 


Jp(u, 0!,..., = u 2|/3| “ 1 ^ (0), 


where fl /3 (6>) = 
that the integral 


n — 1 

2 n /3i.../3„]l (cosd?) 2 ^ 1 
1=1 


3+1 

E 2/3fc — 1 

(sin 6j) k - j . We can easily see 





(14.7) 


S“-i 

is finite, where S'” -1 is the unit sphere in R n . 
Thus we have 


c(n, /3, 


«>/ 


dx 


= c(n, /?, 


? f u 2m - 1 VLp{6)d6du 

q) UM*-^r 


Using (14.7), we derive 


/ 


dx 

^9 ((! — 9) II^IU) 


c(n, /3, q ) 


OO 


1 du 


E q ((1 - g) u) 


If we use (14.3) and choose 


/ a 1-1 n , , In? 

c(n, /3, q) = ——up'n-iTq (n) - 

2 1^1 (1-?)? 2 

then we have the desired result. ■ 

Definition 14.2. Let / : R n —► R be a function. For 0<?< 1,A> 0, «£ N 
and (3i £ (0, 00 ) (i = 1, 2,..., n) with \(3\ = f3i + @2 + ■ ■ ■ + (3n, the g-Picard 
integral depending on /^-distance of / is 


P\,p (/; 9 , x) = P\,/3 (/; x) 

: = C{n '% q) f f (x + t) P\ (/?,t) dt, (14.8) 

■Iq Rn 

where V\ (/?, t) and c(n, /3, g) defined as in (14.5) and (14.6), respectively. 

Note that, if we take pi = i = 1, 2,..., n, it appears P x 1 (/; g, x) operators 
introduced in [97]. If we take g —> l,then P A 1 (/; 1, x) operators are classical 
Picard singular integral (see [67]). 
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14.3 


Approximation Properties of the Operator 

p \,n (/; •) 


In this section, we first introduce a nonisotropic modulus of continuity reflecting 
the nonisotropic /3-distance and the operator P \,/3 (/; •) • Then we estimate the 
rate of convergence. Secondly, we introduce /3-Lebesgue points of / and give a 
pointwise approximation theorem on these points. 


Definition 14.3. Let / £ C (R"), n £ N and pi £ (0, oo) (i = 1, 2,. .. n) with 
\P\ = Pi + P 2 + ■ ■ ■ + Pn■ For every 5 > 0, nonisotropic moduli of continuity of / 
is 

W/3 (/;£)= sup 1/ (x + h) — / (x)| . 

x6M n 

l|h|| /3 <<5 

Lemma 14.4. Let / £ (//'(R 11 ) and pi £ (0, 1] (i = 1,2,..., n) with \p\ = 
Pi + • • • + Pn- For 5 > 0 and C > 0, then 


up 



<(1 + G)up{f\5). 


Proof. For positive integer k, we can write 


up 5) = sup j/^x + fe^hj-/(x)| 

k 

£/ (x + s ,9 h) - / (x + (s - l) d h) 


x€M 
11^11/3 


sup 

x€M n 

l|h||/j<* 


< 


K 

sup ^ f ( x + Ph) - / ( x + (s - l)' 3 h) 


x61 s=l 

|s /3 h-(s-l) /3 h| I <« 


< kuj ,3 (/; 5 ), 

where | |s^h — (s — 1) ,J h| | < 11h11^ , by — (s — lp’ < 1 for i = 1,2,..., n. 

Since top (/; 5) is a nondecreasing function of S, we have 

up (V; < (1 + C) up (/; 5). 


Theorem 14.5 Let 0 < 9 < 1, A > 0, n £ N and pi€( 0, 1] (i = 1, 2,.. . n) with 
\P\ = Pi + P 2 + ■■■ + Pn- If / £ C (R n ), top (/; 5) < 00 for S > 0, then we have 
for every x £ R n 


\PX'P (/;?, x) - /(x)| < K (q,P)u>p 
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where 


K{q,(3) = 1 + 




r g (n+Ji) c ,(n + TgT) 

(” + 1 ot) ( ra+ TOT _1 ) 


V q (n)q 2 

Proof. From Lemma 14.1 and definition of nonisotropic modulus of continuity, 
we can write 


Since 


Px,p(f-,q, x) - /(x) 
c(n, /3, q) 


[A] 


m 


c(n, (3, q) 


[A] 


m 

q R" 


/ (/ (x + t) - / (x)) V\ {(3, t) dt 

R n 

j 10(3 (/; 11 * 11 ^) v x {/3,t)dt. 




(/; \\%) 


■ up 


I TOT 


Mi \ 


/; 


[AL 


[A] 


Mi 


using Lemma 14.4 with C = —— for t GR 71 , we have 


\P\,p (/; ?! x ) — / (x)| < up (f; ( 1 + C [jn 

\ ^9 R» 

We apply change of variable with 

t = [A]q y 
dt = [A]Jf 1 dy, 

where y GR n such that [A]^ y = ^[A]^ 1 yi ,..., [A]^ n y n J and then by using the 
generalized /3-spherical coordinates as in Lemma 14.1, for x G R n given we have 



\Px,p (f;q, x) - / (x)| < up If; [A] 


l + ci 


(«> / 3 , q) J 


lyllf 


E q ((1 - 9) IJyll/ 3 ) 


dy 


! 


= up /; [A] 


t 


1 + c(n, /3, <j) 


V 


7 / 

0 s n ~ 


\ 


U 2 \P\ 1 u 2 Q,p (6) d6du 


1 (1 - 9) w 


2|/3| 
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By (14.7) we get 


/ MO 

\P\,p(f;q, x) — /(x)| <w/3 yf; [A], n 

Also, using (14.3), we derive 

r u n+ i -m-'du _ 

J E q ((1 - q)u ) 

0 

Substituting this equality into (14.9) 


l+c(n, p,q)-^u l3tn . 1 j 


E q ((1 -q)u) J ' 
(14.9) 


r i{ n+ Tk) Cq { n+ Tk) lnq 1 

("+#T)( n+ Tlr : T " 

( 1 - 9)8 2 

and using (14.6), we have desired result. ■ 


Remark 14.6. Let X := Cu (R 11 ), n > 1, be the space of uniformly continu¬ 
ous functions from R n into R. For f £ X, we consider the first order modulus of 
continuity of / by 


Lo{f;S):= sup 1/ (x) — / (y)| , <5 > 0. 

xjGl 71 
I |t— x | | <5 

Here ■ is an arbitrary norm in R n . We know that u (/; <5) is finite for all S > 0 
(see [67, pp. 297-298]) and trivially we see that 

lima; (/; 5) = 0, iff / G X. (14.10) 

Also the above properties true for the Euclidean norm and its equivalent, the 
maximum norm. 

If f £ X, where R” is equipped with maximum norm, we observe the following: 
Let 5 > 0 small enough, x = (xi, £ R n , and ||xj| max the maximum norm. 

Let A = jx, y G R” :||x — y||^<(5|. For x,y£ R n and % = 1,..., n, we have 

\xi~Vi\ < I|x — y || ( ^ T/3j , 

and for x, y £ A we find 

\ Xi - yi \ < 5Tk Pi < i = 1, ..., n, 

where f3* = min {/3i,..., /3„} . Thus we get 


lx — y 11 

I J M max — 


J^iLfLCL P/tyliel 



14.3 Approximation Properties of the Operator P\.p (/; •) 199 


That is A C £>, where B := jx, y£l“ : jx — y|| max < <5T^T ,3 | . Hence 
W /3 (/; 5) = sup |/(x)-/(y)| 

x,y6l n 
l|t-x|| p<S 

< sup |/(x)-/(y)|=:cu maJC (/;5W^). 

lit — 

Using above inequality and (14.10), for / £ X, 

lim^Cf; S) = 0. (14.11) 

Using Theorem 14.5 and (14.11), we can give following result. 


Corollary 14.7. Let P\,p (/, •) be a positive linear operators, defined by 

(14.8). If / £ X, n £ N, Pi £ (0, 1] (i — 1, 2,... n) with \p\ = /?i + /?2 H- \-pn, 

A > 0 and 0 < q < 1, then 

lini || P\,p (/; q, x) - / (x)^ = 0. 

Now we introduce an analogy of the classical Lipschitz space LipM (a). 


Definition 14.8. For a given M > 0, n £ N, Pi £ (0, 00 ) (i = 1, 2,..., n) 
with |/?| = /3i+ /?2 + • • • + Pn and 0 < a < 1, we denote by LipM ,/3 (a) the subset 
of all functions / £ C (R n ) such that 


I/ (t) — / (x)| <M ||t - x||£ , for every x,t £ R n . 

Remark 14.9. Call jt» — x,| = max{|ti — xi| ,..., |t„ — x n \} . We have 

||t-x||f = |ti - Xi\Pi + . . . + |t„ - x„\^ 

< \t* — + ... + |f* — a;*|3F 

< n |t* — a;*!^ , 


where = min j-A-, ..., same as /3* = max {/3i,..., p n } if |t* — x,\ < 1, and 

= max I ..., same as P * = min {Pi ,..., /?„} if |t* — x*\ > 1. Therefore, 
we have 

|t — xH/f < rp* 1f* — x t \ < rP* |t — x| 

and 


1/3 < U ~ 


|t- X |^7° 
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If / € LipM ,/3 («) then we have 


l/(t) ~/(x)| < Mn “ |t — x| . 
For small 8 > 0 the last implies 


Euclidean / j- r-\ _ ji r ^^-ot c ol 

u) (/; 8 ) < Mn n d n ^» , 

where 0 * = max{/?i, ...,/3 n } , that is / is uniformly continuous. 

Using Definition 14.3 and Definition 14.8, we have 

w/3 (/; <5) < M 8 a (14.12) 

for any function f £ LipM ,/3 (a) • 

Using Theorem 14.5 and (14.12), we can give following result. 

Corollary 14.10. Let be a positive linear operators, defined by 

(14.8). If / € LipM,i 3 (a) for some 0 < a < 1, n £ N, pi £ (0, 1] (i = 1, 2 ,... n) 
with |/3| = /3i + 02 + ■ • • + f3 n , A > 0 and 0 < q < 1, then we have for every 

x <= r 

|/3| 

|Pa ,/3 ( f;q , X) - /(x)| < MK (q, (3) [A] ? » “ , 

where M is a positive constant independent of A and K ( q , /3) is defined as in 
Theorem 14.5. 

Remark 14.11. As a consequence of Corollary 14.10 we can say that the 
convergence rate of the operators (14.8) to / is O (jA]^" -0 ^ , which can be made 
better depending on not only the chosen q but also the choice of /?. Also, for 
suitable q and (8 this rate coincides with the rates of convergence of the g-Picard 
and classical Picard singular integral operators, respectively, to the identity. 

Now we present a result which is a pointwise version of the theorem of approx¬ 
imation to the identity (see [275]). For this purpose we first give the following 
definition. 

Definition 14.12. Let f £ L p (R n ), p > 1 and /3i £ (0, oo) (i = 1, 2,..., n) 
with |/?| = 0i + 02 + •■■+ 0n- We say that x is /3-Lebesgue point of /, if the 
condition 

s Ji <*+y> - / Mr »y) ’ - 0 

holds. 
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Theorem 14.13. Let n G N and (3i G (0, oo) (i = 1,2,... ,n) with \(3\ = 
/3i + + ■ ■ ■ + (3 n , A > 0 and 0 < q < 1. If / G L p (K n ), 1 < p < oo, then 

lini P >,/3 (/; q, x) = / (x) 
whenever x is a Lebesgue point of /. 

Proof. Let x be a Lebesgue point of /. This means that for any e > 0 one can 
find r/ > 0 such that rj > h implies that 

Changing to generalized /3-polar coordinates we can reinterpret the former con¬ 
dition as: if r) > h then 


Gp (h) = f s 2|/31 1 g (s) ds < h 2 ^e p 
Jo 


where 

9{s)= j |/(x + (sef^j - /(x)| P 12 /3 (6)36. 

S "" 1 

On the other hand, for all g > 0 we obtain 

\P\,p(f;q, x) - /(x)| < C ^ A pi qS> J l/( x + y) -/( x )l?M/3,y) 


dy 


llyll | TW <’7 


c(n, /3, q) 


[A] 


'£<1 


J l/( x + y) -/( x )l?M/3,y) 


dy 


WyWp' >v 


■ =h + h- 

To estimate 1 1 first we use Holder’s inequality and later the generalized (3- 
spherical coordinates, so we get 


( 


Ii < 


c{n, /3, q ) 


[A] 


l/3| 


j 1/ ( x + y) - / (x)| p V\ (/?, y) dy 


\ 


l|y||| w <'7 


= ^/ 7 | / |/( x +(«<) - fw\ P n p (6)de'js 2m - 1 r 0 x (i3,s)ds 

= (/ 9 s2Wl ~ lv ° (^’ s ) ds ) > 
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where 


r° x (p,s) = 


c(n, /3, q) 


[A]'* E q 


gig 


2iM 




1M 


Using integration by parts twice and the above observations we have 


h < (Gp^Vl^s)^-£ Gp(s)d(V° x (f3,s))y 

< e(s 2W V° x (/?,«)[' - £ s 2W d(V° x 00, a))) ” 

< £ (v 2W V° x (/3, rj) - J™ s 2W d (V° x ((3, a))) ” 

< e (ri 2m Vi ((3, ??) + 2 |/?| J s 2W ~ l V° (J3,s)dsj . 


Because 


[■ OO 

2 |/?| / s 2|/3i - 1 ^(/3,s)ds 

Jo 


Ulf 3 ,n -1 A ht 1 J 
1 lq M" 


dy, 


there exist a constant ^4 such that 7i < eA. 

To estimate I 2 , using Holder’s inequality for A + -V = 1 we have 


h < C{n ;^ q) ||/|| p WxvVx (J3, Oily + C{n \^ q) 1 / (x)l \\ Xn v x (13, OIL, 

[AL |A| 


where Xv is the characteristic function of the set of y such that ||y ||^ l/3 > 77 . We 
observe that 


cpb 13, q) 


[A] 


101 


11x^09,011! = C(T !: L q) f V x ((3,y)dy 

LAJ - J 


i|y|||^ >v 


= c(n, /3, q) 


1 




E q ((i-q)\\y\\ p ) 


dy. 


/[A]„ 
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We notice that second summand tends to zero as A —> 0. For the first summand 
we have 


c(n, p, q) 


[A] 


l/3| 


Wx-n'Px 03, 


c(n, f}, q) 


[A] 


\P\ 


Pa (/3, y) [Pa (P, y)] p dy 


Vllyll| WT >'7 


But by (14.2) we derive 
c{n, P, q) 


c{n, P, q) 


[A] 


1/3! 


WXv'PxiP,-)]]! J Pa (P, y) dy 


l|y||| w >'7 


_ / c(n, P, q) 


[A] 


m 


IIxt,Pa ( / 3 ’')Hoo)^( £i ^jwn Ha-jPa (A-)lli^- 




IIX.Pa (/?,-)Hoc = 


c(n, P, q ) 


[A] 


SUP 1/ E q 


(1-9)1 


l/3| 

9 "t|l| W >'7 


[A] 


Mi 


< 


c(n, P, q ) 


[A], 


[Air 


n([# + d-9)9^) 


< c(n, /3, g) 


[Ai; 


n([# + d- 9 ) 9 ^) 




< c(n, P, q) [A] n —> 0 as A —> 0. 


Thus the proof is completed. 


14.4 Global Smoothness Preservation Property 

In this section, we show that the g-Picard integral operators depending on the p- 
distance given by (14.8) satisfy the global smoothness preservation property. The 
global smoothness inequalities involve a different modulus of continuity given in 
[17] and [67]. 

Theorem 14.14. Let the function / : R n — > R with up (/; S) < oo, for any 
S > 0 and Pi € (0, oo) (i =1, 2,,.., n) with \p\ = p\+ P 2 + ■ ■ ■ + Pn, such that 
P\,p (/; g, x) € R for 0 < g < 1. Then we have 

W /3 (Pam (/; g, •); 5) < u 0 (/; 5). (14.13) 
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Proof. Notice that 

Px,p (/; <?, x ) - -Px./3 (/; q, y) = ^ ^ [ (/ (x +1) - / (y +1)) V\ (/?, t) dt. 

^ ^ R n 

By Lemma 14.1, we get 


| p A,/3 (/;?. x) - P Aij3 (/;<?, y)| = C ^’ — J |/(x + t) - f (y + t)|P A (/M)dt 

9 R» 

< ^/3 (/; <5) • 


We finish with 


Theorem 14.15. Inequality (14.13) is sharp, namely it is attained by the 
projection /* (x) = Xj, where x = (xi, .. ., Xj, . . ., x n ) £ R n and j € {1,... n} is 
fixed. 

Proof. We see that 


-Pa,/? (/*;?, x) - P \,0 y) 

= q) J [fo + W - fc + I,)] Pa (/?, t) dt 

® R" 

= Xj- Vj 

= f* (x) - /* (y) • 

Hence for any x, y £ R n with ||x — y||^ < 5, 5 > 0 we get 

|Pa,/ 3 (/*;<?, x) - Pa,/? (f*;q, y)| = |/* (x) - /* (y)| 

and 

W /3 (Pa,/? (/*; g, •); <5) = up (/*; <5), for any 5 > 0. 
Further notice that 

k> - Hi = 

< 

and 

w/3 (/*; <5) < oo. 


[\xi-Vi \^J < Hx-ylk 1 ' 31 

<5T3T < 00, 
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That is P\,p x) = Xj £ R. So /* fulfills all the assumptions of Theorem 

14.14. ’ ■ 
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15 

Approximation by q-Gauss-Weierstrass 
Singular Integral Operators 


In this chapter, we present a generalization of Gauss-Weierstrass operators based 
on (/-integers using the (/-integral and we call them (/-Gauss- Weierstrass integral 
operators. For these operators, we obtain a convergence property in a weighted 
function space using Korovkin theory. Then we estimate the rate of convergence 
of these operators in terms of a weighted modulus of continuity. We also give 
optimal global smoothness preservation property of these operators. This chapter 
is based on [62]. 


15.1 Introduction 

Recently, in [97] a g-generalization of Gauss-Weierstrass and Picard singular in¬ 
tegral operators was introduced by using the g-analogue of the Euler Gamma 
integral. In [61], was given a different generalization of g-Picard singular integral 
operators by using the nonisotropic /3-distance. 

In this chapter, we introduce a g-generalization of Gauss-Weierstrass singular 
integral operators by using the g-integral. In 1910, Jackson [195] defined and 
studied the g-integral. He also was the first to develop g-calculus in a systematic 
way. Nowadays there is a significant increase of activity in the area of the q- 
calculus due to its applications in mathematics and physics. 

The aim of this chapter is to derive the weighted approximation error of the 
q-type Gauss-Weierstrass singular integral operators for functions of 
polynomial growth. This estimate will be in terms of a weighted modulus 
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208 15. Approximation by q-Gauss-Weierstrass Singular Integral Operators 

of continuity that we give below. Also we give a direct approximation result for 
these functions. We finally prove the optimal global smoothness of these operators 
by using the usual modulus of continuity. 

Next we provide a summary of the mathematical notations and definitions used 
in this chapter. All of the results can be found in [170] and [201]. Throughout 
this chapter, we fix q £ (0,1). 

For a £ R, n £ N, 


[nl « = 


(«; g) n = E[ l 1 ~ aqk ) > 71 = L 2 ’ •••> (- 9)™ = II ( 1 + xqk ) 


[n] [n-!] "•[!] n = 1 , 2 ,... 


The (/-derivative D q f of a real valued function / is given by 

(D q f)(x)= f W~ f{qX \ ifa^O, (15.1) 

(i -q)x 

and {D q f) (0) = / (0) provided / (0) exists. 

The (/-Jackson integrals and the g-improper integrals of a real valued function 
are defined as (see [195] and [211]) 


p a 00 

/ f(x)d q x = (1 - q)a^2f (aq n )q n , 

J o n=0 


f{x)d q x = (1 — q) f ( T ) ~A ’ A> ° 


provided the sums converge absolutely. 

One can define the Jackson integral in a generic interval [a, b] as 


pb pb pa 

/ f (x) dqX = / f (x) dqX / / (x) d 9 x. 
Ja J 0 ^0 


There are two important g-analogues of the exponential function: 


E q (*) = J2 qn(n 1)/2 rn = ( - - 9 ) ?) c 

n=0 


f a: ') = = _ i _ 

() hW (U-ff)*; 9)= 


Note that for q £ (0,1) the series expansion of e q (x) has radius of convergence 
YTo the opposite, the series expansion of E q {x) converges for every real x. 
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The 5 -gamma integral is defined by [211] 

r T-t— 

r q(t)= / q x t ~ 1 E q (—qx)d q x, t> 
Jo 


0 


(15.5) 


which satisfies the following functional equation: 

D (( + !) = [<] r, (t), 


where [£] = and r 9 ( 1 ) = 1 . 


The change of variable formula (see [201]) for u ( x ) = 7 *^ is 

fu(b) pb 

a(a) 


ru(b) rb 

/ f (u) d q u = / f (u(x)) D ql /i 3 u(x)d q i/ ft x. (15.6) 

J u(a) J a 


15.2 Description of the Operators 


Definition 15.1. Let / : R —> R be a function. For n £ N, q £ (0, 1) and x £ 
the 5 -Gauss-Weierstrass integral of / is 


,/[n] (5 + 1) r 2 -— = / 4-2 \ 

Wn (/; 5, x) := 2r 2 ^ — jf 1_<! f(x + t) E, j 2 ^- 5 2 [n ] 9 j) d g f. 


(15.7) 


Lemma 15.2. The operator W„ satisfies, for every k £ N, 


Wnlt 


r ) -X j 


k\ (i±i) 


^0 W M| r, 2 (i) 


Proof. From (15.7) we obtain 

\/Nq (9 + 1 ) 


W„ t ; q, x ) = 


> 2 T q2 (i) Jo 


q z V 2 


(t + x) k E q 2 ( -g 2 [n ] 9 — ] dqt (15.8) 


i/n 9 («+h * (k 

•it 2 ^ 


2 r ^(l) ^ 


( -g 2 [n] q — j dqt. 


Using (15.1) we can write the 5 -derivative of the equality t = 2 'f™ as 

v M q 


D q 2 (t) = , - 


2 ^u-y/q 2 i 


\Jw q (1 - ?2)w 


(9 + 1) a/M,a/« 


(15.9) 
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Also, using the change of variable formula (15.6) for q- integral with /? = i, then 
from (15.9) and (15.5) we derive 


J o v/Fq ’' /l 92 t jE q 2 (-gfa, d q 


2 j+1 /W 
Jo 


(9 + 1) Mg 2 ° 


t 2 E ?2 (~q 2 u) d q2 l 


( q + 1) Mg 

for j = 0From (15.8) we have desired result. 


Remark 15.3. Note that g-Gauss-Weierstrass operators W n given by (15.7) 
can be rewritten via an improper integral by using definition (15.2). From (15.3) 
we can easily see that E q (Aj 2 —= 0 for n < 0 . Thus we can write 


W„ (/; q, x) = 


yJ\p\ q (1+ !) 


2F„ 


/„ 


f(x + t)E q 2 ( -q 2 [n] q j ) d q t. 


15.3 Approximation Properties in a Weighted 
Space 

In this section, by using a Bohman-Korovkin type theorem proved in [162], we 
present the direct approximation property of the operator W„ given by (15.7). 

Let us denote by B 2 (R) the weighted space of real-valued functions / defined 
on R with the property |/(a;)| < Mf (1 + * 2 ) for all x £ R, where Mf is a 
constant depending on the function /. We consider the weighted subspace C 2 (R) 
of B 2 (R) given by 


C 2 (R) = {/ £ B 2 (R) : / continuous on R} . 

We also consider the space of functions C 2 ( R ) = { / 6 C 2 (R) : AA = k ^ 7S -} 

equipped with the norm ||/|| 2 = sup^j. 


Theorem 15.4. Let T n be a sequence of linear positive operators mapping 
C 2 (R) into B 2 (R) and satisfying the conditions 


, \%n (t"; x) — x v \ n f 

lim sup J M- -7. - 1 = 0, for v — 0,1, 2. 

1+* 


Then, for any / € C k (R), 


lim sup 

n^oo j.gR 


An (/; x) - f{x )| 

1 + X 2 


= 0, 
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and there exists a function /* £ C 2 (R) \C% (R) such that 


\T n (r-, X )-r wl , 

lim sup J - ——-—^> 1. 

16 K, 1 + ar 


For / £ C 2 (R), we consider the weighted modulus of continuity defined in [286] 


given by 


sup 

x€R, |/i|< 5 1 + (h + XJ 


This function has the following properties: 


1 . n 2 (/, 8 ) <2 \\f \\ 2 , 

2. 172 (/, m<5) < mn 2 (/, 8 ), m £ N, 

3. lim^o (/, 5) = 0. 


Note that, we can not find a rate of convergence in terms of usual first modulus of 
continuity u>i (/, 8 ) of the function / because the modulus of continuity uii (/; 5) 
on the infinite interval does not tend to zero as <5 —> 0. For this reason we consider 
the weighted modulus of continuity LI 2 (/, 8 ). 


Remark 15.5. Since any linear and positive operator is monotone, Lemma 
15.2 guarantee that W n (/) £ C 2 (R) for each / £ C 2 (R) . 

Notice that, if we choose q = 1 then the operators W„ turn out to he the classical 
Gauss- Weierstrass singular integral operators. 

Since for a fixed value of q with 0 < q < 1, 


to ensure the convergence properties of W„ we will assume q = q n as a sequence 

such that q n —■ > 1 as n —* 00 for 0 < q„ < 1 and so that [n] —> 00 as n —> 00 . 

An example of such a sequence is q„ = 1 — l/na n , where a > 3 (see [247]). 

Theorem 15.6. Let q = q„ satisfies 0 < q n < 1 and let q„ —> 1 as n —> 00 . 
For each / £ C% (R) we have 


lim sup 

"^ 00 igi 


I ( f;qn , x) - f{x) 1 

1 + x 2 


= 0. 


Proof. Clearly, lim n _ >oc , sup^gj, ~ = 0. From Lemma 15.2 we obtain 


lim sup 

igi 


[Wn (t; q n , x ) 

1 + x 2 


x\ 


= 0. 
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Also, using Lemma 15.2 again, we can write 


|W„ (t 2 ;q n , x) - x 2 \ |*| 4 4r ^ (§) 

1+3:2 ' 1 + * 2 (±) K„ r * (5) ’ 


which implies that 


,. |Wn (t 2 ;q n , x) -x 2 \ 

lim sup J11 = 0. 

n^oo x aR 1 + X 2 


Since the conditions of Theorem 15.4 are satisfied, we get for any / G 


lim sup 

n *°° x€l 


|>Vn (/jgn, X) - f(x)\ 
1 + X 2 


= 0. 


Theorem 15.7. For / £ C 2 (R), n £ N we have 


s^W^M / 1+ J2 

isi i + x l r ? 2 ( 2 ) 


8r+(l) 1 n 2 1 /, 


Proof. From the properties of fl 2 it is obvious that for any A > 0, 



(/, A6 ) < (A + 1) fi 2 (/, 8 ). 

For S > 0, if we use the definition of fi 2 and the last inequality with A = | we 
have 


\f{x + t) - f(x)\ < (1 + (t + xf)n 2 (f, t) 

< (1 + (t + x) 2 ) ^1 + fl 2 (/, 8 ). 

By the linearity and monotonicity of W„ applied to last inequality we get 

|W„ (/;<?, x) - f{x)\ 


< 


2 V(^) Jo 





dqt tt 2 (/, 


«)■ 


We can use the identity (l + (* + t ) 2 ) (1 + |) = (1 — |) (1 + (t + *) 2 ) + i (t + *) + 
| (t + x) 3 , to rewrite the RHS above as follows 


((l - |) (1 + W„ ( t 2 \q , x)) + 1>V„ {t\q, x) + iw„ (t 3 ;q, x) j fl 2 (/, 8). 
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Using Lemma 15.2 and simple algebraic manipulations, the above expression 
becomes 


(1 + x 2 ) H-==- +4x - - 

' £ /r„i . (1 \ /r„i _ (l 


2I > (§) 


^[n], r , 2 (i)/ Uw 9 r, 2 (i) S[n] q r q2 (i) 


4r 2 (?.) 

+ WJVTiT + «Nfr, l( i )i na</ ' S) - 

Putting together the above inequalities, we obtain, after dividing by (1 + x 2 ) 
and choosing 8 = 1 


I Wn(f;q, x)-f(x)\ 


1 + x 2 


< < 1 + 


TT + 


\/K r 9 2 (I) 


i + 2r q 2 


,r 9 2(i) 


+ 2 fi 2 /, 


< t i +_—_+ 

r>(§) r q2 (|) 

This completes the proof. 


«2 /, 


Remark 15.8. If / € I 

the operators of (15.7) to / is 


VT7 


£ N, then the weighted convergence rate of 
= for 0 < q„ < 1 and q n —> 1 as n —> oo. Also 


this convergence rate can be made better depending on the choice of q n and is 
at least as fast as -k=. 

y/n 


Remark 15.9. We define the usual modulus of continuity 
wi {f;5)= sup | f(x + h)-f(x)\, 

x£WL,\h\<5 


where / : R —> R. 

Then for / (x) = x we get trivially that 

ui (®; 5) = 8. 
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Here we consider / : R —> R with uii (/; S ) < oo, for any S > 0, and such that 
W n (/; q, x ) exists for any i£l. We notice that 


Wn (/; q, x + h) - W n {f; q , *) 


N, (<? + !) 
2i> (!) 

Thus it holds 



(/ (* + h +1) - f (x + t)) E q 2 -q [n] 


‘q 4 


dqt. 


\Wn (/; (?, * + h) - Wn (/; <?, *)| 



= Wi (/; <5). 


Therefore 

Wi (Wn (/; g, •); <5) < wi (/; 5), for any <5 > 0, (15.10) 

proving the global smoothness preservation property of W n . 

We know by Lemma 15.2 for k = 1 that 


W n (t; q, x) = x + 


2 

yKiV(i)’ 


hence 

u> i (Wn ( t ; q. x); 5) = u>i ( x ; <5) = 5, 

proving that (15.10) holds with equality. Hence (15.10) is a sharp inequality. 
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Quantitative Approximation by 
Univariate Shift-Invariant Integral 
Operators 


High order differentiable functions of one real variable are approximated by uni¬ 
variate shift-invariant integral operators wavelet-like, and their generalizations. 
The high order of this approximation is estimated by establishing some Jackson 
type inequalities, involving the modulus of continuity of the Nth order deriva¬ 
tive of the function under approximation. At the end we give applications to 
Probability. This chapter is based on [28]. 


16.1 Background 

Here we follow [67], p. 281, see also [79]. Let A' := Cxr(R) be the space of uni¬ 
formly continuous real valued functions on R and C(R) the space of continuous 
functions from R into itself. C iv (R), N > 1, denotes the space of N times contin¬ 
uously differentiable functions on R. Let {4}fcgz be a sequence of positive linear 
operators that map X into C(R) such that 

(4/)(x) := (£o(f(2~ k -)))(x), * € R, feX. 

Let ip be a real valued function of compact support C [—a, a], a > 0, ip > 0, ip is 
Lebesgue measurable and such that 

/* OO 

/ <p(x — u) du = 1, any ifR, 
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which is the same as 


Example 16.1. i) 



= 1 . 


¥>(*) :=X[_I,!)(*) 


* ^ [ 2 ’ 2) ’ 

elsewhere, 


the characteristic function; 

ii) 


ifi(x) := 


1 — x, 

1 + X, 
0, 


0 < x < 1, 
-1 < x < 0, 
elsewhere, 


the hat function. 

Let {Ck }kez be the sequence of positive linear operators acting on X and 
defined by 


Notice that 


(C k f)(x) := / ( £kf)(u)ifi(2 k x-u)du. 


(*) 


(C k f)(x) = (£ 0 (f( 2~ k -)))(2 k x), 

for any k € Z, and i£l. Clearly operators C k can also act on C N ( M). 

Notice that <p is a scaling-like function and the operators Ck are wavelet-like 
integral operators. Operators (*) under mild assumptions that are very natural 
are shift invariant, possess the global smoothness preservation property, converge 
to the unit operator, and preserve continuous probability distribution functions. 
For all these see again [67], Chapter 10, and [79]. Applications of operators (*) 
were given in the above mentioned references. Namely there the specialized gen¬ 
eral operators were denoted by {A k }kez, {Bk}kez, {L k }ke z, {r k}kez- These were 
mentioned and studied in [79], and fulfill all the above nice properties of operators 
(*). For their precise definitions, see here Theorems 16.3, 16.5, 16.7, 16.9, next. 

In [67], Chapter 10, p. 293, and initially in [79], it was proved the following 
motivating result. 

Theorem 16.2. For any k £ Z, and any a; £ 1 ii holds 
\{Akf)(x) - f{x) | < u>i (/, 2 ^ 1 ) 

\{B k f)(x) - f{x)\ < wi (/, , (**) 

\(Lkf)(x) - f{x )I < Wi ^/, ’ 
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and 

l( r kf){x) - f(x )| < an ^/, . 

where uj i zs the first usual modulus of continuity with respect to the supremum 
norm, i.e., 

Wi sup \f(x)-f(y)\, <5 > 0. 

x,y £ R 

\x-y\ < 5 

In this chapter, see Theorems 16.3, 16.5, 16.7, 16.9, we present inequalities 
similar to (**), but more complicated, involving uii(f (N \ ■) for / £ C^R), N > 
1. That is studying the high order approximation to the unit of the particular 
operators Ak, Bk, Lk, IV Then in several propositions we continue the same 
study for the more general operators Akj, Bk,j, Lk,j, Tk,j and I^ q , Ik, q , Ik, q , 
ll- q - These operators are naturally built on the operators Ak, Bk, Lk, IT and 
studied in Chapter 14, pp. 373-389 of [67], see also [66] where first appeared. 

At the end, see Corollaries 16.27, 16.28, 16.29, 16.30, we give applications to 
the above mentioned results to F £ C 1 (R) probability distribution functions. 
The resulting inequalities involve u>i(f, •), where now / is the probability density 
function of F. 


16.2 Main Results 

We give the first result. 

Theorem 16.3. Let f € C^R), N > 1. Let ip be a real valued function of 
compact support C [—a, a], a > 0, p > 0, ip is continuous and even. Furthermore 
it is supposed that 


/ OO 

<p(x — u) du = 1, for any x £ R, 

-OO 


same as 


Define 


and 



/ OO 

f(t)<p(2 k t — u) dt, u £ R, 

-OO 

r- oo 

(A k f)(x)= r[(u)ip(2 k x — u) du, 


for any k £ Z, and any x £ R. 


(16.1) 


(16.2) 
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Then 


■/><*> - m\ < t ^ 

i=l 

/or any k £ Z, and any i£l. Inequality (16.3) Is attained when f is a constant 
function. 


(/ < " l . 5 fe). (16 3) 


Remark 16.4. If is uniformly continuous or bounded and continuous 
then wi(/W, 2 /ii ) is finite, and as k —> +oo we obtain that 

(A k f)(x) -> /(*) (16.4) 


pointwise with rates. If / is bounded then A*, is bounded too. 

Proof, of Theorem 16.3. Since / € C7 JV (K), IV > 1 we have by Taylor’s formula 
that 


/W = /(*) + E Z ^(i-*) I + A/ (JV) (a) 

i=l *• 


f {N \x)) 


(t-s)"- 1 
(N — 1)! 


ds, 


for all t, x € R. 

Thus 

f(t)<p(2 k t-u) = f{x)<p(2 k t - u) + V t—^<p(2 k t ~ u){t - x)' 

Z ' l\ 

i=1 

+ <p(2 k t-u)J (f (N) (s) ~ f (N \x)) A); ds - 

Therefore we obtain 


/ OO 

f(t)ip(2 k t — u) dt 

-OO 

>/. 


= f(x ) / ip(2 k t — u)dt + ^ ^ ^ 


A"!/- 

/ OO / /»£ 

„<2*t -«)(/_ (/(“>(«) -/">(*)) (W _ 1} , 


(p(2 k t — u)(t — x) 1 dt 
(t-sf- 1 


ds I dt. 


Consequently we get 

/ OO 

f(t)ip(2 k t - u ) dt 

-OO 


/ OO f\ l )(r r \ r 00 

<p(2 fe t — u)2 k dt + -—A / ip(2 k t — u)(t — x)*2 

-oo l-oo 

/ oo / /»i 

V(2 k t-u)( (f m {s)-fW{x)) 

-OO \t/ x 


dt 


(N-iy. 


ds 2 k dt. 
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Hence 


r f k (u) - f(x) = J2 p(2 k t - u)(t - xY2 k dt 

+ /~ t f{2‘ k t ~ u) (£ (/ W (s) - (x)) 2 k dt. 


That is, 


-i: 


/ oo 

p(2 k x — u) du 

-oo 


t^J 

i=1 ' 


ip{ 2 k x — u ) 


p(2 k t — u){t — xY2 k dt I du + 1Z, 


where 


U := 


/ OO 

p(2 k x- «)( / p{2 k t — u ) 

-OO 


(. f {N) {s)~f (N) {x )) 


/ + 0 \N -1 

l* “ S) ofc 


(IV- 1 )! 


cZs I 2 du. 


Here, p is of compact support, so that p 7 ^ 0 if —a < 2* ! a: — u < a, that is if 
—a + 2 k x < u < a + 2 k x. Thus p 0 if \x — p| < p, and similarly p ^ 0 if 
\t — p| < p, k £ Z. But then 

• , I w I « I _ a 

|f-*|<|t-2fc| + |*-5fc|<5fc=T, 


and 


Therefore 


|i — cc| l < 


2'(fc-i) : 


2 k I “ 2 fc - 


* = 1,. ,.,N. 


\{Akf)(x) - f(x)\ < J°° p(2 k x-u) 


p(2 k t - u ) 2i( °_ 1) 2 k dt ) du + \TZ\ (16.5) 


= E — ?:! (j,)l + 1 ^ 1 ’ for any ® € 


Next we estimate TZ. We derive 


/ OO / f OO \ 

p(2 k x — u)l p(2 k t — u)X(t,x)2 k dt) du, (16.6) 
-00 \J — 00 / 


Pitfie 7fco£4cMia£icaZ P/tyliel 



220 16. Quantitative Approximation by Univariate Shift-Invariant 


where 

/ t u 1 

(/ (JV) (a) ~ f (N) (x)) ( N _ 1 y' ds ■ 

But we need to estimate first 
Case of x < t. Then t — s > 0. And 

Ht, x ) < J ds 

< / ds 

/ [* /AN) n ^-s)^ -1 J (AN) tJ . 

< J wi(/' Mt-s)) 1); ds = u 1 (f { \(t-x ))—^—. 

So when i<(we get 

A(f, *) < wr (/ tJV) , (f - *)) ^ ^ . 

Case of x > t. Then t — s < 0. And 

Kt,x) < ^ [/ (JV) (s)-/ (iv) (x)| ^ jv ^ 1)! ds 

< £ ^ 1 (/ (JV) ,(^-^)) ( (~! ) 1) , ds 

That is, when i>(we get 

A(t, *) < un (f {N> , (* - 1)) ^ . 

Thus in general we have 

\(t,x) <un(f (N) ,\t-x\) ^ ^ , (16.7) 

for any (,i£l. Hence by (16.6) and (16.7) we observe 

172 . | < J ip(2 k x — u)^J <p{2 k t — u)a>i[f l ' N \\t — x\) ^ — 2 k dt'jdu 

^ N \2N(k-i) ^(/ (JV) ’^l) J^v(2 k x-u)(^J^<p(2 k t-u)2 k dt^du 

N 

a (an) a \ 

~ N \ 2 N(k-l) Wl \J , 2 k ~ 1 )' 
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So that 

N 

m< m2 a N(k _ 1} ^ t ). ( 16 - s ) 

for any k £ Z. 

Finally putting together (16.5) and (16.8) we obtain (16.3). ■ 

Next we present 


Theorem 16.5. Let f £ C N (R), N > 1. Let p be a real valued Lebesgue 
measurable function of compact support C [—a, a], a > 0, p > 0, such that 



u) du = 1 , for any x £ R, 


same as 

/ OO 

p(u) du = 1. 

-OO 

Define 

/ OO . . 

f[^k) <P(2 k x-u)du, (16.9) 

for any k £ Z, and any i£l. Then 

icd ^ l/ (! '*( a: )l a * , flJV . (AN) a 

\{Bkf)(x) f{x )| < ? -j ^ A jr !2 fcA,a;i ’ 2 fc 

i=l 

/or any k £ Z, and any a; £ R. Inequality (16.10) is attained when f is a constant 
function. 

Remark 16 . 6 . If /^ is uniformly continuous or bounded and continuous, 
then as k —> +oo we obtain that 

(B k f)(x) -> /Or) (16.11) 

pointwise with rates. If / is bounded then B k f is bounded too. 

Proof, of Theorem 16 . 5 . Since / £ C^R), N > 1 , by Taylor’s formula we 
have 


) , (16.10) 



Then 


/ (S) ^ 2fc x - 


f( x )+J2 

i= 1 

r u/2 k 


r l \x) r u 


(?-*)■ 


+ r (f m (t)- f ( N \x)) 

J X 


(N -1)! 


■ dt. 


f(x)p{2 k x - u) + f - *) <fi(2 k x - u) 

i= 1 

r“/2 fc f « _ rl Ar_1 

+ p(2 k x - u) j' (/<"> (t) - / (JV) Or)) (AT- 1 )! • 
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Consequently we obtain 


/ OO / \ f‘ oo 

/ V?( 2 *A -u)du = f(x) J <p{2 k x - u ) du 

+ Z J_ x (J " *) “ u ) du + 


noo / pu/2 k ( u _ ^ ^ \ 

n '= J v(2 k x-u){j {f (N> (t)-f (N \x))-^^—Y^—dt\du.{ 16.12) 


That is 


(Bkf)(x) - f(x) = ~ J {^k ~ x ) V(? k x - u)du + 1l, (16.13) 

for any k £ Z, and any a; € R. Here again, ip ^ 0 if la: — ■p-l < i. Thus 


|(B fc /)(x)-/(x)|<f;^^|^ + W- 


We put 


r u/2 k ( u _ i .\ N ~ 1 

Tu(x):= J ’ dt 

5 

/ OO 

ip(2 k x — u)r u (x) du. 

-oo 

Next we need to estimate T u (a:). 
i) if a: < then 

ru/2 k ( u __ A 1 *- 1 

r«(*) < £ l/ (A °ft) - / (JV) (g)l Yai _ ^ dt 

r u/2 k ( u _ O^- 1 

< l u ^f w ^- x \) ( N -\y. dt 

f r(N) I U |\ r “ /2 (^F , 

s “(t M?HU V-i)! 18 


(16.14) 


- 1 (/ ’ 2 fc / JV! - 1 (/ ’ 2 fc / 2 fciv At! ' 
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I.e., when x < p, we have 


^ J^kN^ (/ W > J) ' 


ii) If x > p, then 


r„(*) < 


2 ^") 


< 


L 

r 


/ 2 J/ w W (jV _ 1}! 


■ dt 


■ dt 


< uj\ 


(^■l-il)/ 


2 fc l7 7„ /2fe (iv-l)! 


■ dt 


< 


N\2 kN 


to i 


/ -r(JV) _0\ 

V ’ 2 fe / ' 


I.e., 


r u (*) < (/ (JV £ J), 


when x > p. That is 


(/ W , J) -A> 0 , 

always true for any i£l. Consequently we have 


/ OO 

ip{ 2 k x — u) A dn = A, 

-OO 


\n\ < a. 

Clearly now (16.14) and (16.15) imply (16.10). 
It follows the related 


(16.15) 


Theorem 16.7. Let f G C N (M.), N > 1. Let p be a real valued Lebesgue 
measurable function of compact support C [—a, a\, a > 0, ip > 0, smc/i that 


£ 


<p(x — u) du = 1, /or any i£l. 


Define 


c l( u ) 2 fe f(t+^)dt, n€ 


(16.16) 
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and 


/ OO 

c{{u)<p{2 k x 

-OO 

for any k £ Z, and any i£l. 


u) du, 


Then 


(16.17) 


\(L kf )(x)-m\ + (/ W ^) - ( 16 - 18 ) 


/or any k £ Z, and any x £ R. Inequality (16.18) is attained when f is a constant 
function. 


Remark 16.8. If is uniformly continuous or bounded and continuous, 
then as fc —> +oo we obtain that 

(Lkf)(x) -> /(*) (16.19) 

pointwise with rates. If / is bounded then L*,/ is bounded too. 

Proof, of Theorem 16.7. Since / € C^R), N > 1, by Taylor’s formula we 
have 


/(«+£) = 




Then it follows 


c{(«) = 2 k J Q /(*+£) 


dt 


- /<■)-!(•+£-*) 


i=l 

(•2 


+ 2 * 


L L 


t+ -j^-x) dt 

r,+ * (/ (»> ( ,)_/'-»w) ( ‘ + ( f;;*' d. i *. 
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So that 


£ 


cl(u)(f(2 k x — u) du 


= f(x) / ip(2 k x — u)du 

J — OO 


+ it ^~^ 2k ^ 2kx -^(Jo (* + ¥ - x ) dt ) du 


+ 2 k J°° <p(2 k x - u) ( £ ( £ +iF (f W (s) - / (JV) (*)) 


(4- I U _ S \ N 1 

x - -It-—- ds I dt I du. 


(N~ 1)! 


That is we derive 


(Lkf)(x) — f(x) = J2 ^ y^ 2k I V{2 k x-u) 


i: 

(^t + — x'j dt\ du+ TZ, (16.20) 


where 


Tl := 


2 k ^ ip(2 k x -u)[[ 

J-oo \J 0 

„ (* + w ~ s ) 


(f {N) (s)-f (N \x)) 


(N — 1)! 

Again ip ^ 0, if | p- — a:| < Therefore 


ds dt du. 


I { t+ ¥~ x y dt 


< 


< 


l (i'i+IJ-H)'* 

rw-™ 


2 k 2 ki 


(16.21) 


Consequently from (16.20) we obtain 

Krmw-/Mi<E l/ ‘£ >l(a 2 + >. 1) ' + w 

i=1 

We put 

S(x,t,u) :=J 2 (/ (JV) (s) - f (N \x )) ^ + ^_ 1 ^, - ds. (16.22) 
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It follows that 


\n\ < 2 k 



x — u) 



du. 


Next we estimate S(x,t,u). 
i) Let t + ^ > x. Then 


\5(x,t,u)\ < 


< 


< 


< 




[ t+ w 

/ Wl 

J X 

(/ W ,( 

s — X 

[ t+ W 
/ Wl 

J X 

(/ (A °, 

( t+ : 

(/ W , 

a + 1 \ 

2 fc J 

r 

J X 


a + 1 \ 

(t + 

2 fc i 



(N-iy. 


■ ds 


N\ 


That is when t + jjr > x we derive 


|<5(cc, t, m)| < uji 


( AN) a + 1 \ 

y ’ 2 k J 


( t+ ~ X ) N 

N\ 


ii) Let t + < x. Then 

\5(x,t,u)\ < ^\f (N) (s)-f (N} (x)\— -- ds 

Jt +ik 


< 


< 


>t+- 


= W1 r>, 


Wl 

(/ (A0 ,| 

f U 

\ x ~ ¥' 

.(AT) 

a + 1 ^ 

i r ( 

5 

2 fc ) 

■> t+ w 

■(AT) 

CL H~ 1 ^ 

l 0- (t 


(N-iy. 

\\ (s- ( t+ pj 
)) (N — 1) 

{s- {t+ p-))' 


(N — 1)! 

7 /. \ \ V 


ds 


2 fc 


TV! 


That is, when t + ^ < a; we obtain 


\5(x,t,u)\ < u>i 



& + 1 \ 
) 


(x-(t+$)) N 

N\ 


(16.23) 


ds 


ds 
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That is it is always true that 


|<5(x,t,u)| < wi [f \ 


f(N) a + 1 \ h + w ~ *1 


2 * 


IV! 


< 0,1 ( fl+1 ) 


1 N!2 kN 


=: A > 0. 


I.e., 


|5(®, t, m)| < A. 

By (16.23) and (16.25) we find that 


|77| <2*/ <p(2 k x — u)^J Xdt^j 


du = A. 


(16.24) 

(16.25) 


That is 

< 10 . 26 , 

Finally from (16.21) and (16.26) we get (16.18). ■ 

The last main result follows. 


Theorem 16.9. Let f G C, (R), N > 1. Let p be a real valued Lebesgue 
measurable function of compact support C [—a, o], a > 0, ip > 0, such that 


Define 


/ OO 

ip{x - u) 

-OO 


— u) du = 1 , for any i£l. 




T k (u) ■ 


X>7/ 


l=o 


= 1 , mg 

l=o 


- + ^-] 

2* 2 fc n/ ’ 

and 


n G N, Wj > 0, 


(16.27) 


OV)^) := 


/: 


7 1 (u)<p(2 k x — u ) du. 


for any k G Z, and any iGl. 
Then 


I(Ffc f)(x)-f (x )| < ^ 


Lf^M(^+ir 

i\ 2 ki 


+ jv! 2 fcJV 1 


.(AT) 


a T 1 
2 k 


(16.28) 


/or any k G Z, and any x G R. Inequality (16.28) is attained when f is a constant 
function. 
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Remark 16.10. If is uniformly continuous or bounded and continuous, 
then as k —> +oo we get that 


(T k f)(x) - f(x) (16.29) 

pointwise with rates. If / is bounded, then T *./ is bounded too. 

Proof, of Theorem 16.9. Since / € C^R), A > 1, by Taylor’s formula we 
obtain 


3=0 


( 2 * + 2 ^ 


/ W (z) 




i! ^ 3 \ 2 k 2 k n 

j =o i=l j=o 


U 1 

+ ^-a; 


+ f> J /* +5fc (/<''>( 1) _/<«(*)) 

l=o Jx 


(# + A ~ f ) j 

(A — 1)! 


■ dt. 


So that 


•>»'<»)-/<*> = 


J=0 


U J 

2 k + 2 k n X 


+ £ Wj 

3=0 Jx 


(W + 2^ ~ 
(A — 1)! 


■ dt. 


Therefore we obtain 

JL r( i )/' r '| AL re 
(Tkf)(x) - f{x) = -—— X) / 


j=0 


^( 2 ^ ~ ( J + 2^ “ * ) du + 1Z 


(16.30) 


where 

U := 


71 /»oo 

^2 W J <p{2 k x-u ) 

„_n J—oo 

f^ + ^{f (N )(t) - f (N \x))^ W + 

J X 


dt I du. 


Consequently we observe 

iovx*)-/( x)i < [ 

' a —n */—c 


i= 1 
N 


3=0 


(A — 1)! 


<p(2 fc x - u) ^ a ^ k P du + \1Z\ 


= X 


\f (i \x)\ (a+iy 
i\ 2 ki 


+ \n 


(16.31) 
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We set 


s(x,u,j):= f 2 2 ” (/ (JV) (t) - f (N \x)) 

J X 


(p + pt ~ t Y 

(N-iy. 


■ dt. 


It follows that 


j =o J 

Next we estimate e{x,u,j). 
i) Case o/ p + 5 ^ > x. Then 


n f OO 

<p(2 k x — u)\e(x,u, j)\ du. 

a —n J—00 


\e(x,u,j)\ < 


If 


if’w-rwi 


(AT)/ m (p + PT “ t ) i 


< 1 fW a + l N \ ( a +11^. 

— LU1 \ J ' 2 fc / N\2 kN ' 


(N — 1)! 

(p + 2 ^: ~ ^ 
JV! 


I.e., when p + ^- > x we derive 


1 t -M ^ (a+l)^ ( AN) ®+l 

|e(*,M,2)l < ^ ( f > -gT- 


ii) Case 0 / p + < *• Then 




< wi / 


AN) 


+ 1 \ (* _ (p + sfc )) 1 


2 fc 


AH 


< 


(a + 1 )^ ^ /yr(JV) a + 1 


IV!2 fcAr 


2 k 


I.e., when p + < ®, we get again 




(«+!)* 

N\2 kN 


■UJl f 


AN) 


a T 1 
2 k 


So always it holds 


\e(x,u,j)\ < 


(«+!)* 

N\2 kN 


■wi / 


fW 


a + 1 
2 k 


(16.32) 


(16.33) 


dt 


dt 


(16.34) 
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Therefore we obtain 


\n < 


n f c 

X>i / 

3=0 J 


ip( 2 k x — u) 


(a + 1) 


N 


(°+l)* 

N\2 kN 


-ui f 


N\2 kN 

(N) a + 1 


-Wl / 


fW 


a + 1 
2 k 


du 


2 k 


:= A. 


I.e., 


|ft| < A. 

Finally from (16.31) and (16.36) we establish (16.28). 


(16.35) 

(16.36) 


Remark 16.11. Here we define the following operators (see [67], p. 375 and 

[ 66 ]) 

/ OO 

4(/, 2 fc cc - ju)ip(u) du, j £ N, i£l, k £ Z. 

-OO 

Notice that 14,1 = any fc £ Z. As in [67], p. 381 and [66] we see that 


and 


£k,j(f;x) = J £ k (f,u)j(f^j(2 k x-u)jdu, 
r°° i/i \ 

J -ip I —{x — u) J du = 1, all j £ N, any x £ 


By calling 



j £ N 


we observe that supp ipj C [—ja,jo] and jC, k j(ip) = C k {p>*j), furthermore ^ 
inherits all the properties of ip. Denote here /3k(f, u) := f (^) , k £ Z. 

Based on the above comments and as in [67], p. 383 and [66], we define 


(A k ,jf)(x) ■= 

/* OO 

/ r f k (2 k x- ju)ip(u)du, 

J — OO 

(16.37) 

(Bk,jf)(x) := 

poo 

/ A(/> 2 fc * — ju)ip{u) du, 

J —OO 

(16.38) 

(L^/Xz) : = 

poo 

/ (2 fc x — ju)ip(u) du, 

J —OO 

(16.39) 

(r kJ -/)(*) = 

p OO 

/ 7fc(2 k x- ju)<p(u)du. 

' —OO 

(16.40) 


Clearly A k = A fcjl , B k = B k ,i, L k = L fcjl and V k = I\i. 
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Furthermore one can rewrite the above operators as follows (j £ 


and 


( A k,jf)(x) = 

/* oo 

/ r[(u)<p*{ 2 k x — u) du, 

J — OO 

(16.41) 

(Bk,jf)(x) = 

/»oo 

/ / 3 k(f,u)<fij{ 2 k x-u)du, 

J — OO 

(16.42) 

( L k,jf)(x ) = 

/» oo 

/ cl(u)(fi*( 2 k x — u) du, 

J — OO 

(16.43) 

(IV,/M*) = 

/»oo 

/ 7 1 {u)ip* ( 2 k x — m) drt. 

' —OO 

(16.44) 


We present 


Proposition 16.12. Same assumptions as in Theorem 16.3. Then 

N 1 /■(*)( 
i\ 


| (A k Af)(x)-f(x)\ < 


i=1 


j N a N 


r Wl / 


e (N) ja 
2 k ~ 1 


N\2 N ( k ~1 ) 

for any k £ Z, and any x £ R. 

Proposition 16.13. Same assumptions as in Theorem 16.5. Then 
\(B kJ f)(x)-f(x)\ < 


j N a N 

N\2 kN " 


p(jv) ja _ 
’ 2 k 


for any k £ Z, and any i£l. 


(ja + 1 ) 


i\ 2 ki 

N 


-Ul f 


( N ) ja + 1 

2 k 


N\2 kN 

for any k £ Z, and any i£l. 

Proposition 16.15. Same assumptions as in Theorem 16.9. Then 

" i/ (i) ovi o«+ir 


lOVl/X®) - f{x)\ < 


+ 


C ja + 1 ) 

N\2 kN 


i\ 2 ki 

N 


-UJl f 


( n) ja + 1 

2 k 


(16.45) 


(16.46) 


Proposition 16.14. Same assumptions as in Theorem 16.7. Then 
i (L kdf )(x)-f(x)\ < 


(16.47) 


(16.48) 

, k £ Z, i6l. 
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Note 16.16. Inequalities (16.45)-(16.48) are attained when / is a constant 
function. 


Remark 16.17. We mention the generalized Jackson’s like operators moti¬ 
vated from classical Approximation Theory, see [67], p. 377, and [66], 


3 = 1 



(C kJ f){x), 


q G N. 


(16.49) 


We apply 


-E(-d j 


3 = 1 


= 1 . 


Applications of the above general operator are (see [67], p. 384 and [66]), 


and 


vhf)(x)& -D- 1 ) j n)(^7)(z) 

3 = 1 

(0)0*) : = -E(-!) J ( ] ) (B kij f)(x), 

3 = 1 

(ILf)(x)-= -£(-lX( 

3 =1 


3 = 1 '* 1 


any fc € Z, and any i£l. 

From [67], p. 378, and [66], we get that 


(16.50) 

(16.51) 

(16.52) 

(16.53) 


\(h, q f)(x) - f(x )| < E U ) \(£k,jf)(x) - /(*)|. (16.54) 

j =i \"V 


Inequality (16.54) is attained when / is a constant. Notice also that (/) = 

2 9 - 1 . 

Applying the above we obtain: 

Proposition 16.18. Same assumptions as in Theorem 16.3. Then 


I (Ik, q f){x) - f{x)\ 


< 


( 2 9 - 1 ) 


E 


a N q N 

N\2N(k-i) 


I f {i) (x)\a l q l 

i] 2 < ( fc -i) 


(/ ( E 


_£ 0 _\ 
2 *- 1 / ’ 


(16.55) 


any fc G Z, and any x G R, q G N fixed. 
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Proof. We have that 


I (Ik,qf)(x) ~ f(x) | < 

3 = 1 



I ( A k,jf)(x) - f(x )I 


“50 



' N 

E 

_i=l 

r 


E 


I/ W 0*0 1 jV , (AN) 

i\ 2 Hfe-D jV!2 Ar ( fc ” 1 » 1 V 

I/ W 0*01 gV | .. 

i! 2 i l x_1 ) A^!2^(fc-i)Y 7 



qa \ 

2 k-i) 


= (2 q 


1 ) 


‘ N 

E 


i= 1 


I/ W 0*01 q V 

i\ 2‘( k - 1 '> 


+ 


N N 

q a (AN) qa \ 

jV!2 JV ( fc -D 1 V 7 ’ 2 fc_1 / 


Proposition 16.19. Same assumptions as in Theorem 16.5. Then 


I {Ik,qf)(x) - f 0*01 


< 


( 2 * - 1 ) 



V l/ w 0>01 

^ i\ 

_i =1 

N N ~\ 

g q (AN) qa\ 

]\f\2 kN Wl V 7 ! 2 k ) ’ 


(16.56) 


any k £ Z, and any x £ R, q £ N fixed. 
Proof. We observe that 


I (Ik,qf) (x)-f(x) | <E [j I( s *m/)0*0 -/0*0I 


^ E 

3 = 1 

< (2 q - 1) 


i=i 

N i ,m/ m -at jv 


E 


l/ (i) 0*0l/v , j'V 


i! 2 fci N\2 kN 


<*>i / 


y l/ (i) (*)| gV | 9^E. 

j! 2 fci A*!2 feJV 


p(JV) W 
2 k 


( an) qa\ 

V ’ 2 k ) 


Proposition 16.20. Same assumptions as in Theorem 16.7. Then 


100)0*0-/0*01 < (2 9 — i) 


E 


l/ (O 0 * 0 l 


(16.57) 


(qa + 1 Y (qa + 1 ) J 


2 ki 


N\2 kN 


-ui f 


f(N) qa + 1 
2 k 


any k £ Z, and any x £ R, q £ N fixed. 
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Proof. We see that 


I(#,,/)(*) ~ /(*)! 5 E (jj |(L fciJ /)(a;) - /(®)| 

y- I (ga + 1 )' , (ga + 1 )^ 

2^ j! 2 fci + N\2 kN 

.i= 1 



CJl 


f r(N) ga + 1 \ 

y ’ 2 k ) 


Proposition 16.21. Same assumptions as in Theorem 16.9. Then 


\{llj){x)-f{x)\ < ( 2 «-l) 


' N 

E 


i/ (0 (*)i 


i! 


v. 


(16.58) 


L»=l 

(qa + l ) 1 (ga + 1 )^ 


2 ki 


N\2 kN 


-Ul f 


An) ga + 1 


2 k 


any k £ Z, any i£l, and q £ N fixed. 

Proof. Similar to Proposition 16.20, using Proposition 16.15. ■ 

Note 16.22. Inequalities (16.55)-(16.58) are attained when / is a constant 
function. 

Inequalities (16.55)-(16.58) improve a lot in the case of N = 1. We use that 

£?=i ())./ = ■ 

We give 

Proposition 16.23. Here f £ C 1 (R). Same assumptions as in Theorem 16.3. 
Then 

1(0)00 - f(x) | < ^ + car (/', ^)) , (16.59) 

any k £ Z, and any x £ R, g £ N /ired. 

Proof. We have again 


I (Ik, q f){x) - f{x )| 


( 16 . 54 ) 

< 


( 16 . 45 ) 

< 


i=i 

Q 


E ( J)|(A fcj /)(x) -/(x)| 


3 = 1 

a 

2^“ 

a 


Eg^rO/WlM^)) 
r(i/ , (*)i+"i (/'.5&))fi: f‘'h 


2 fc- 


t (l/'(*)l +wi (Z'.^r)) g2«- 1 . 


~Pufuc. P/tyliel 



16.2 Main Results 


235 


Proposition 16.24. Let f £ C' 1 (R). Same assumptions as in Theorem 16.5. 
Then 

I (Ik, q f){x) ~ f(x) I < 2k aq q+1 (l/'(*)l +wi (/', |£)) , ( 16 . 60 ) 

any k £ Z, and any x £ R, q £ N /tred. 

Proof. We have again 


1 ( 0 ) (*)-/(*) l 


E(’)g(imi + «(/.f)) 

= £ (l/'MI + «(/'. 5)) (t(’)j) 


Proposition 16.25. Let f £ C' 1 (R). Same assumptions as in Theorem 16.7. 
Then 


„ t l t -u N ,, m / (aq2 q ~ 1 + 2 q — 1) 
\(h,qf)(x) ~ f(x)\ < ± - - k -- 


\f'{x)\+Ull ( f 


c , q a+ 1 
2 k 


(16.61) 


any k £ Z, and any x £ R, q £ N fixed. 

Proof. We observe again 

\{Ik, q f){x) - f(x)\ ( < ) (^j\( L k,jf)(x)~ f(x)\ 

(16 < 47) ^ fq\ (ja + 1 


(!/'(*)!+^(/', 0 )) 


q a + 1 
2 k 


2 k 


l=i 




(irwiw/-,^)) l + 

2 fe 
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Finally we give 


Proposition 16.26. Let f £ C' 1 (R). Same assumptions as in Theorem 16.9. 
Then 


\{Ik, q f){x) - f{x)\ < {aq2q 2 ' 1} (W)l+^i (/', £ ^)) > (16-62) 

any k £ Z, and any x £ R, q £ N fixed. 

Proof. Similar to Proposition 16.25. ■ 


16.3 Applications 

Next we present applications to Probability. Let F £ C 1 (R) be a probability dis¬ 
tribution function and / = F' be the corresponding probability density function. 
Here we assume additionally that ip is a continuous function on [—a, a]. 

By Remark 14.2.3(111), p. 389 of [67] and [ 66 ], we have that Akj, Bkj, Lk,j, 
r k,j operators map continuous probabilistic distribution functions to continuous 
probabilistic distribution functions, for any k £ Z, j £ N. 

Corollary 16 . 27 . (to Theorem 16.3 and Proposition 16.12) 

\(A kd F)(x)-F(x)\ < (f{x)+u >i (,,*&)) , 

any k £ Z, x £ R, j £ N. 

Corollary 16 . 28 . (to Theorem 16.5 and Proposition 16.13) 

\(B kd F)(x)-F(x)\ < g (/(*) +wr 

any k £ Z, x £ R, j £ N. 

Corollary 16 . 29 . (to Theorem 16.7 and Proposition 16.14). It holds that 

\(Lk,jF)(x) - F(x) | < (f(x) + wi (/, , (16-65) 

any k £ Z, x £ R, j £ N. 

Finally, 


. It holds that 
, (16.64) 


. It holds that 

(16.63) 
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Corollary 16.30. (to Theorem 16.9 and Proposition 16.15). It holds that 
\(T K ,F)(x) - F(x )| < (j(x) + wi (7, , (16-66) 

any k € Z, x € R, j € N. 
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17 

Quantitative Approximation by 
Multivariate Shift-Invariant 
Convolution Operators 


High order differentiated functions of several variables are approximated by mul¬ 
tivariate shift-invariant convolution type operators and their generalizations. The 
high order of this approximation is determined by giving some multivariate 
Jackson-type inequalities, involving the first multivariate usual modulus of con¬ 
tinuity of the iVth order partial derivatives of the multivariate function to be 
approximated. This chapter follows [30]. 


17.1 Background 


Here we use [67, p. 297], see also [78]. Let X := Cr/(lR r ), r > 1, be the space 
of uniformly continuous real valued functions on R r , and C(R r ) the space of 
continuous functions from R r into R. C N ( R r ), N > 1, denotes the space of N 
times continuously differentiable functions from R r into R. Let {4}fcgz be a 
sequence of positive linear operators that map X into C(R r ) with the property 

(4 fm := (£„(/(2- fc -)))(af), 4R T ,/e X. 

Let tp be a real valued function of compact support C xf =1 [—a*, a*], a* > 0, 
(p > 0, ip is Lebesgue measurable and such that 

/ <p(x — u)du = 1, any x G M r , 

Jw 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 239 |-26oT| 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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which is the same as 


Examples, i) For i = 1,.. 




p{u)du = 1. 


r consider the characteristic function 


M x ) '■= X[-i,i)(z) = 


1 , 

0 , 


x € [ 2 > 2 ) 

else. 


Define 

r 

p*(x) ■— n Pi(xi), all x := {x\,.. . ,x r ) £ R r . 

i=1 

Then p* fulfills above requirements for p. 
ii) For i = 1,..., r consider the hat function 


Pi(xi) := 


1 + Xi, 
1 - Xi, 


-1 <Xi< 0, 

0 < Xi < 1. 


Define 


ip(x i,X 2 , ■ ■ -,Xr) ■■= n <Pi(xi) > 0, for all (xi,...,x r ) G R r . 
i= 1 


Then ip fulfills above requirements for p. 

Let {£k}kez be the sequence of positive linear operators acting on X and 
defined by 

(£fc/)(*) := [ (£ k f)(u)p(2 k x - u)du. (*) 

Jw 

Notice that 


(Ckf)(x) = (£o(/(2 k -)))(2 k x), for any k £ Z, and x £ R r . 


Clearly operators Ck can also act on C JV (R r ). See that p is a multivariate scaling- 
likc function and the operators Ck are convolution type or wavelet-like multivari¬ 
ate integral operators. 

Operators (*) under mild natural assumptions are shift invariant, possess 
the global smoothness preservation property, converge to the unit operator, and 
preserve continuous probability distribution functions. For these see again [67], 
Chapter 11 and [78]. Applications of operators (*) were presented in the above 
mentioned references. I 11 fact there the general specialized operators were denoted 
by {Afcjfegz, {Bk}kez, {Lk}kez, {F k}kez- These were first mentioned and studied 
in [78], and fulfill all the above nice properties of operators (*). For their precise 
definition, see Theorems 17.3, 17.5, 17.7, 17.9, next. 
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In [67, Chapter 11, p. 318], and initially in [78], it was established the following 
motivating result. 

Theorem 17.1. For any k £ Z, a := max(oi,..., a r ), x £ R r , it holds 

\(Akf)(x) - f(x)\ < wi (/, 2 ^t), 

\(Bkf)(x) - f(x)\ < ui (/, -j-) , 

\{Lkf){x) - f(x)\ < wi ^/, » 

|(r fc /)(jg)-/(£)| < /gx, (**) 

where wi is ffte first usual multivariate modulus of continuity defined as follows. 

Definition 17.2. Let / £ C(R r ) which is bounded or uniformly continuous, 
we define (h > 0) 

wi {f,h):= sup \f(xi,...,x r )~ f(x' l7 ...,x' r )\. (***) 

all — for i=l,...,r 

From (**) we get pointwise and uniform convergence to unit operator of operators 

Ak, Bk , Lk, F*,. 

In this chapter, see Theorems 17.3, 17.5, 17.7, 17.9, we present inequalities 
similar to (**), but much more complicated, involving cui(/a,-), a: |a| = N. 
Here /a denotes an Nth order partial derivative of / £ C' JV (R r ), N > 1. That 
is studying the high order approximation to the unit of the particular general 
multivariate operators Ak, Bk, Lk, T*,. Then in several propositions we continue 
the same study for the more general multivariate operators Akj, Bkj, Lk,j, F k,j 
and Ik, q , Ik, q , Ik.q, Ik,q■ These operators are naturally built on the multivariate 
operators Ak, Bk, Lk, T*, and were studied in Chapter 15, pp. 399-400 of [67], 
see also [72] where first appeared. 


17.2 Main Results 


We give the first result: 

Theorem 17.3. Let f £ C' JV (R r ), N and r > 1. Let ip be a real valued function 
of compact support C x j =1 [—a,, a»], a; > 0, ip > 0, <p is continuous and even, 
ip(—x) = (p(x), Vx £ R r . Furthermore it is supposed that 

/ + oo /■ + oo /* + oo 

/ ■■■ p{xi — Ml, . . . , x r — Ur)du\ ■ ■ ■ du r = 1, 

-OO J — OO J — OO 
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for any x := (xi ,..., x r ) £ R r , which is the same as 


/ + oo /» + oo /» + oo 

-oo J — oo J— oo 


<p(wi, . . . , Ur)du\ ■ ■ ■ du r = 1, 


in short 


Define 




tp(u)du = 1. 


^ (u) := 2 kr f f(D)ip(2 k t — u)dt 
Jw 


for any u £ R r , and 


(A k f)(x):= [ r f k (u)ip{2 k x- u)du, 

JR r 


(17.1) 


(17.2) 


for any k £ Z, and any ieR r . 

Here we further assume that all of the partial derivatives of f of order N, 
denoted by 


d^l 

dx a 


(oi,... ,a r ),ai £ Z + , i = 1,.. 



are uniformly continuous or bounded and continuous on R r . Denote 
a := max(ai,..., a r ). Then 


\(A k f)(x) - f(x)\ < E ji 2 (k-i)j I (E 


dxi 


/(*) 


N\2(k-1)N 


; & wi ( /a ’ 2^0’ (17 ' 3) 


for any k £ Z, and any i£R r . Inequality (17.3) is attained when f is a constant 
function. 

Remark 17.4. (i) If the Ath order partials fa are uniformly continuous or 
bounded and continuous then uq(/a, ok a _ 1 ) are finite, and as k —> +oo we get 
that 

(A k f)(x) -► /(f), 

pointwise with rates. If / is bounded then ( A k f ) is bounded too. 

(ii) When A = 1, inequality (17.3) becomes 


\(A k f)(x) - f(x)\ < ^ 


any k £ Z, x £ R r . 




+ r max u>i 


df. 

dxi ’ 


2 k ~ 1 


(17.4) 
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Proof of Theorem 17.3. We observe that 


where 


Put 


(A k f)(x) - f(x) = f (r[(u) - f(x))<p(2 k x - u)du, 

JR r 

- /(*) = J Rr (/ (J^) _ /(*)) *) d v■ 


g_y.it) '■= f + -x)), o<t< 1 . 


Thus for j = 1,N we have 




and 


9 x(°) = /(*)■ 


Through Taylor’s formula we get 


9%H 0) 


/(£)-.*<»- sT +r “(I'») 


where 




dti. 


Consequently 


at S^(0) 


/ ( Jfe j - /(*)) v{y-u) = J2 + 7i, 


. 7=1 


where 

7^ := 77.jv (+(y - «)• 
Since ip has a compact support it holds 


Vi 

¥~ Xi 


< 


ai 




Therefore we derive 



< 
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Hence 


where 


That is, 


kfc(«) ' 



u)dy + 77*, 



u)dy. 


\r{{u) ~ m I < E i! 2 j (fc-i) I 


dxi 


f(x) +77*. (17.5) 


Let 0 < tjv < 1, then 


g ( ff > (tN)-g u ff y/ (0) 
2^" 2« 




< 


£(£-)«) '} 

(*1 +t N (^7-Xl) ,...,X r +t N ~ Sr)) 

a‘'r w f a 

2(k-i)N (/ a > 2 fc-i 


Consequently we find 


77jv ( ^,0 


< 


< 


ror-or 


g ( ]P (t N ) - gjt 1 ( 0) 


W/ 


dtjv 


jV!2( fc -!)Jv a . | 5 | = 


aS " 1 ( /a ’ 2 ^) = :A - 


dti 

(17.6) 


That is 


Therefore 


That is 


^|^,0 


< A. 


77* < A 


/ ip(y-u)dy 

JM r 


= A. 


77* < A. 


(17.7) 
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We have established that 


( 17 . 5 ),( 17 . 6 ),( 17 . 7 ) " 

vi {u)-f{x) < 

3 = 1 


j\23(k-l) 


E 


dxi 


/(*) 


N 1 2 ( k ~l)N a . | 5 , 


( /a ’ 2 ^) =: (17 ' 8) 


It follows 


( 17 . 8 ) 

\{A k f)(x) - f(x)\ < 


< 


K(«) - f(x)\<p(2 k x-u)du 


! 

Jr 

7 / <p(2 k x — u)du = 7 , 

jR r 


proving (17.3). ■ 

Next we give 

Theorem 17.5. Let f £ C' JV (R r ), N and r > 1. hef p be a real valued function 
of compact support C x£ = 1 [—a;, Oi], a; > 0, > 0, p> is Lebesgue measurable and 


The last is the same as 


Define 


/ ip(x — u)du = 1 , for any x £ 

Jv 

/ ip(u)du = 1 . 

Jir 

Pk{f,u) = f , anyu£ R 


(17.9) 


and 


(B k f){x) := ( p k (f,u)T(2 k x - u)du, (17.10) 

Jw 

for any k £ Z, and any x £ R r . 

Here we further assume that all partials /a, \a\ = N, are uniformly continuous 
or bounded and continuous on R r . Denote a := max(oi,... ,a r ). Then 


\(B k f)(x) - f(x)\ < E JWJ ( ( E 


dxi 


/(*) 


jVl^aSv" 1 


(/*>£)’ ( 17 . 11 ) 


any k £ Z, a; £ R r , which is attained by constant functions. 


~Puyuc. P/tyliel 



246 


17. Approximation by Multivariate Shift-Invariant 


Remark 17.6. (i) Since the Ath order partials fa are uniformly continuous 
or bounded and continuous and k —► +oo we find that 


( B k f){x) - f (*), 


pointwise with rates. If / is bounded then ( Bkf ) is bounded too. 

(ii) When A = 1, inequality (17.11) becomes 

( df a\\ 

*€{i....,r} \dxi 2 k ) y 

any k € Z, x £ R r . 

Proof of Theorem 17.5. Put 


\{B k f)(x) - f(x)\ < 


2 k 


E 


dm 


dxi 


(17.12) 


■= f [x + tly; - x) ) , all 0 < t < 1 . 


Then for j = 1, 2,..., A we get that 


U (t) = / 


54 ( 0 ) = f(x). 


By Taylor’s formula we derive 


_ \ N (0) , 

/(w)=»*< 1 ) = E^i-+ R » (J.» 

7 i=o 7 v 


where 


R " (i-°) := l (/' ■ (/ (»f - 9 I’ (0 ») «•' 


jv I ■ ■ • I dti 


Thus 


N fl ( a( 0 ) 

/ ( ) <p(2 fc a; - u) = — ^(2 k x - u) + (p(2 fc * - u)H? 


i =0 


Consequently we observe that 



iv , 9 U h 0) 

(B k f)(x) - f(x) = 'Y' ~^r. — <p(2 k x-u)du + Tl, 

j =1 J J- 
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where 


7 Z := J ip(2 k x — u)1Zn 0^ du. 


Since ip is of compact support we have 


u-i a,i , 

Xi ~2k - 2fc» 1 = 


Furthermore we get 


g°2i o) 


< 


£)' £ 


dxi 


fix) , 


and 


JV „ 3 ( n (0) 

—— ip(2 k x — u)du 
? 


£/ 

7=1 ■' Rr 


iv , |ff ( ^(0)| 

< y / —- ip(2 k x — u)du 

7 = 1 


?! 


<E 


^ 2 k ij\ 


E 


—j 2 k ij\ 


E 

i=l 

r 

E 


dxi 


f(x) | f ip(2 k x — u)du 

Jw 


dxi 


fix) ■ 


That is, 


|(B fc /)0r) - /(f)| < E -|^j ( ( E 


dxi 


fix) +\n\. (17.13) 


Next we estimate \1Z\, 0 < tN < 1. We observe that 


g a (w) - g a (0) 





„ \ JV I 

I 

/Mi ' 

1 dxi) 

? (*) 


< 


max uii 


2 kN a: |a|=jv 


(/a> 2 fe ) ’ 
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Thus 


77 jv 



< 


< 



-fl ( a°(0) dt t 

o fc 9 fc 

a N r N , a] 





max wi 


7V!2 fciv a: ja|=iv 


(*■£) 


(17.14) 


Consequently we have 

1 72.| < p / ip(2 k x — u)du = p, 

7r 

that is, 

|77| < p. (17.15) 

Finally combining (17.13), (17.14), (17.15) we produce (17.11). ■ 

It follows the related 

Theorem 17.7. Let f, ip, a as in Theorem 17.5. Define 


c{(n):=2 kr 


and 


'K) 


f \ t+ ) dt ’ anyue R r , (17.16) 


(L k /)(»):.:= [ c{(u)<p(2 k x-u)du, (17.17) 

Jr 


for any k £ Z, and any x £ R r . Then 


|(L fc /)(f) - /(f)| < ^ ( “,+ J f ^ fL'j f(g) 


+ 


(a + 1 ) N r ? 


N\2 kN a: |a|=jv 


max cui [fa, 


a T 1 
2 k 


(17.18) 


which is attained by constant functions. 

Remark 17.8. (i) Since the TVth order partials fa are uniformly continuous 

or bounded and continuous and k —> +oo we obtain that 


( Lkf){x) -* /(f), 


pointwise with rates. If / is bounded then ( Lkf ) is bounded too. 

(ii) When N = 1, inequality (17.18) becomes 

\(L k f)(x) - /(f)| < (ffk^j | ( 

(17.19) 




dxi 


. df a + 1 
+ r max u> i -—, —-t- 
*e{i,...,r} \dxi 2 k 
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any k £ Z, x G R r . 

Proof of Theorem 17.7. We see that 


(L k f)(x) - f(x) = f (c{(u)-f(x)M2 k x-u)du. 
Jw 


We set 


3 f+« (t):=/(* + t( , 0 < r < 1. 




x + T { t+ 2k~ x 


5f+« (0) = /(*)• 


By Taylor’s formula we obtain 


/ W+ ~ (°) (T+ £, 0 ) , 


(<■+ #•»)=/(/'■(/"" to (o)) *») 


• • dti. 


cl{u)~ f(x) = J2 2 


N Is 9^A0)dt 

* ’ 9K 


r-( 


u n 

t + ¥’° 


Here 0 < < 2 , and 


Ui a,i . 

Xi ~ 2fc - 2k> * = 


Furthermore we have (j = 1,..., N ) 


to (0 > £ (^) S £1 )« 


St/ Sk H- 


(17.20) 
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Let 0 < tn < 1, then 


4+k (Tw) "4+k (0) = + / '>is+r N it+-- 


+ i tfie 


(a + l) N r J ' 


max uj i ( fa- - r - 

a : |a| = N V 2 k 


Moreover it holds 




(a + l) N r N ( a + 1 

< - j ~— max u)i ft, —-— 

N\2 kN a: |a| = JV V 


From (17.20) and (17.21) we find 




, (a + l) N r N ( t a+: 

+ N\2 kN i /a ’ — 


Finally we have 


(17.21) 


(17.22) 


\(L k f)(x)-f(x)\ < pf ip(2 k x-u)du = p. ■ 

ir 

The last main result follows. 

Theorem 17.9. Let f, ip, a as in Theorem 17.5. Define 

(T k f)(x):= f 'fl(u)ip(2 k x — u)du, x € R r , (17.23) 

jR r 


771 Tl r / • \ 


> °. X] "• W il’-5r = 1, 


(17.24) 


J1=0 Jr = 0 


J’lLfLce 7fco£4cMia£icaZ P/tyliel 



17.2 Main Results 


251 






( a + 1) 7 


N\2 kN a : |a|=AT 


max wi [fa, 


2 k I ’ 


(17.25) 


which is attained by constant functions. 

Remark 17.10. (i) Since the JVth order partials fa are uniformly continuous 

or bounded and continuous and k — > +oo we get that 

(T k f)(x) -> /(f), 

pointwise with rates. If / is bounded then (Tkf) is bounded too. 

(ii) When N = 1, inequality (17.25) becomes 


l(r*j)(f) - /(f)| < 


9fix) \ / df a + 1 

—- + r max wi , -p- 

cte; ie{i,...,r} Vctei 2 fc 


any k £ Z, f £ R r . 

Proof of Theorem 17.9. We see that 


(17.26) 


(r fc /)(f) -/(f) = [ (jliu) - f(x))ip(2 k x- u)du, 
J R r 


7^(«) - fix) = J2 w f ( / f i + -df) J - /(*) J • 


% + A (T):=/ r +T i + * °- r - L 


Thus (/ = 1,..., IV) 


eIW= E S + 


Ui_ Jj _ \ _d_ 

2 k 2 k m / dxi 


/ > f f + r ( —77 4— 7-7 — f) ) , 
7 l 2 k 2 k n 


9a. 1 (°) = fix)- 


By Taylor’s formula we obtain 


9 U ] 7 (0) 


/ (J + ifej = ^ +i 4 (1) - /(s) = g' 


u 7 

" —77 + —TTT 5 0 

2 k 2 k n 
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Un (£ + ike ' 0 : =J 0 (.L 1 ■\J 0 (tw) - (0) H ■ ■ j 


Therefore 


7 1 (w) - /(*) = X] E 


tv * 3^ 7(0)* , 

7^ ... . + ... ,-d .. I u , 3 


+ Y l w 1 n N ^ + ^,o 


J=! 7=0 


Again here it holds that 


I 'Wi I ^ Oji Ji . 

r-^ 1 %- ^ 1; i=1 ’---’ r ’ 

and a := max(ai,..., a r ). Furthermore, we have (j = 1,..., N ) 


2« 2^ ft. 


n ft 9^ j (0)| jv . .„• 

EE-? 

.7=1 ?-n .7=1 


1 =! 7=0 

Let 0 < tn < 1, then 


E£- /( 


(17.27) 


3 ^ j j ( 0 ) 

—rH—n— —r-H—n— 

2 fc 2 fc n 2 fc 2 fc n 


+ / f+TJV (j + 2^^ : 


, * \ 3 r, ( t 0 + 1 

- { (E {& + ^ “ x< j feT J | * 2 kN a :■& W1 (/*’ 15 " 


Clearly we obtain 


^ l + 2fe’° ^ a^iv W1 ( /a ’ T) ( 17 - 2§ ) 


That is, 


E w ? 'Mi + ^E 0 ) ^ 6 ■ 


(17.29) 
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From (17.27), (17.28) and (17.29) we find 


l7^-/(*ll<g^((g 

, (a + l) N r N 


d 


N\2 kN 


max wi [fa, 
: |a|=JV ' 


dx 

a -f 1 
2 k 


/(*) 


= : p. 


Finally we notice that 


( 1 . 7 . 30 ) r 

I (Ffc/) (x)~f(x) | < p p{2 k x-u)du = p. 

JR r 


(17.30) 


Remark 17.11. Here we define the following multivariate operators (see [67, 
p. 394], and [72]) 


Ck,j(f;x) := ( tk(f\2, k x — ju)tp(u)du, k £ Z, j £ N, iff. (17.31) 

Jw 

Notice that Ck ,i = £*,, any k £ Z. As in [67, p. 394], and [72] we notice that 

£k,j{f;x)= [ (4 /)(m)-7 ¥> (\{2 k x - u )) du, k£ Z, x£l r . 

Jm r 3 \3 J 


We see that 



all j £ N, x £ R r , r > 1. 


Put 



j £ N, 


then supp <pj C xl =1 [— j<n, jat], at > 0. Moreover ip* inherits all other properties 
of ip. 

Clearly now we have that 


£k,j{p) — klkiPj)- 

According to the above comments and as in [67, p. 399], and [72], we define 


(Ak,jf)(x) := 

/ rl(u)(fj(2 k x — u) du , 

X- ^ (f) ^j^x-ujdu, 

(17.32) 

(B k ,jf)(x) : — 

(17.33) 

(LkpfKS) := 

/ c{(u)(fj(2 k x — u)du, 

J R r 

(17.34) 
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and 


i r k,jf)(x) := f 'yl(u)ip*(2 k x-u)du, 

Jw 

for any * £ R r , k £ Z, j £ N. Clearly 


(17.35) 


Ak = Ak, i, B k = Bk } i, Lk = Lk, i and Tt, = r^j.. 

Here /, <p are as in Theorems 17.3, 17.5, 17.7, 17.9, respectively. 

We present 

Proposition 17.12. Same assumptions as in Theorem 17.3. Then 


- m\ < (IE 


dxi 


/(*) 


fa N r N 
N\2 (k-i)N 


max uii 
i: |o| = AT 


/a, 


ja 

2 k ~ 1 


(17.36) 


any k £ Z, and any f 6 I r , j 6 N. Inequality (17.36) is attained when f is a 
constant function. 

Corollary 17.13. Same assumptions as in Theorem 17.3, N = 1. Then 


\(A kd f)(x)-f(x)\<^\ (X) 


dm 


dxi 


+ r max u>i 


z€{l,...,r} \dXi 2 fc_1 


df ja 


(17.37) 


any k £ Z, x £ R r , j £ N. 

Proposition 17.14. Same assumptions as in Theorem 17.5. Then 


\{Bk,jf)(x) - f{x )| 


< E 


j p a p 

J pl2kp 


E 


dxi 


j N a N r N 

4- » r max uii 

N\2 kN a: |S| = JV 



(17.38) 


any k £ Z, and any f £ K r , j e N. Inequality (17.38) is attained when f is a 
constant function. 

Corollary 17.15. Same assumptions as in Theorem 17.5, N — l. Then 


\(Bkjfm-m\<% 

any k £ Z, x £ R r , j £ N. 




+ r max u> i 


(df. t\\ 

V dxi ’ 2 k J j ’ 

(17.39) 
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Proposition 17.16. Same assumptions as in Theorem 1 7.7. Then 


\( L k jf ){ x ) - m \ < £ ((e 

, (ja+ l) N r N ( t 

H- TTtTzm - max wi /a, 


d 


dxi 
ja+1 


f(x) 


(17.40) 


N\2 kN a: |a|=jv V 2 k 
any k £ Z, and any a: £ R r , j £ N. Inequality (17.40) is attained when f is a 
constant function. 

Corollary 17.17. Same assumptions as in Theorem 17.7, N = 1. Then 


\i L k,jf)(x) f(x)\< 


dm 


dxi 


+ r max cui 


df ja + 1 


ie{i,...,r} \dxi’ 2 k 

(17.41) 

any k £ Z, a; £ R r , j £ N. 

Proposition 17.18. Same assumptions as in Theorem 17.9. Then 


l(r w /)W-/WI<E%# E 

p=i ” \ \i=i 

, O'a+ljV* 

+ N\2 kN (/*> 


d 


dxi 

ja + 1 
2 k 


fix) 


(17.42) 


any k £ Z, a; £ R r , j £ N. Inequality (17.42) is attained by constant functions. 
Corollary 17.19. Same assumptions as in Theorem 17.9, N = 1. Then 


\( r k,jf){x)-f(x)\ < muE 


dm 


dxi 


+ r max coi 


df ja + 1 


<e{i,...,r} \dxi' 2 k 

(17.43) 

any k £ Z, a; £ R r , j £ N. 

Remark 17.20. We mention the generalized multivariate Jackson’s like oper¬ 
ators motivated from classical Approximation Theory, see [67, p. 395], and [72], 


3=1 


We apply 


Ik.qif; x) := - E( -1 ) 3 • £k,j(f;x), for all x £ R r , q £ N. (17.44) 

^ V, 


-E(-d j 


3=1 


= 1 . 
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Applications of the last general operator are (see [67, p. 400] and [72]), 


) J (/;*), 


(17.45) 


(17.46) 


(17.47) 


il,qU\x) ~ (/;*)> 


any x £ ' 


(17.48) 


From [67, p. 396] and [72], we have that 

14, g{f;x) - }{x) I < ^ \( C k,jf)(x) ~ f(x) |. 

Inequality (17.49) is attained when / is a constant. We use also that 


(17.49) 


E! =2-1. 


Applying the last we obtain 

Proposition 17.21. Same assumptions as in Theorem 17.3. Then 


\atfKx)-m\ < (2-D w t ) f(i 


q N a N r N 
N\2 (fc—i)rv 


a:^ Wl ( /a ’2^r)]’ (17 - 50) 


any k £ Z, and any x £ R r . Inequality (17.50) is attained when f is a constant 
function. 
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Proof. We notice that 


(17.49) « /„\ 

\(Ik,qf)(x) ~ /(*)l < — /(®>l 


(17<36) E ( 9 ' 


E 


' p!2 (' c - 1 )p 




)V!2( fc - 1 )- w 8: |a| = N 


max uji ( fa, 


ja 


^ I E 

W ' =1 


E c/ a 

0 l2( k ~l)p 
p= l ' 


S £ ) -M + 


jV! 2 (fc-l)JV a . |a| = N 


max cji ( fa 


= ( 2 " - 1 ) 


E 'l U 

/>!2( fc_1 )P 

P=1 ^ 


E 


a 

ax* 


/(*) + 


N \2(k-1) N d . ]dl = N 


max uji ( fa, 


1 2 fc_1 


Proposition 17.22. Same assumptions as in Theorem 17.5. Then 

N n , 


\{Ik, q f){x) - f(x)\ < (2 q — 1 ) 


E& E 


Lp=l^ U.=> 


d 


N N N 
q a r 

H-- T . , , T ■■ max cui 

N\2 kN S: |a|=JV 


dxi 

(A. 5) 


/(*) 


(17.51) 


an?/ k £ Z, ana! any x G R r . Inequality (17.51) is attained when f is a constant 
function. 

Proof. We observe that 

(17.49) 9 (A 

\{h, q f)(x) - f{x)\ < E (JJ I ( s *..#/)(*)-/(*) I 


(1 < 8) E (J 

i=i J 


£ s 


P \ 2 kp 

P= 1 


p=i r 


E 

i=l 

r 

E 


dxi 


dxi 


fix) 


fix) 


■N N N 
j iy a iy r iy 


N\2 kN S:ja|=Ar 


i t l a 
max wi l fs., -T- 


max oji 


N\2 kN a-. ja| = AT 


(/a 


2 fc 


Qay 

2 k ) 


= ( 2 9 - 1 ) 


2-, p \2k P 
P= 1 


E 


dxi 


fix) 


N N N 

qiv a iM r iv 


max uj\ 


N\2 kN a : |a|=jv 


(f- — 
\ Ja ’ 2 k 


Proposition 17.23. Same assumptions as in Theorem 17.7. Then 


\(Ik, q f)(x) ~ f(x)\ < (2 q - 1 ) 


E 


E 


, (qa + l) N r N 

+ N\2 kN < /a ’ 


{qa + iy 

' p\2 k P , . 

i F \ \»=i 

qa + 1 


9 


dxi 


fix) 


2 k 


(17.52) 
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any k £ Z, and any x £ R r . Inequality (17.52) is attained by constant functions. 
Proof. We see that 


I (Jk, q f){p) - /Or)| 


(17.49) 

< 


E 


3= 1 



\(L kJ f)(x) - f(x )| 


(17.40) 

< 



(.ja + 1 ) P ((y' 9 ) 

p\2 k P dxi ) 



(ja + l) w r w 
N\2 kN 


max u)i I fa. 
a: (a| =N 


ja + 1 \ 
2 k ) 



(qa + l) p 

p\2 k e 





(qa + l) N r N 
N\2 kN 


max u i 
a: |a|=JV 



qa + 1\ 
2 k ) 


— (2 q — 1 ) 


y~^ (ga + l) p // 

p=i p !2 ' tp Vvii 




(ga + l) w r w 
N\2 kN 


max coi 
a: |a| = JV 



qa + 1\ 
2 * ) 


Proposition 17.24. Same assumptions as in Theorem 17.9. Then 




E 


{qa + 1 ) f 


E 


, (go + i)^ 
+ N\2 kN 


p! 2 fc p , , 

=1 H \M= 1 

qa + 1 




/(*) 




(17.53) 


any k £ Z, i£l r . Inequality (17.53) is attained by constant functions. 

Proof. Similar to Proposition 17.23, by the use of Proposition 17.18. ■ 

Inequalities (17.50)-(17.53) improve greatly in the case of TV = 1. We use that 


E 

3 = 1 


q] j = q 2 9 " 1 . 


We present 

Proposition 17.25. Same assumptions as in Theorem 17.3, N = 1. Then 


\(l£ q f)(x) - f(x)\ < ^ 


any k £ Z, x £ R r , q £ N. 
Proof. We have again 




+ r max lo\ 


df qa \ 
dxi ’ 2 fe_1 ) 


(17.54) 
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(17.49) ® f Q \ 

I {Ik,qf) | < \^jj\( A k,jf)(x)- f(x)\ 




ja JYv 

5/(5) 


dxi 


+ r max ui 


df ja 


*(g(^ 

q2 q ~ 1 a 
~ 2 fe -! 


ja 


2k- 


h E 


5/(5) 


dxi 


+ r max u>i 


i€{w> 1 \dxi ’ 2 k ~ 1 
df qa 


€{1 \dXi' 2 k_1 


2 fc_1 


E 


dm 


dxi 


+ r max u> i 


df qa 


E 


dm 


dxi 


+ r max wi , . , . 

»e{i,...,r} \dxi 2 k ~ 1 


ie{i,...,r} \dxi’2 k ~ 1 

df qa 


Proposition 17.26. Same assumptions as in Theorem 17.5, N = 1. Then 

I dm 


I (4V)(*)-/(*)I <^Stt 

an?/ k € Z, a; G l r , q € N. 
Proof. We observe again 


E 


dxi 


. df qa 
+ r max u> i -—, —r 
*e{i....,r} \dxi 2 k 


(17.55) 


I (Ik,qf){x) - f(x) I ( - ' E ^ \( B k.if)(*) - /(*) I 


"”5(;)[5((s 

'"'site 

dm 


dm 


-{W’ 

q2 q ~ 1 a 
~ 2 k 


dxi 


dm 


dxi 


, df qa 
+ r max wi —, -r 
ie{i,...,r} \dxi 2 k 

, df qa 
+ r max u)i ——. — 
* 6{1 . r} \dxi’ 2 k 


E 


dxi 


, df qa 
+ r max wi -—, -r 
*6{l,...,r} V dXi 2 k 


Proposition 17.27. Same assumptions as in Theorem 17.7, N = 1. Then 

I dm 


Ki&m-m i < (ag2 ' 2 1 2 ' 1} 


E 


+ r max u> i , _ 

ie{i,...,r} \ cte 


i=l 

df qa + 1 


dxi 


2 k 


(17.56) 
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any k € Z, x € l r , q € N. 
Proof. We notice again 


(17.49) 9 /<A 

I( 7 fc,„/)(*)- /(*)l < ( 9 ) -/(®)l 

j=l 


(1 < 11 E (I) 


(ja + 1) 
2 k 


E 


9f(x) 


dxi 


+ r max cji 


7 9/ 

qa + 1\ 


V dxi' 

2 k ) 

/J 


{( E |^ f |)+™ ie{1 . r}Wl (|^,^)} 

{(SJ^I) +rmaxie<i . 


E 

j=i 


i + 


EC 


2 fc 


[aq r 2 9-1 + 2 q - 1], 


Proposition 17.28. Same assumptions as in Theorem 17.9, N = 1. Then 


I (Ik, g f){x) - /(*)| 


< 


(aq2 q ~ 1 + 2 q - 1) 
2 * 


E 


dm 


+ r max u> i 


i=l 

df qa + 1 
ctei ’ 


dxi 


any k £ Z, x G R r , q G N. 

Proof. Similar to Proposition 17.27, with the use of (17.43). 


(17.57) 
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18 

Approximation by a Nonlinear 
Cardaliaguet-Euvrard Neural Network 
Operator of Max-Product Kind 


The aim of this chapter is that by using the so-called max-product method, to 
associate to Cardaliaguet-Euvrard linear operator, a nonlinear neural network 
operator, for which a Jackson-type approximation order is obtained. In some 
classes of functions, the order of approximation is essentially better than the 
order of approximation of the corresponding linear operator. This chapter relies 
on [65]. 


18.1 Introduction 

Based on the Open Problem 5.5.4, pp. 324-326 in Gal [167], we have intro¬ 
duced and studied the so-called max-product operators attached to the Bernstein 
polynomials and to other linear Bernstein-type operators, like those of Favard- 
Szasz-Mirakjan operators (truncated and nontruncated case), Baskakov opera¬ 
tors (truncated and nontruncated case), Meyer-Konig and Zeller operators and 
Bleimann-Butzer-Hahn operators. 

This idea applied, for example, to the linear Bernstein operators B n (f)(x) = 
X!=o Pn,k{ x )f(k/n), where p n ,k{x ) = (£)x fc (l - x ) n ~ k , works as follows. 
Writing in the equivalent form B n (f)(x) = ^ k y°n n ’ k J x ^^ n ' > and then 
replacing the sum operator E by the maximum operator \/, one obtains the 
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nonlinear Bernstein operator of max-product kind 


b! m) (/)(*) = 


n 

V Pn,k( X )f {£) 

C = () _ 

n ’ 

V Pn,k( x ) 
k =0 


where the notation V*L 0 Pn,k{x) means maa;{p ni fc(a;); k £ {0, and simi¬ 

larly for the numerator. 

For this max-product operator nice approximation and shape preserving prop¬ 
erties can be found in e.g. Bede, Coroianu & Gal [108]. 

For example, it is proved that for some classes of functions (like those of con¬ 
cave functions), the order of approximation given by the max-product Bernstein 
operators, are essentially better than the approximation order of their linear 
counterparts. 

The aim of this chapter is to use the same idea to the neural network oper¬ 
ators of Cardaliaguet-Euvrard-type introduced and studied in e.g. Cardaliaguet 
& Euvrard [128], Anastassiou [18], [19], [22], Zhang, Cao, & Xu [288] (see also 
the references cited there). We will obtain that in the class of Lipschitz functions 
with positive values, the new obtained nonlinear neural network operator has 
essentially better approximation property than its linear counterpart. 

Thus, by following Cardaliaguet & Euvrard [128], for b : R —> R+ a centered 
bell-shaped function (that is, nondecreasing on (—oo, 0], nonincreasing on [0, +oo) 
), with compact support [— T,T ], T > 0 (that is b(x) > 0 for all x £ (—T,T)) 
and therefore such that I = J^ T b(x)dx > 0, the Cardaliaguet-Euvrard neural 
network is defined by 


Cn,M)(x) 


y- f(k/n) 

k=—n 2 




where 0<a<l,n£N and / : R —> R is continuous and bounded or uniformly 
continuous on R 

Denoting by CB{ R) the space of all real-valued continuous and bounded func¬ 
tions on R and C-B+(R) = {/ : R —> [0, oo); / £ CB(R)}, applying the max- 
product method as in the above case of Bernstein polynomials, the corresponding 
max-product Cardaliaguet-Euvrard network operator will be formally given by 

V 6 [n 1 -* (*-£)]/(£) 

= H-^- 2 - ,x£ R ,f£ CB+( R). 

V b[n'-°(x-$)] 

k= — n 2 
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Remark 18.1. For any x £ R, denoting Jr,n(x) = {fc £ Z; — n 2 < k < 
n 2 ,n 1 ~ a (x — k/n ) £ (— T, T)}, then we can write as a well defined operator 

v 6 [n 1 -" (*-£)]/(£) 

Cd?d(f)( x ) = 6 T '" ( ] ---—- ,x £ R,n > max{T + \x\ ,T _1/ “}, 

V b[ni-<*(x-$)] 

k£JT,n( x ) 

(18.1) 

where Jt, n(x) ^ 0, for all a; £ R and n > max-fT + \x\, T 1 ^“}. Indeed, we have 


V * 

k(£JT, n ( x ) 



a 



> 0, for all x £ R and n > max{T + \x\,T 1 ^“}, 


because by e.g. Anastassiou [18], relationships (2)-(4), pp. 238-239, if n > T+ |x 
then —n 2 < nx — Tn a < nx + Tn a < n 2 , while n 1_ “|a: — fc/n| < T is equivalent 
to nx — Tn a < k < nx + Tn a . This implies that if ( nx + Tn a ) — (nx — Tn a ) = 
2 Tn a > 2 and n > T + \x\, then Jr,n(x) 7 ^ 0, which proves our assertion. 

The plan of this chapter goes as follows: in Section 18.2 we present some 
auxiliary results, in Section 18.3 we obtain the main approximation result, while 
in Section 18.4 we compare the approximation result in Section 18.3 with that 
for the corresponding linear neural Cardaliaguet-Euvrard network operator. 


18.2 Auxiliary Results 

Remark 18.2. From the consideration in the last Remark of Section 18.1, it is 
clear that (f)(x) is a well-defined function for all x £ R and n > max{T + 
|a:| ,T _1 /“} and it is continuous on R if b is continuous on R. 

In addition, C^fd(eo)(x) = 1, where eo(*) = 1, for all x £ R and n > max{T + 

W,T“ 1/Q }- 

In what follows we will see that for / £ Ci3+(R), the C^c) operator fulfils 
similar properties with those of the B^\f) operator in Bede & Gal [110]. 

Lemma 18.3. Letb(x) be a centered bell-shaped function, continuous and with 
compact support [— T,T], T > 0, 0<a<l and C^fd be defined as in Section 
18.1. 

(i) V I f(x)\ < c for all x £ R then [C^d(f)(x)\ < c, for all x £ R and 
n > {T + |*|,T _1,/ “} and C^dd (/)(*) is continuous at any point x £ R, for all 
n > max{T + |*|, 
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(ii) If f,g £ CB + (R) satisfy f(x) < g(x) for all x £ R, then C^fd(f)(x) < 
Cldfd (g)(x) for all x € R and n > max{T + |a:|,T _1 /“} ; 

(in) cL M d (/ + g)(x) < C ( n M d(f)(x) + C { n M d(g)(x) for all f,g£ CB+( R), i£l 
and n > max{T + |a:|,T _1 /“} ; 

(iv) For all f,g £ CB+(R), i£l and n > max{T + \x\we have 

I (f)(x) - Ci M a \g)(x)\ < ci M a \\f - sIX*); 

(v) Cdfd is positive homogenous, that is Cdfd(Xf)(x) = XC^fd (/)(*) for all 
X > 0, x £ R, n > max{T + |a;|,T _1 / Q } and f £ C13+(R). 

Proof, (i) Immediate by the formula of definition for Cdfd in (18.1). 

(ii) Let f,g£ Ci3+(R) be with f < g and fix x £ R, n > max{T + \x\ , 

Since Jr,n(x) is independent of / and g, by (18.1) we immediately get the con¬ 
clusion. 

(iii) By (18.1) and by the sublinearity of \J , it is immediate. 

(iv) Let f,g £ CB+( R). We have f = f- g + g< \f - g\ + g, which by 
(i) - (iii) successively implies (/)(*) < Cd?d(\f - g\)(x) + C^d(g)(x), 
that is Ci M d(f)(x) — Cddd(g)(x) < Cddd(\f — g\)(x), for all * G R and n > 
max{T + \x\,T~ 1/a }. 

Writing now g = g — / + /< \f — g\ + f and applying the above reasonings, 
it follows Cdfd(g)(x) — C ( n M d(f)(x) < Ci M d(\f — <?|)(:r), which combined with 
the above inequality gives \d M d(f)(x) - C^fd(g)(x)\ < Ci M d(\f - g\)(x), for all 
i£R and n > max{T + |a:|,T _1 ^“}. 

(v) By (18.1) it is immediate. ■ 

Remark 18.4. By (18.1) it is easy to see that instead of (ii), C^d satisfies 

the stronger condition 

C n , a (f V g)(x) = C n , a (f)(x) V Cn, a (g)(x), 

for all f,g £ CB+(R),x £ R, n > max{T + |a:|,T _1 ^“}. 

Corollary 18.5. For all f £ CB+ (R), 0 < a < 1, b(x) as in the statement of 
Lemma 18.3, ieR and n > max{T + \x\ ,T -1/, “}, we have 

\f(x)-Cd?d(f)(x)\< ^C ( n M d($ x )(x) + 1 wi (/;*)., 

where 5 > 0, $ x (u) = \x — u\ for all x,u £ R, and <vi(f;5)m = max{|/(a;) — 
f(y)\',x,y £ R, \x - y\ < <5}. 

Proof. Indeed, denoting eo(a:) = 1, from the identity valid for all ifR and 
n > max{T + \x\ 

Cd M d(f)(x) - f(x) = [Cd M d(f)(x) - f(x) ■ Cd M d(e 0 )(x)} + f(x)[Cd M d(e 0 )(x) - 1], 
by Lemma 18.3 it easily follows 

1 /0*0 - Cd M d(f)(x )| < 
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|C$?(/(*))(*) - c ddd{f(u))(x)\ + \f(x)\ ■ | Ci% ) (e 0 )(x) - 1| < 
Ci M J(\f(u) - /(*)|)(*) + \f(x)\ ■ | C^{e 0 )(x) - 1|. 

Now, since for all ti,i6lwe have 


!/(«) - f(x )| < oji (/; |m 


*|)r < 



*| + 1 


wi(/;5 )r, 


replacing above and taking into account that Cdfd (e o) = 1, we immediately 
obtain the estimate in the statement. ■ 

Remark 18.6. Therefore, to get an approximation property for Ci/dd > it is 
enough to obtain a good estimate for 


E n ^ a ( X ) 


= cdfd ($*)(*) = 


V 


k£JT,n( x ) 


(*-!)] 


V 


fcG Jt n( x ) 


b n 1 


(*-*)] 


for all i£l and n > max{T + | x\,T 1 ^“}. 


18.3 Approximation Results 


In this section we obtain an approximation result for the operator Cdfd (/)• For 
this purpose, first of all we need to calculate the denominators of Cdfd (/)(*) and 
of E nta (x), that is we will exactly calculate the expression 


V * 

k(=.JT,n( x ) 



a 





In this sense, we present the following. 

Lemma 18.7. Letb(x) be a centered bell-shaped function, continuous and with 
compact support [—T,T], T > 0 and 0 < a < 1. 

Then for any j £ Z with —n 2 < j < n 2 , all x € [j/n, ( j + l)/n] and n > 
max{T + |*|, we have 


n 


2 


V * 



ot 



max 


1 —a 


n 




> 0. 


Proof. Let j £ Z with —n 2 < j < n 2 , * £ [j/n, (j + 1 )/n\ and n > max{T + 
|*|,T -1 / Q }. We can write 


n 


2 


V * 



a. 
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max 


V 


k= — n 2 


b 



, V * 

k=j+l 



We observe that for k £ {— n 2 , we have n 1 “(x — k/n) > n 1 OI (x—j/n) > 0 

and since b is nonincreasing on [ 0 , +oo), it easily follows that 


V * 


k= — n 2 



Similarly, observing that for fc £ {j + 1,..., n 2 } we have n 1 a (x—k/n) < n 1 “(x — 
(j + l)/ n ) — 0 , since b(x) is nondecreasing on (—oo, 0 ], it easily follows that 


n 2 

V * 

k=j +1 



= b 



It remains to prove that for x £ \j/n, (j + 1 )/n] and n > max{T + \x\ ,T -1// “} 
we have j,j + 1 £ Jt,u(x). Indeed, since x £ [j/n, ( j + 1 )/n] is equivalent to 
j < nx < j + 1, we evidently get j < nx + Tn a < n 2 , for all n > T + \x\ and 
j + 1 < nx + 1 < nx + Tn“ < n 2 , for all n > max{T + \x\ , T _1// “}. Also, because 
—n 2 < nx — Tn a < j + 1 — Tn a < j < j + 1, for all n > max{T + |a:|,T _1 ^“}, 
we get that j,j + 1 £ Jr,n(x) for all n > max{T + |o;|,T _1 ^“}, which proves the 
lemma. ■ 

Remark 18.8. The formula in the statement of Lemma 18.7 is valid for all 
x £ [— n, +n] only. Indeed, since in Lemma 18.7 we suppose that n > \x\ + T, it 
follows that we cannot have the complementary possibilities for x, x £ (n, +oo) 
or x £ (—oo,—n), because in both cases this would imply the contradiction 
\x\ > n > |*| + T. 

Theorem 18.9. Let b(x) be a centered bell-shaped function, continuous and 
with compact support [—T,T], T > 0 and 0 < a < 1. In addition, suppose that 
the following requirements are fulfilled: 

(i) There exist 0 < mi < Mi < oo such that mi(T — x) < b(x) < 
Mi(T — x) for all x £ [0, T\; 

(ii) There exist 0 < m 2 < M 2 < 00 such that m 2 {x + T) < b(x) < 
M 2 (x + T) for all x £ [— T, 0]. 

Then for all f £ CB+(R), x £ R and for all n £ N satisfying n > max{T + 
|*|, (2/T) 1 ^“}, we have the estimate 


where 


\f(x) ~ Ci M a \f){x)\ < cwi (/;n“ %, 


c = 2 


^max 


TM 2 TMi 1 . 

2 m 2 ’ 2 mi J 
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Proof. Let x £ R and let j £ Z with — n 2 < j < n 2 — 1 such that x € 
[j/n, (j + l)/n]. Also, let k x £ Jr,n(x) be such that 


V * 

k(=.JT,n ( x ) 



a 



fc, r 

1 —CK . 

7 Ml 


kx 

X -= 0 

n 1 



x - 

71 


v MJ 


n 


It follows that 


E n ,a. (%) 


Vfc 6 J T .»(«) 6 [ nl_ ° (*“»)] ' 


Taking into account Lemma 18.7 we immediately obtain 


E n , a (x) = min 


b 


[n 1 - (s-fr)]|s-fr| b[n'~« (s-fr)]Js-*f| 

b [n 1 -" {x - i)] ’ 6 [n!-“ (a: - i±i)] 


for all ?i > max{T + \x\,T~ 1 ^ a }. 

In order to prove the estimate in the theorem we distinguish the following two 
cases: 1) k x > j and 2) k x < j. 

Case 1) Taking into account condition (ii), since k x £ Jt, n(x) and j + 1 £ 
Jt,u(x), by x — k x /n < 0 and x — (j + 1 )/n < 0, we immediately get 


F ^ l<Ml [r + n 1 - (x-^)](^-x) 

b [ni-“ (s - i±l)] - m 2 ' T + ni-«(x-i±i) 

^A /2 [T + n 1 -"^-^)]^-^ 

— m 2 T + n 1 ~ a (^i) 

_ M 2 n^T + n 1 "" (x- - a:) 


m 2 


Tn a - 1 


Since [T+n 1 -* (x - )](**-*) = - n'~ a (%■ - x 

it easily follows that 


T \ 2 , T 2 < T 2 
2n 1 ~ a J 4n 1 ~ a — 4n 1 ~ a 


M 2 T 2 n 2a - X M 2 T 2 n a 

n ' a ' ~ 4 m 2 Tn a — 1 4m 2 Tn a — 1 

Supposing, in addition, that n > (2/T) 1 ^“ (where clearly (2/T) 1 ^™ > T _1 ^“), it 
follows that 

n“ 1 / 1/T \ 1 / 1/T \ 2 

Tn a ~l~T\ + n a -l/TJ~T\ + 2/T- 1/T/ T’ 

which implies 

771 t__\ ^ TM 2 __ a -l 

En,ct\X) T _ • U , 
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for all n > max{T + \x\ , (2/T) 1 ^“}. 

Case 2) Taking into account condition (i), since k x £ Jr,n(x) and j £ Jr,n(x), 
by x — k x /n > 0 and x — j/n > 0, we immediately get 


b [ ra i~° [ x - %l)] ( X -h*.) ^ Ml [T - n 1 - (x - fr)](s - fr) 



b [n 1-a ( x — £)] mi 

T - n 1 — (x - i) 

Mi 

[T-n 1 - (x-^ix-^) 


mi 

T~n ^“(i) 


Mi 

n^T-n 1 - (*-**)](*-*f) 


mi 

Tn a - 1 



Since [T-n 1 — (x - ^)](x -= -n 1 ' 0 (a; - ^ 
reasoning exactly as in the Case 1), we obtain 


T \ 2 , T 2 < T 2 
2n 1 ~ a J 47i 1_a — 4n 1 —a ‘ 


Rn,a(x) *£ 


TMi 

2 toi 


for all n > max{T + |a;|, (2/T) 1 ^}. 

Now, applying Corollary 18.5 for 5 = max{-^ • n 1_ “, • n 1_ “} and from 

the property wi (/, A5 )r < (A + l)cni(/, <5 )r, we obtain the desired conclusion. ■ 
Corollary 18.10. Let b(x) be a centered bell-shaped function, continuous and 
with compact support [— T, T], T > 0 and 0 < a < 1. If 0 < lim < oo 

and 0 < lim < oo then for all f £ CB+(R), x £ R and for all all n £ N 

satisfying n > max{T +\x \, (2/T) 1 ^™} there exists c £ R+ independent of n and 
f such that 

I f{x) - ci M a \f){x)\ < cun (/; n a_1 ) K . 

Proof. Let us consider the function g : [0, T] —► R, g(x) = if a: £ [0, T) 
and g(T) = lim |r^-. From our assumptions we get that g is continuous and 

strictly positive. By the Weierstrass’ theorem it follows that g attains its minimum 
and maximum. Hence there exist 0 < mi < M\ < oo such that mi < g(x) < Mi 
for all x £ [0, T], It follows that mi(T — x) < b(x) < M\(T — x) for all x £ [0, T). 
Since b(T) = Owe easily get that mi(T—x) < b(x) < Mi(T—x) for all x £ [0,T]. 

Now, let us consider the function h : [— T, 0], h(x) = |rrj: if x £ (— T, 0] and 
h(—T ) = lim Iqr- Again, it is easy to prove that there exist 0 < m 2 < M 2 < 00 

x\,—T ' x 

such that m 2 (a; + T) < b(x) < M 2 (x + T ) for all x £ [— T, 0]. 

From the above considerations, applying Theorem 18.9 we easily obtain the 
desired conclusion. ■ 

In what follows, we will give some examples of bell-shaped functions for which 
we can apply Theorem 18.9. 
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Example 18.11. Let us consider b : R —> [0, oo), b(x) = 1 + x if x £ [—1,0], 
b(x ) = 1 — x if x £ [0,1], b(x) = 0 elsewhere. Using the same notations as in 
Theorem 18.9 we have T = 1 and mi = Mi = m 2 = M 2 = 1. By Theorem 
18.9, it follows that for all / £ CB+(R), x £ R and for all n £ N satisfying 
n > max{T + |a:| , (2/T) 1 ^}, we have the estimate 

I/O) ~Ci M J (f)(x )| < 3ui (/;n“ _1 ) R . 

Example 18.12. Let us consider b : R —> [0, 00 ), b(x) = 1 — x 2 if x £ [—1, 1], 
b{x) = 0 elsewhere. We have T = 1, mi = m 2 = 1, Mi = M 2 = 2. By Theorem 
18.9, it follows that for all / £ CB+(R), x £ R and for all n £ N satisfying 
n > max{T + |a:| , (2/T) 1 ^}, we have the estimate 

I/O) < 4u>i (/;n“ _1 ) R . 

Example 18.13. Let us consider b : R —> [0, 00 ), b(x) = cos a: if a; £ [—7r/2, 7 t/2] , 
b(x) = 0 elsewhere. Since for t £ [0, ar/2] we have 2t/7r < sint < t it follows that 
(2/7r)0/2 — x) < sin(7r/2 — x) = cos a: < ir/2 — x for all x £ [0, 7t/ 2] and 
(2/7r)0/2 + x) < sin(7i/2 + a:) = cos x < tt/ 2 + x for all x £ [—7t/ 2, 0]. From the 
above inequalities it follows that T = n/2, mi = m 2 = 2/7r and Mi = M 2 = 1. 
Applying Theorem 18.9, we obtain 

I/O) -Ci M a ] (/)0)I < 7wi (/;n“ _1 ) R . 

Remark 18.14. In what follows we will prove that in general, if the bell¬ 
shaped function b satisfies the hypothesis of Theorem 18.9, then the order of 
approximation of the expression E„, a (x) in Theorem 18.9. cannot be improved. 
Firstly, let us notice that from the conclusion of Theorem 18.9 it suffices to prove 
that we cannot improve the order of approximation of the expression E n , a {x) for 
the case when b(x) = T + x if x £ [— T, 0], b(x) = T — x if x £ [0, T], b(x) = 0 
elsewhere. Without any loss of generality we may assume that T = 1. For n £ N, 
n > {2/T) 1 ^ ot , take x„ = 1/2 n. It is easy to check that for all n > 2, we have 
n > max{T + |a:„| , (2/T) 1 ^“}. Since x n £ (0, l/n),by Lemma 18.7, it follows 

fc=n 2 

that V b [n 1- “ (x n — £)] = max { b(n 1 ~ a x n ), b [n 1- “ (x n — ^)] } . Through 

k= — n 2 

simple calculus we get 



This, immediately implies 
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From the above equality it follows that for all k € Z, — n 2 < k < n 2 , we have 

(*«-£)]l*«-£l 


En,ot{Xn) A 


(2n“ - l)/2n“ 


(18.2) 


Let us take k n = [ 5n 6 +3 ] — 1. It is easy to check that —n 2 < k„ < n 2 . Also, for 
n sufficiently large we have x„ < k n /n. Then, 


k n 


n x„ — 


1 kr 


= [1 + n = ^ I-"-- 


= —n 


l- a f2k n ~ 1 1 


k n 1 


1 


2n 2n 1_ “ / dn 1-0 


1 


\ 2n 2n 1_ 


4 n i-o 


Since 

2fcn — 1 1 


2 n 2n 1 ~ a 

2 ([5n^+3] _ l) _ 1 x 2 ( 


2n 


2n 1- ° 


Sn^+3 _ 2 ) — 1 


1 


2 n 


2n 1_ “ 3n x -“ n’ 


it follows that for n > 6^“ we have —I — l_ a > 0. Therefore, for n > 


we have 


i- a f2k n -l 1 


V 2n 2n 1_c 


4n 1_cl 


- 1-1 


> —n 


' 2 ([5nl+3]-l) 

2 n 

2- bhT+ 3 _ x x 


2n 1_ ° 

2 


+ 


4 n i-o 


5 a —1 

n 


2n 2 n 1_a y 4n 1-a 36 

Taking into account relation (18.2) and the above inequality, we get 


E n ,(x(Xri) ^ 


ft [n 1 - (x„ - ^)] |x„ - -n 1 - (3^1 - ^) 2 + ^ 


(2n“ - l)/2n Q 


(2n“ - l)/2n a 


4 • «“ _1 

36 _ 


5n Q 


(2n“-l)/2n“ 18(2n“ - 1) 

Since lim 18 ( 2 ra n -i) = jgi it follows that for n sufficiently large we get 

E n , a (x„) >\-n a ~\ 

o 


which implies the desired conclusion. 
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18.4 Conclusion 

The linear Cardaliaguet-Euvrard operators C n , a (f){x) were introduced in Carda- 
liaguet & Euvrard [128], were it is proved the convergence on compacta to the 
approximated function. The results were of qualitative type. The first quantitative 
type estimates in the approximation by C n , a {f){x) was obtained in Anastassiou 
[18], [19], [22] and then improved in Zhang, Cao, & Xu [288], where at the page 
1164 the following type of quantitative estimate is obtained : 

\Cn,a(f)(x) - f{x)\ < ^--t-CWi (/;n“ _1 ) R , 

for all n > max{T + |a:|,T , ~ 1 /“}, where Ci, C 2 > 0 are constants independent on 
n but depending on b and /. 

If we suppose now that / is a Lipschitz function on R, that is there exists 
L > 0 such that \f(x) — f(y)\ < L\x — y\, for all x,y £ R, from the above estimate 
we get the following order of approximation by the linear Cardaliaguet-Euvrard 
operator : 

\C n , «(/)(*) - f(x)\ = O +0 , for all n > max{T + |a;|,T- 1 ' a }. 

On the other hand, for / £ CB+(R) a Lipschitz function, in the case of max- 
product Cardaliaguet-Euvrard operator, by Theorem 18.9 we get the order of 
approximation 

|Cnt?(/)0 - /(*)I = O , for all n > max{T + |x|, (2 /T) 1/a }. 

It is clear that for \ < a < 1, we get the same order of approximation O ( n i- a ) 
for both operators C n ,a(f){x ) and (/)(*), while for 0 < a < the approx¬ 
imation order obtained by the max-product operator (/)(*) is essentially 
better than that obtained by the linear operator Cn, a (f)(x). 

This shows the advantage we can have by using the max-product Cardaliaguet- 
Euvrard operator. 


J^iLfLCL P/tyliel 



19 

A Generalized Shisha - Mond Type 
Inequality 


We present here a generalized Shisha-Mond type inequality which implies a gen¬ 
eralized Korovkin theorem. These are regarding the convergence with rates of a 
sequence of positive linear operators to the unit. This chapter is based on [39]. 


19.1 Results 

We give the following definition 

Definition 19.1. Let Q be a connected compact Hausdorff space and C(Q,R) 
the collection of all continuous / : Q —> R. Let g £ C(Q,R) be fixed and define 
the g-pseudomodulus of continuity of f £ C^Q.R) as 

w g {f, h ) := sup{|/(a:) - f(y)\ : \g{x) - g(y)\ < h}, (19.1) 


here h > 0. 

Thus w g (g, h) < h. The quantity w g (f, h ) enjoys most of the basic properties 
of the usual modulus of continuity uii (/, h ) (positively homogeneous as a function 
of /, non-decreasing nonnegative and subadditive in h). However, w g (f,-) is an 
upper-semicontinuous function and in general not a continuous one. 

Example 19.2. Let 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 273 |274~| 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 






274 19. A Generalized Shisha - Mond Type Inequality 


and f(x) = x then 


( 0, 0 < x < 1; 
g(x) = < x — 1, 1 < x < 2; 
[ 1, 2 < x < 3 


(19.2) 


Wg(f, h) 


1 + h, 0 < h < 1; 
3, h > 1. 


(19.3) 


Obviously, w g (/, •) is discontinuous. 

Consider a sequence of positive linear operators L n : C(Q, R) —> C(Q, R), such 
that the sequence of functions {L n (l)} n6 N is uniformly bounded. In particular, 
I/I < 9 implies |L n (/)| < L n (g). The following result is a useful generalization, 
similar proof, of a result due to Shisha and Mond (1968), [264], who took Q = 
[a, 6] C R and g(x) = x. 

We have 


Theorem 19.3. It holds 

II Ln(f) - /II < ll/ll ||h„(l) - 111 + W 9 (f,Pn)( 1 + ||L„(1)||), 

where 

Pn :=(\\L n ((g-g(y)) 2 )(y)\\) 1/2 . 


(19.4) 


Here || • || stands for the supremum norm. If L n ( 1) = 1, then (19.f) simplifies 
to 

\\L n (f)~ f\\<2w g (f, P n). (19.5) 

As an application one has the following theorem,similar to the well-known 
theorem due to Korovkin (1953), see [213], however it is more general. 

Corollary 19.4. Let Q = [a,b] C R and let {L n : C([a,b]) —> C([a, 6])} n gN be 
a sequence of positive linear operators. Suppose that g £ C([o, 6]) is 1-1 function 
and further that L„( 1) 1, L n (g) —> g , and L n (g 2 ) —> g 2 . Then L n (f) —> f, for 

all f £ C([a, 6]), u here stands for uniform convergence. 

Proof. Notice that 

P 2 n < \\Ln(g 2 ) - 5 2 H + 2|M| II L n (g) - g\\ + || 5 || 2 ||L„(1) - 1||. (19.6) 

Now apply Theorem 19.3. ■ 
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Quantitative Approximation by 
Bounded Linear Operators 


This is a quantitative study for the rate of pointwise convergence of a sequence 
of bounded linear operators to an arbitrary operator in a very general setting 
involving the modulus of continuity. This is accomplished via the Riesz represen¬ 
tation theorem and the weak convergence of the corresponding signed measures 
to zero, studied quantitatively in various important cases. This chapter relies on 

[25]. 


20.1 Introduction 

This chapter has been greatly motivated by the following result, see [189] and 
[199], that solves a problem of P. Levy. 

Theorem 20.1. Let {/x a } be a bounded net (or sequence) of signed Borel 
measures on [0,1]; i.e., there is a number M > 0 such that | f fdfi a \ < M||/||oo 
for / £ C[0, 1]. Define K a {x) = /r a [0, x] for 0 < x < 1. Then the following are 
equivalent: 

i) lim f fd[i a = 0 for each / £ (7[0, 1] (i.e., {/r a } converges weakly to zero). 

ii) lim(J \K a \dx + |A' a (l)|) = 0, 

where A stands for the Lebesgue measure on [0,1]. 
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20.2 Results 


We give the first result: 


Theorem 20.2. Let / € C[— 1,1] and {/x m } mg u be a sequence of nontrivial 
finite Borel signed measures on [—1,1], Put M m := 1,1] and write |/z m | = 

Mm + Mm: where fj Mm are the positive and negative parts, respectively, in the 
Jordan- Hahn decomposition of /x m = M + — M~- Then 


i: 


fd[Xr, 


— 1/(0) I |-Mm | + {1 + \l^m | [ 1 > 1]}^1 


('■/; 




( 20 . 1 ) 


where wi stands for the first modulus of continuity. Moreover, 


0 < 


J \t\d\Hn 


< + 00 . 


If Mm —> 0 and |f|d|/i m | —> 0, as m —> +oo, then {/x m }mgN converges weakly 
to zero. 

Proof. Let / € C[— 1,1]. Then 


J ^ f(t)d,IMn(t) = J ^ 




and 


We see that 


Therefore 


= J f(t)dfJ,m(t)~J 


J f(t)dlMn(t) < j 


< I \f{t)\d\Hm\{t). 
-1 


J" fd^rn = J 1 


fdHm= {f ~ f(0))dHm + f{0)Hm[~l, 1 ] • 


J fdfj-m < J {f - f{0))dfj,„ 


+ 1/(0)| |M„ 


< 


J' \f-m\d\^m\(t) + \fm\Mrr 

(by Corollary 7.1.1, p. 209, [16]) 




r 

pn 

/-i 

hm 


d|Mm|(t) + |/(0)| |M„ 


([■] is the ceiling of the number) 
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<wi (/, hm) ||Mm|[-l, 1] + Y~ J 

(by choosing h m = 


: w 1 


J i \t\d\Hm\) 

f,f \t\d\hm\^j {1 + lMmlI-1, 1]} + l/(0)| \Mm\. 


We have established (20.1). If M m —> 0 and |t|d|/i m | —> 0, as m — * oo, we 
obtain fd[i m —> 0, as m —► oo. ■ 

Theorem 20.3. Let / £ C7 1 [— 1, 1] and let {/x m } m gN be a sequence of non¬ 
trivial Borel signed measures on [—1,1], We suppose that each /r m is bounded, 
and put M m ■= hm[- 1,1]. Define K m (x) := n m [— l,x], — 1 < x < 1, A' m is of 
bounded variation. Then 


i: 


fd^r, 


<|/(l)||M m | + |/'(0)| 


J Km(x)dx 


k: 


7v m (*)|d* J - cui ( / 




7v m (*)| |*|dx I , Vm € N. 


( 20 . 2 ) 


Here cui is the first modulus of continuity. If M m —♦ 0, \K m (x)\dx —> 0, as 
m —► oo, then {/i m }men converges weakly to zero. 

Proof. By integration by parts, 


^ fd[Am = ^ fdK m + /(— 1)/V m (—1) 

Kmdf + f(l)K m (l) - f(—l)K m (—l) + f(-l)K m (-l) 
= - J 1 K m (x)f'(x)dx + f(l)Mm 

J Km(x)(f'(x) - f'(0))dx + /'(0) J Km(x)dx 


/: 


+ /(l)M m . 


Hence 


/: 


fd^n 


<|/(l)||M m | + |/'(0)| 


J K m (x)dx + J \K m (x)\\f'(x)-f'(0)\dx 


<|/(l)||M m | + |/'(0)| 


J K m (x)dx +u)i(f',h m ) ■ J \Km{x)\ 


dx. 
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Here [■] is the ceiling of the number, and the last inequality comes from Corollary 
7.1.1, p. 209, [16]. Because 


<! + -p, 

iLm 


we obtain that 



Clearly A' m ^ 0, by K m {x) ^ 0 and may be zero only at some points. Here we 
choose 


hm — 


j: 


\I<m{x)\ \x\dx. 


It is obvious that h m > 0, and h m is finite by HA'mlloo < oo. Combining these 
together, we have established the validity of (20.2). Under the special assumptions 
M m —> 0 and f* \K m (x)\dx —> 0, as m —> oo, we obtain that f* fdfi m —> 0, as 
m —> oo. ■ 

Finally we have the following theorem which for n = 1 implies Theorem 20.3. 


Theorem 20.4. Let f G C n [— 1, 1], n > 1, and {/i m }meN be a sequence of 
nontrivial Borel signed measures on [—1, 1], Suppose that each /x m is bounded, 
and set M m := /r m [— 1,1], Define K m (x) := n m [— 1,*], — 1 < x < 1. Then 


J 1 fdflm < !/(l)| |M m | + l/( "^ )(0)l J 1 I<m(x)x k dx 


+ 




\Km(x)\ \x\ n dx H-- • LOl 

n\ 




|A' m (a:)| \x\ n dx 


(20.3) 

If Mm —» 0, \K m {x)\dx —> 0 with m —> oo, then {/i m } m6 m converges weakly 

to zero. 

Proof. Let / G C n [— 1,1], n > 1. We have that 


/'(*) = I] 


/ 


(fc+i) 


fc! 


( 0 ) 


f 


(/ (n) co 


f (n) m 


(x-tr ~ 2 

(n — 2)! 


dt, 


for any — 1 < x < 1. We also have again 




K m (x)f'{x)dx + f(l)Mm. 


(20.4) 


(20.5) 
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So combining (20.4) and (20.5), we obtain that 

r 1 n ~ 1 j(fc+l)( o) d 


J ^ fd^ m = -J2 q - A:! (0) / 1 


da: 


■f K m (x) dt ) dx + /(l)M m . 


(x - t) r 


In particular, we observe that 


f (/ (n) w-/ (n) ( 0)) 

Jo 


dt 


< CJl (f (n \hm) 


px 

r i*ii 

B 

1 

— 3 

1 

to 

X, 

Jo 

hm 

] (n - 2)! | 


Here 


i (1*1) := [ 

Jo 


rM 

t 

(|X| -*)"- : 

Jo 

hm 

(n — 2)! 


(n — 2)! 

(*-*r~ 2 

(n — 2)! 

= w l(/ (n) , An)</>n-l(|x|). 

-dt, i£i 


(see (7.1.13) in Remark 7.1.3, p. 210, [16]). Therefore, 

fjdum =l/(l)||M m | + p; l/(fc+ fc 1 | )(0)l K m (x)x k dx 

+cni(/ ( ” ) , /i m ) • J |A' m (x)|<)>„-i(|x|) dx. 

By (7.2.9), p. 217, [16], we find that 


</>n-i(|x|) < 


M T 


(n- 1)! 


1 + 


1*1 

nh m 


i*r 2 , i*r 

(n — 1)! n!/i„ 


x £ 


Hence 


| Am (x) | 0 n—1 (|*|) < |Am(x)| 7^—TTT + i* 1 " 


(n — 1)! 


n\h„ 


Consequently, we obtain 


j: 


i |A m (x)|0n-l(|*|)dx < x j 


j j |A' m (x)| |x| n x dx 


H—tv— [ |A m (x)| |x| n dx 

Ti.llrn J — i 

by picking = J |A m (x)| |x| n dx 


( 20 . 6 ) 





280 20. Quantitative Approximation by Bounded Linear Operators 


= j^Jj K ™w\ x \ n ~ ldx+ h.' 

that is, 

[ \Km(x)\4>n-l(\x\)dx < TT [ \Km(x)\\x\ n '~ 1 dx + — . (20.7) 

J- 1 (n-l)!J_ 1 n\ 

So by combining (20.6) and (20.7), we obtain (20.3). If \K m (x)\dx —> 0, as 

m —> oo, then 


/: 


\K m (x)\ \x\ dx - 
Assuming also M m —> 0, as m 


0, as m —> +oo, 

■ oo we get fdfim 


for any iVeN. 

^ 0 . ■ 


Remark 20.5. Let / £ C[— 1, 1] and assume L m , T are bounded linear opera¬ 
tors from C[— 1,1] into itself such that L m (f ) —> T(f ) uniformly asm-* oo, i.e., 
Km(f) = (L m — T)(f ) —> 0, uniformly, as m —> oo. By the Riesz representation 
theorem, we have that 

(Km(f))(x 0 ) = J f(t)nmx 0 (dt), xo 6 [—1,1], V/ £ C[—1,1], (20.8) 

where /x ma , 0 is a unique finite Baire signed measure, see [257], p. 310, Theorem 8. 
Here ^ m i 0 [-l, 1] =: M mXo £ R. So the pointwise convergence (A' m (/))(*o) —> 0 
as m —> oo is equivalent to the weak convergence of /x ma , 0 to zero. The last implies 
M m x 0 —> 0 as m —> oo. Clearly, Theorems 20.2, 20.3, and 20.4 provide estimates 
and rates of pointwise convergence to zero for the sequence K m ■ Equivalently, this 
chapter presents a quantitative study of the pointwise convergence of operators 
L m to T as m —> +oo. 
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21 

Quantitative Stochastic Korovkin 
Theory 


Here we study very general stochastic positive linear operators induced by gen¬ 
eral positive linear operators that are acting on continuous functions. These are 
acting on the space of real differentiable stochastic processes. Under some very 
mild, general and natural assumptions on the stochastic processes we produce 
related stochastic Shisha-Mond type inequalities of L q -type 1 < q < oo and cor¬ 
responding stochastic Korovkin type theorems. These are regarding the stochastic 
g-mean convergence of a sequence of stochastic positive linear operators to the 
stochastic unit operator for various cases. All convergences are produced with 
rates and are given via the stochastic inequalities involving the stochastic modu¬ 
lus of continuity of the n — th derivative of the engaged stochastic process, n > 0. 
The impressive fact is that the basic real Korovkin test functions assumptions 
are enough for the conclusions of our stochastic Korovkin theory. We give an 
application. This chapter is based on [38]. 


21.1 Introduction 

Motivation for this chapter are [15], [16], [279], [280]. We introduce the stochastic 
positive linear operator M, see (21.1), based on a general positive linear oper¬ 
ator L from C([a,6]) into itself. The operator M is acting on a wide space of 
differentiable real valued stochastic processes X. 

We give the definition of g-mean first modulus of continuity, 1 < q < oo, 
see (21.16), and we prove important properties of it, such as in 
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Proposition 21.9. Here we suppose that (x, u>) is continuous in x £ [a, b], 
uniformly with respect to u £ Q .—the probability space, n > 0. We assume 
also the integrability conditions (21.32) or the one in Assumption 21.23. We 
first give the pointwise stochastic Shisha-Mond type inequalities, see (21.33), 
(21.47), (21.57) and (21.68). Then we derive the corresponding uniform stochastic 
Shisha-Mond type inequalities (21.34), (21.48), (21.58) and (21.69). From these 
we establish the stochastic Korovkin type Theorems 21.20, 21.27, 21.33 and 21.39. 
These are regarding the q-mean convergence of a sequence of stochastic positive 
linear operators {MjvjjveN as in (21.1) to the stochastic unit operator I. 

The impressive fact here is that the basic Korovkin real assumptions are 
enough to enforce our conclusions at the stochastic setting. So our stochastic 
inequalities that involve the q-mean first modulus of continuity of X^ describe 
quantitatively and with rates the above convergence. At the end we give an appli¬ 
cation regarding the stochastic Bernstein operators where we apply the stochastic 
inequality (21.69). 


21.2 Main Results 

Concepts 21.1. Let L be a positive linear operator from C([a, 6]) into itself. Let 
X (t, u>) be a stochastic process from [a, b] x (Q,B, P) into R, where (f 1,13, P) is a 
probability space. Here we suppose that A'(-,w) £ C n ([a, 6]), for each ui £ 12 and 
X (k \t,-) is measurable for all k = 0,1, ..., n, for each t £ [a, b], n > 0. 

Define 

M(X)(t,ui) := L(X(-,w))(t), Vw£ fi, Vte[a,6], (21.1) 

and assume that it is a random variable in to. Clearly M is a positive linear 
operator on stochastic processes. 

We make 

Remark 21.2. By the Riesz representation theorem we have that there exists 
/it unique, completed Borel measure on [a, 6] with 

m t ■■= /tt([a,6]) = > 0, 

such that 

= [ f(x)d^ t (x), 

J[a,b] 

for each t £ [a, b] and all / £ C([o, b]). Consequently we have that 

M(X)(t,ui)= ( X(x,uo)d^,t(x), V(f, ui) £ [a, b] x O, (21-4) 

J[a,b] 

and X as above. 


( 21 . 2 ) 

(21.3) 
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We make 

Remark 21.3. Let n > 1. Using the Taylor formula with t £ [a, 6] fixed momen¬ 
tarily, we have 


X(s,u>) 


n 


X 




+ It ( A ' (n) (*> w ) - - Y(n) (*>“>)) 


(21.5) 


Vs £ [a, 6], 


Therefore we obtain 

M(X)(t,u>)~ X(t,u)L(l)(t) = [ X(s,u)/M(ds) - X(t,u)L(l)(t) 

J[a,b] 

= (2i.6) 

k =i 

+ 1, (/ (A(n)(a; ^ ) - A(n)( ^ } ) (s ( ;! ) i) ! <**) ^w, 

for each t £ [a, 6], 

Furthermore we get 


\M(X)(t,u)-X(t,u)L(l)(t)\ 

< E (2i-7) 

k =1 


+ 


1 

(n- 1)! 



|X^(a;,u3) — X^(t,u;)| |s — x\ n 1 dx 


/rt(ds), 


for each t £ [a, 6]. 

We also make 

Remark 21.4. Here we are working on the remainder of (21.7). Let p,q > 1: 
i + i = 1, i.e. p = We notice by Holder’s inequality that 


J {X^(x,u>) — X (nS> (t,u>)\\s — x\ n x dx 
J‘\X M {x,u)-X ln) (t,u)\ q dx 


( 21 . 8 ) 


1 I r, qn — 1 q— 1 

^ \t — s| « (g — 1) i 

q—1 

(■qn — I)? 


Thus we have 


i; 


\X^(x,u>) — X (n> (t,ui)\ |s — x\ n L dx 


r(n) 


(21.9) 


< 


J S \X (n) {x,u)-X (n) {t,u)\ q dx 


\t-sr~\q-l) 
(qn — l) 9-1 


<3-1 
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Applying again Holder’s inequality we derive 


T := 


where 


< 


( n ~ !)■ ^ 


\X (n \x,uo)-X w (t,uj 


(«)/ 


x |s — x\ n 1 dx\[it{ds) \ P(dui) 


1/9 




(n—1)! \Jn\J[ a} b] 


f \X^(x,u) -X^(t,u)\ 


x Is — ax 


Ht(ds) >P(duj 


1/9 


by (21.9) 

< C 0 ( 


(t,q,n) ( f ( f ( [ \X ( ' n \x,u>) — X^ n \t,u>)\ q dx 

f2 \ J [a,6] \ Jt 


x \t-s\ qn 1 )fj,t{ds) )P(duj) ) =:(*), 


1/9 


( 21 . 10 ) 


co(t,q,n) = 


1 5 


( 21 . 11 ) 


(n — 1)! V qn — 1 
Here ip(x,ui) := \X^ n \x,u) — X^ n \t,u>)\ 9 > 0, is a real valued random variable 


for each x £ [a, b], as well continuous in x, and thus by Proposition 3.3(i), [32], 
it is jointly measurable in (x,u>). And from the proof of Proposition 3.3, [32], the 
integral f" <p(x, u>)dx is a real valued random variable. 

Thus 


X(s,lo) := 


j; 


tp(x,u)dx 


iqn-l 


( 21 . 12 ) 


is a real valued random variable, which is continuous in s £ [a, b], he. it is 
Borel measurable on [a,6]. Again by Proposition 3.3(i), [32], A(s,w) is jointly 
measurable in (s,w). 
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Therefore by applying Tonelli-Fubini’s theorem, see [150], p. 104, we get that 


(*) = c 0 (t,q,n) 


— X (n \t,Lo)\ q dx 



|A' (n) (*,w) 


) l/q 

(21.13) 


= c 0 (t,q,n) 


— X (n \t,u})\ q dx 



|X (n) (*,w) 


P(du}))\t ~ s\ qn 1 nt(ds) 


1/9 


(again by applying Tonelli-Fubini’s theorem) 


= co(t,q,n) 



\X (n) {x,u) 


X in \t,uj)\ q P{duj)^dx j |t - s\ qn 1 ^/x t (ds)^ . (21.14) 


Thus so far we have shown that 

Lemma 21.5. It holds 


T := 


1 


(n- 1)! \J n V7[, 



a, 6] 


i: 


|.Y (n) (x,u>) 


— X^(t,a>)| |s — x\ n L dx 


yt{ds) I P{du> 


1/9 


< co(t,q,n) 



|.Y (n) (x,u>) 


(21.15) 


— X ( ' n \t,Lv)\ q P(duj) S jdx^j\t — s\ qn 1 ^/i t (ds)^ , q > 1, n > 1. 


We give 

Definition 21.6. We define the g-mean first modulus of continuity of X by 


$ 2 i ( X , 5)ls := 


SUPS / |A(x,w) - X{y,u)\ q P{duj) 


1/9 


(21.16) 


x,y£[a, b], \x — y|<<5>, <5 > 0, 1 < q < oo. 
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Definition 21.7. Let 1 < q < oo. Let X(x,lo) be a real stochastic process. We 
call A a cjr-mean uniformly continuous stochastic process (or random function) 
over [a, b ], iff Ve > 0 35 > 0: whenever \x — y\ < 5; x, y £ [a, 6] implies that 


/ \X(x, s) — X(y, s)\ q P(ds) < e. (21.17) 

Jn 

We denote it as A' 6 C^' 9 ([a, b]). 

It holds 

Proposition 21.8. Let X £ C^ q {[a, b]), then fii(A, 5)li < oo, any 5 > 0. 
Proof. Similar to the proof of Proposition 3.1, [32]. ■ 

Also it holds 

Proposition 21.9. Let X{t,oj) be a stochastic process from [a,b] x (fi, B, P) into 
R. The following are true: 

(i) Hi (A', 5)ls is nonnegative and nondecreasing in 5 > 0. 

(ii) lim fir (A, S)ls = Sh{X,0) Lq = 0, iff X £ C^ q ([a,b]). 

610 

(iii) ili(A', 5i + 52 ) 1,9 < fli(A', 5i)z,« + Oi (X, 62 ) ls, 5i,52 > 0. 

(iv) fli (A, nS) ls < nLl\ (A, S)li , 5 > 0, n £ N. 

( v ) 

12 i (A, XS)ls < fA]fli(A, S)li < {\+l)ni(X,S) L «> 

A > 0, 5 > 0, where [•] is the ceiling of the number. 

(vi) iMA + y.5) LQ < Ol (A, 5) LQ + ^1 (Y,S) L«3, S > 0. 

(vii) ili(A', -)li is continuous on R+ for X £ C^ q (\a, b]). 


Proof. Obvious. ■ 

We give 

Remark 21.10. By Proposition 21.9(v) we find 


Lh{X,\x - y\) L s < 


I* - y\ 


Qi(X,5)ls, \/x,y£[a,b], any 


Assumption 21.11. Let n > 0. 

Here we suppose that X^ n \x,u>) is continuous in x £ [a,b], uniformly with 
respect to u> £ fl. I.e. Ve > 0 35 > 0: whenever \x — y\ < 5; x, y £ [a, b], then 

\X^ (x,oj) — X^(y,w)\ < e, Vu j £ Q. 
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We denote this by £ C^([o, &]), the space of continuous in x, uniformly with 
respect to u>, stochastic processes. 

Hence here X^ n \-,u>) £ (7([a,6]), Va; £ and is g-mean uniformly con¬ 
tinuous in t £ [a, b], that is X^ £ C^f 9 ([a, &]), for any 1 < q < oo. 

We make 


Remark 21.12. We continue work on the remainder of (21.7). We observe the 
following (q > 1), 


c 0 (t,q,n)( f ( [ ( [ 

\ J [a,b] V Jt \J Q 


— X ( - n \t,u))\ q P(du>) I dx 


\t - s\ qn 1 ) P-t(ds) 


1/9 


<co(t, q,n) ( [ (( [ Q.I (x^^x — t\Li') dx) \t 

\J[a,b]\\ Jt v ' J 


■ - S \ qn_1 ) bit(ds)\ 1/q 


( 

r( 



Jt V 

h 


(let h > 0) 

(by (21.18)) 

< co(t,q,n) 


x Q q (X (n \ K)l*^ dx ^\t — s| ?n 1 ^/r t (ds) 
< Q 1 (X < - n \h) L 'iCo(t,q,n)(j 


1/9 


,i>] 




\ X ~A 

h 


dx 


\t-s\ qn 1 ^t(ds) 


1/9 


=: (**). 


(21.19) 


Put 


t := 2 1 q co(t,q,n)fh(X (n \ h) L s. 


( 21 . 20 ) 
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Hence we have 


(**) < T 



1 + ~ a ^ ) dx ) ^- s ^ qn 0 


(/ b]((' S_t ' + (^/ Ix-t^dx'j^t-s\ qn ^ /r t (ds)j 1/9 (21.21) 


s ~ t|+ ^^rir) | '- sr " 1 ) ^ 


( 21 . 22 ) 


= t ((L |s ■ trMds) j + (y [oi6] - s|9(n+1Wds) 


< T ml /rl+1 ( / |s — t| 9(n+1 Vi(rfs) 


+ ^^(L |t “ sr(n+1Vt H =:( *** } - 


We set and suppose that 


f 7 ~T~jT / |t-«r (n+1) /it(ds) 

\ W + 1) 7[o,b] 


1/<z(™+1) 


( 9 + 1 ) 


l/«(n+l) 


That is 


h q(n+1} = -4— / |i - s| 9(71+1 Vt(ds) > 0. (21.25) 

W + -LJ W[ a ,6] / 


Therefore 


(***) = T [m\ ,n+1 h qn (q+l) n/n+1 +h qn ] 1/q 

= T h n [m 1 t /n+1 (q + l) n/n+1 + l] 1,q . 


We have shown that 


r - ornsi [LILL |A ' , " >+ “ ) 


— X^ n \t,uj)\\s — x\ n 1 dx\/it(ds) ) P(dco) 


< Th n [m\ ,n+ 1 (q+l) n/n+1 + l] 1,q . 


(21.23) 


L(\t — -| 9(n+1) )(t) ) >0. (21.24) 


(21.26) 


(21.27) 
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We have established 

Lemma 21.13. It holds 


r < [((L(l))(f)) 1/(7l+1) (g + l)" /( " +1) + l ] 1/9 

1 _((l(| . - t |«(" +i >)(f))M. ( 2 ( q - wxvy- 

FTT V 1 n - 1 ) 


(n — l)!(g + 1) s( n +i 


• f2i X 


r(n) 


(g+ 1)^+TJ 


(L(\ ■ -t\ q(n+1) )(t))^m 


(21.28) 


g > 1, n > 1. 

We make 

Remark 21.14. Here we observe that 


\M(X)(t,L0)-X(t,u)\ < \M{X)(t,u) - X(t,u:)L(l)(t)\ 

+ |X(t,w)||L(l)(t)-l|. (21.29) 

Combining (21.29) with (21.7) we have 


\M(X)(t,u>) — X(t,ui)\ 

< \L(l){t) - 1| + Y, |A ' (fc) fc ( ^ }| |L((. - t) fc )(t)| 


+ 

Vi G [a, b]. 
We need 


1 


(n- 1)! 


-([ f 


k=1 
r (n) , 


(21.30) 


\X (rl> (x,uo) — X (n) (t,u>)| |s — x\ n L dx\fi t (ds) I , 


Definition 21.15. Denote by 


(EX)(t):= [ X(t, u>)P(du>), Vi G [a, ft], (21.31) 

in 

the expectation operator. 

We make 

Assumption 21.16. We suppose that 

(£|X (fc) | ,3 )(t) < oo, Vi G [a, b] (21.32) 

and for all k = 0,1,.. ., n; n > 0. 

Based on all the above it holds 
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Theorem 21.17. Suppose Concepts 21.1, 1 < q < oo, Assumptions 21.11 and 
21.16, n > 1. Then 


(E(\M(X) - X\ q )(t)) 1/q 

k= 1 

+ ( 2(g-l)L(l)(t) \ 1 ~"_ I 

V qn — 1 / (n — l)!(g + 1) <l(ra+1) 

• [(L(l)(t)) 1/( " +1) (g + l) n/(n+1) + 1 ] 1/q • (L(| ■ -t| 

■ ft I (n) ,- 1 t (L(| • -t|« (K+1) )(t))^FT7 

V (g+l)^+T 


— |Z((--t) fc )(t)| 
(21.33) 

9(n+1) )(t)) 

, Vt <= [a, 6], 


Note 21.18. If L(| ■ — t| 9 ^ ri+1 ^)(t) = 0, then (21.33) holds trivially as equality. 
We further present 

Corollary 21.19. Suppose Concepts 21.1, 1 < q < oo, Assumptions 21.11 and 
21.16, n> 1. Then 


'?Ul 1 /9 


\\E(\M(X)-X\ 

< \\E(\X q \)C q \\Ll - 1IU + jh H^l^l 9 )"” 9 ||£((. - t) k )(t)\U 


+ 


2(g-l)||L(l)|| e 
qn — 1 


k\ 

1 


(n- l)!(g+ l)"/9(«+i) 


■ (||(L(l))^T(g+l)^T + l|| 00 ) 1/9 ||L(|.- i |^ +1) )(t)||^ +1 ) 


• fir \ X 


r(n) 


( q+ 1)TT+TT 


\\H\--t\ 


9 (n + 1) )( t) ||7p TT 


(21.34) 


We present a Korovkin ([213]) type theorem for stochastic processes in our 
general setting. 


Theorem 21.20. Let {Ln}n£N be a sequence of positive linear operators and the 
induced sequence of positive linear operators {Mn}n sn, on stochastic processes 
all as in Concepts 21.1, 1 < q < oo, Assumptions 21.11 and 21.16, n > 1. 
Additionally suppose that {Z/jv(l)}iV£N is bounded and ||Tjv(| • —t| 9< ' n+1 '*)(t)||oo —> 
0, along with Ljvl —> 1, as N —> oo. Then 


\\E(\Mn(X) — X| 9 )||oo —> 0, 
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as N —> oo, for all X as in Concepts 21.1 and Assumptions 21.11, 21.16, 
n> 1. I.e. 

“q- mean” 

Mat —♦ I, 

N —> oo 

the unit operator, with rates and in our setting. 

Proof. By Corollary 21.19 and the fact 

nM(- -t) fc )(t)iico < hmi ■ -tr (n+i) )(t)iis^ FTy , (2i.35) 

for k = 1,..., n. 

We need 

Lemma 21.21. Let ip(s,x) ^ 0 jointly continuous in ( s,x ) £ [a,b] 2 . Consider 



ip(s,x)dx, 


(21.36) 


where t is fixed in [a, b]. Then y(s) is continuous in s £ [a, b\. 

Proof. Easy. ■ 

We make 

Remark 21.22. Let n > 1. By (21.7) we derive 


J \M{X)(t,ia) - X(t,u)L(T){t)\P(dw) 

— A' ( ' 7l \t,a;)| |s — a;| n_1 da:|/it(ds) N ] P(dut). 


(21.37) 


(The integrand function is jointly continuous in (x, s) and measurable in lo, there¬ 
fore is jointly measurable in (s,u>) and also nonnegative. Use also Lemma 21.21. 
Therefore we can apply twice Tonelli-Fubini’s theorem to get) 




— X ( - n \t,u))\P(duj) ]\s — x\ n L )dx 


pt{ds)j 


(21.38) 
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(21.39) 


< J + 


i; 


(n — 1)! yj[ a ,b] 

Sh(X< n \h) L i 


(h > 0) ( n 14,6] 


ni(X (n) ,|a;-t|) i i|s-a;| n 1 dx 
\x-t\ 


Ht{ds) 


1 + ■ 


h 


< J + 


1 

+ h 


= J + 

= J + 
< J + 


is-*r 

1 da: i 


\h) L i 

(n- 

1)! 

!>- 

*1 I s ~ 

fii(X (n 


(n- 

1)! 

fii(X (n 


(n- 

1)! 

fii(X ( " 



Ht(ds) 


(21.40) 



(n- 1)! 



|s — x\ n 1 dx 


I t-s\ n , l\t-s 


(21.41) 


n+1 


a,b ] 


h n(n + 1) 


Ht(ds) 


k\--t\ n m | L(\--t\ n+i m 


hn(n + 1) 


-mm) 


(l( i • - t\ n+i m ) 


hn(n + 1) 

1 /(n+ 1 ) ((L(| • -tr + 1 ))(t)) n/(n+1) 


(Now take 


h := (L(| • -t\ n+1 )(t)) 1/{n+1) > 0 


(21.42) 


(21.43) 


h n+1 = L (| ■ -t| n+1 )(Q) 

S1i(I ( "U)liA" 


(21.44) 


= J + 

We have proved that 


(L(l)(t)) 1/( ” +1) + 


1 


(n+1) 


/ | M(X)(t,w) - X{t,u)L{l){t)\P{du 
J n 


(21.45) 


< J+- 


°i^ f ((L(l))(t)) 1/(n+1) + 


n + 1 
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Also by (21.29) we derive 

[ \M(X)(t,u)~ X(t,u)\P(du) 

J n 

< (E\x\m\im) - 1 | 

+ [ \M(X){t,u)~ X(t,u)L{l){t)\P(du). (21.46) 

Jn 

Assumption 21.23. Here we assume (£l|A^ fc ' , |)(t) < oo, Vt £ [a, b], all k = 
0 ,1 ,n, n > 0. 

From the above is derived 

Theorem 21.24. Suppose Concepts 21.1 and Assumptions 21.11, 21.23, n > 1. 
Then 


E(\M(X) - X\)(t) 

< (E\xm\L(i)(t) -i\+J2 - t) k m\ 

k =i 

+ 1 (((L(l))(t)) 1/(B+1 > + (L (I • ^|" +1 )(t))" /( " +1) 

•ni(X (n) ,(L(|--t| n+1 )(t)) 1/(n+1) ) i . 1 , Vt £ [a, 6]. (21.47) 

Note 21.25. If L( ■ — t|” +1 )(t) = 0, then (21.47) holds trivially as equality. 

We further present 

Corollary 21.26. Suppose Concepts 21.1 and Assumptions 21.11, 21.23, n > 1. 
Then 


\\E(\M(X)-X)\)\\ ao < \\E\X\ 


WL1-1W 


(21.48) 


+ £ iMlk, i(( . 


k= 1 

■ ||i(l--*l 


i 

fe! "~ vv " J 1 n\ 

1 \\ it 71 /(^+1) q, ( v( n ) 


m)) 


i/(«+i) 


n + 1 


^Wllc 


n 1 (A^,||L(|.-tr +1 )(t)||^” +1 ^ 1 . 


The following Korovkin type theorem for stochastic processes in our general 
setting is valid. 

Theorem 21.27. Let {Ln}n£N be a sequence of positive linear operators and the 
induced sequence of positive linear operators {Mn}n£N on stochastic processes, all 
as in Concepts 21.1, Assumptions 21.11 and 21.23, n > 1. Additionally suppose 
that {Ljv(1)}jv6N is bounded and \\Ln (\--t\ n+ 1 m\\ oo * 0, alony with Ln 1 * 1, 

as N —> oo. T/ien 


||-E(|Mjv(A') — A|)||oo —► 0, as N ^ oo, 
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for all X as in Concepts 21.1 and Assumptions 21.11, 21.23, n > 1. I.e. 
“1-mean” 

Mm —» I with rates. 

N — > +oo 

Proof. By Corollary 21.26 and the fact 

||Tjv((- - t) fc )(t)||«, < ||^(l)||L _ ^||ijv(| ■ ~t\ n+1 )(t) II#, (21.49) 
for k = 1 ,..., n. ■ 

Note 21.28. We observe that Mm ^ I implies Mm ^ i accord¬ 

ing to Theorems 21.20 and 21.27, n > 1. 

Next we specialize in the n = 0 case. We do first the subcase q > 1. For that 
we make 

Remark 21.29. We have that 



f \ 1/q i-i 

J <m t q 

'{Jil (21-52) 


(the integrand function is nonnegative, continuous in s, measurable in ui, 
therefore jointly measurable in (s,a;) and by Tonelli-Fubini’s theorem we 
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get) 


i h 

\X{s,uj) - X(t,io)\ q P{dio) )p t (ds) I (21.53) 


< m 


/ (/ 

r*[ / 


1/9 


(take h > 0) 


< m t 9 fli(X, h)Li 


J ( 

■/[o.b] V 


1 + 


k-t| X9 


Pt(ds) 


1/9 


< 2 1 «m t 9 fii(A", h) L i ^mt + ^ J \s — t\ q p t (ds) j 


choose h := 


-(/ 

VI [a,6 


1/9 

|s — t| 9 d/r t (s) ) > 0 


= 2 1_ m! 9 f2i|X 


We have established 


(/ 

\J[a, b 


|s - t\ q d^ t (s) 


1/9 


(mt + 1) 1/9 . 


(21.54) 


\ 1/9 


(21.55) 

(21.56) 


Theorem 21.30. Suppose Concepts 21.1 and Assumptions 21.11, 21.16 for n = 
0, 1 < q < 00 . Then 


(e(\m(x) - x\ q m) 1/q 

< (E(\X\ q )(t)) 1/q \L(l)(t)-l\ (21.57) 

+ (2L(l)(t)) 1 -7((L(l))(t) + l) 1/q Sh{X, (L(| • -t\ q ){t)) 1/q ) Lq , 

Vt € [a, b]. 

Note 21.31. Inequality (21.57) is trivially true and holds as equality when (see 
(21.55)) h = 0. 

We give 

Corollary 21.32. Suppose Concepts 21.1 and Assumptions 21.11, 21.16 for n = 
0, 1 < q < 00 . Then 

\\E(\M(X) - AT)||^ < \\E(\X\ q )C q \\Ll - l||oo (21.58) 

+ (2||L(l)|| 00 ) 1 -i||L(l) + l||V 9 n 1 (X,||L(|.-t| 9 )(t)||^) i9 . 

We present the next Korovkin type result. 

Theorem 21.33. Let {Ln}n sn be a sequence of positive linear operators 
and the induced sequence of positive linear operators (MjvjjveN on 
stochastic processes, all as in Concepts 21.1, 1 < q < 00 , Assumptions 21.11, 


J’lLfLcc P/ty. lxc.1. 



296 21. Quantitative Stochastic Korovkin Theory 


21.16 for n = 0. Additionally suppose that {Ljv(l)}jV6f» is bounded and ||Tjv(| • 
-frxon oo t 0, atony with Ln 1 t 1, ns IV * oo. Then 

\\E(\Mn(X) — X| 9 )||oo —► 0, asN^oo, 

for all X as in Concepts 21.1 and Assumptions 21.11, 21.16, n = 0. I.e. 
“q-mean” 

Mm —♦ I with rates in our setting. 

N —> oo 

Note 21.34. The rate of convergence in Theorem 21.20 is much higher than of 
Theorem 21.33 because of the assumed differentiability of A', see and compare 
inequalities (21.34), (21.35) and (21.58). 

We make 


Remark 21.35. Let A(t,aj) as in (21.50). Then 


J |A(t,w)|P(di 

/ ( / |*(«,< 

J\ J [a,6] 


|X(s,cj) — X(t,u)\fit(ds) j p(duj) 
(by Tonelli-Fubini’s theorem) 


= [ ( f \X{s,w) - X{t,u)\P(duj)) pt{ds) 

J [a,6] \JCl 

< [ \s - t\) L ifi t (ds) 

J[a,b\ 

< Sh(X,h) L i [ fi + ^- 

J\a,b 1 V n 


< Qi 


= Qi 


< Qi 


(A, h) L i | 'm t + j t J^ ^ I s “ t\/j.t(ds) j 

(A, h) L i + (s -1) 2 p. t (ds)j 


(21.59) 

(21.60) 
(21.61) 
(21.62) 

(21.63) 

(21.64) 



a \ 1/2 

{s - t) 2 iit(ds) j >oj 

= Qi(X,h) L i(mt +y/mT). 


(21.65) 

( 21 . 66 ) 


That is we get 

[ \A(t,u))\P(du>) < (L(l)(t) + yjL( l)(t))fii(X, ((L(- - t) 2 )(t)) 1/2 ) Ll . (21.67) 

JCl 
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We have proved 

Theorem 21.36. Suppose Concepts 21.1 and Assumptions 21.11, 21.23 for n = 
0. Then 


(E(\M(X) - X\ )) (i) < (E \X\)(t)\L(l)(t) - 1| (21.68) 

+ (L(l)(t) + V / L(l)(t))n 1 (A',((L(.-t) 2 )(t)) 1 / 2 ) il , Vie [a, 6]. 

Note 21.37. Inequality (21.68) is trivially true and holds as equality when (see 
(21.65)) h = 0. 

We give (see also [264]) 

Corollary 21.38. Suppose Concepts 21.1 and Assumptions 21.11, 21.23 for n = 
0. Then 


\\E(\M(X) - A'DHoo < HEpOlUILl - 111*, 

+ ||Zl + V'ZI|| 00 fi 1 (X, ||(L((. - t) 2 m\\H 2 ) Ll . (21.69) 

We present a final Korovkin (see [213]) type result. 

Theorem 21.39. Let {Ln}n€Vi be a sequence of positive linear operators and the 
induced sequence of positive linear operators {Mn}n sn on stochastic processes, 
all as in Concepts 21.1 and Assumptions 21.11, 21.23 for n = 0. Additionally 
assume that {Ljv(1)}jv6n is bounded and 

Ln 1 —> 1, Lnid A id, Lffid 2 A id 2 , as N —> oo. (21.70) 

Then 

\\E(\M N {X) -XDIIoo —► 0, as N ^ oo, (21.71) 

for all X as in Concepts 21.1 and Assumptions 21.11, 21.23 for n = 0. I.e. 
“1-mean” 

Mn —♦ I with rates in our setting. 

N —> oo 

Proof. We use Corollary 21.38. By [264] we have that 

||(Lat((- - t) 2 ))(£)||oo < \\L N (x 2 )(t) - t 2 \\oo+ 2c\\L N (x)(t) - tWoo 

+ c 2 \\L N (l)(t) — l||oo, (21.72) 

where c := max(|a|, |6|), \/N £ N. Thus by assuming the basic Korovkin conditions 
(21.70) we get by (21.72) that ||(Ljv((- — £) 2 ))(£)||oo —> 0, as N —> oo, etc. 

We make also 

Remark 21.40. 1) If fulfills a Lipschitz type condition then our results 
become more specific and simplify. 
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2) In the special important case of = 1, Vt € [a, 6], all of our results 

here simplify a lot and take an elegant form. Furthermore in this case, supposing 
Assumption 21.16 we need to impose (21.32) only for k = 1 ,n and supposing 
Assumption 21.23 we need to impose it only for k = 1,..., n, n > 1. 

We finish by giving 

Application 21.41. Let / £ C([0, 1]) and the Bernstein polynomial 

vte[o,i], VJVeN. (21.73) 

We have that 

Vt£ [0,1], (21.74) 

and 

\\B N ((--t) 2 )(t)C 2 <^=, \/N £ N. (21.75) 

Clearly Bn is an example of an Ljv as in Concepts 21.1. Define the corresponding 
application of Mn by 


B N (X)(t,uj) := B N (X(-,u))(t) (21.76) 

= £/(£•“) (f)‘‘<i-‘At W 6 [0,1], 

for all ui £ Q, N > 1, where X is as in Concepts 21.1 and Assumptions 21.11, 
21.13 for n = 0. Since i?Ar(l)(t) = 1 by (21.69) we derive that 

\\E(\B N (X)-X\)\\ 00 <2Q 1 (x,^Jj N> 1, (21.77) 

for all _Y as above. Thus as N —> oo we obtain 

||£(|B JV (A')-X|)|| 00 — 0, (21.78) 

— mean” 

i.e. Bn —> I with rates, which is the expected conclusion given by Theorem 
21.39. If X is of Lipschitz type of order 1 i.e. if fli(A', 8) l i < K5, where K > 0, 
V<5 > 0, then 

\\E(\B N (X) - XDWoo < ^, VN > 1. (21.79) 

One can give many similar other applications of the above theory. 
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Quantitative Multidimensional 
Stochastic Korovkin Theory 


Here we study very general multivariate stochastic positive linear operators in¬ 
duced by general multivariate positive linear operators that are acting on multi¬ 
variate continuous functions. These are acting on the space of real differentiable 
multivariate time stochastic processes. Under some very mild, general and natu¬ 
ral assumptions on the stochastic processes we present related multidimensional 
stochastic Shisha-Mond type inequalities of L q -type 1 < q < oo and correspond¬ 
ing multidimensional stochastic Korovkin type theorems. These are regarding the 
stochastic q-mean convergence of a sequence of multivariate stochastic positive 
linear operators to the stochastic unit operator for various cases. All convergences 
are given with rates and are shown via the stochastic inequalities involving the 
maximum of the multivariate stochastic moduli of continuity of the nth order 
partial derivatives of the engaged stochastic process, n > 0. The astonishing 
fact here is that basic real Korovkin test functions assumptions are enough for 
the conclusions of the multidimensional stochastic Korovkin theory. We give an 
application. This chapter relies on [40]. 


22.1 Introduction 

Motivation for this chapter are [15], [16], [279], [280]. We introduce 

the multivariate stochastic positive linear operator M, see (22.4), based on a 
general multivariate positive linear operator L from C(Q) into itself, Q 
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convex compact C R fc , k > 1. The operator M is acting on a wide space of 
differentiable real valued multidimensional time stochastic processes X. 

We give the definition of multidimensional g-mean first modulus of continuity, 
1 < q < oo, see (22.1), and we prove important properties of it, such as in 
Propositions 22.3 and 22.4. Here we suppose that X a (x, ui), |a| = n, is continuous 
in x £ Q, uniformly with respect to u £ H-the probability space, n > 0. We 
assume also the integrability Assumptions 22.11 and 22.23. 

We first give the pointwise multidimensional stochastic Shisha-Mond type 
inequalities, see (22.31), (22.50), (22.54), (22.112), (22.126) and (22.136). Then 
we derive the corresponding uniform multidimensional stochastic Shisha-Mond 
type inequalities (22.51), (22.55), (22.113), (22.127) and (22.137). From these we 
prove the multivariate stochastic Korovkin type Theorems 22.22, 22.31, 22.36 and 
22.41. These are regarding the g-mean convergence of a sequence of multivariate 
stochastic positive linear operators {Mn}ngn as in (22.4) to the stochastic unit 
operator I. 

The impressive thing here is that basic Korovkin multidimensional real as¬ 
sumptions are enough to enforce the conclusions at the stochastic setting. So 
the multidimensional stochastic inequalities that involve the multidimensional 
g-mean first modulus of continuity of X a , |a| = n, describe quantitatively and 
with rates the above convergence. At the end we give an application regarding the 
multivariate stochastic Bernstein operators where we apply the multidimensional 
stochastic inequality (22.127). 


22.2 Background 

We give 

Definition 22.1. Let Q be a compact convex subset of R fc , k > 1. Let X(t,u>) be 
a stochastic process from Q x (fi, B, P ) into R, where (Q, B, P) is a probability 
space. We define the q-mean multivariate first moduli of continuity of X by 


Hr (X,S) L s := sup<( \X(x, u) - X(y, u)\ q P(du) ) '■ x,y £ Q, 


1/9 


x — y ||^i <£>, <5>0, 1 < <7 < oo. 


( 22 . 1 ) 


We mention 


Definition 22.2. Let 1 < q < oo. Let X(x, u>), x £ Q, u> £ fl be a 
multivariate real stochastic process. We call X a q-mean uniform 
continuous multivariate stochastic process over Q, iff Ve > 0 35 > 0: whenever 
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x — y\\ti < 5; x,y £ Q implies that 


/ 


\X(x, s) - X(y,s)\ q P(ds ) < e. 


( 22 . 2 ) 


We denote it as A' € C^ 9 (Q). 

It holds 

Proposition 22.3. Let X £ C^ q (Q), then fii(X,(5)i,« < oo, V<5 > 0. 

Proof. Let eo > 0 be arbitrary but hxed. Then there exists <5o > 0 : \\x—y\\^i < 
So,x,y £ Q, implies 


/ 
J Q 


\X(x, s) — X(y, s)| 9 P(ds) < Eg < oo. 


That is f2i(A, <5o) < e^/ v < oo. Let now 8 > 0 arbitrary, x,y £ Q : \\x — y \\ t i < 8. 
Choose no G N : no8o > <5 and set Xi := x + ^(y — x),0 < i < no■ Then 


< 


1/9 

1/9 


(yj | X(x,lo) - X{y,u)\ q P(du>) 

(yj \X(x,lo) - X{xi,u)\ q P(duj) 

+ (yj \X{ X1 ,UJ) - X{X2,UJ)\ V P(du})^j ' q 

+■■■ + ({ lx(xno - 1 ’ a;) - x( - y ’ w)l " p(dw) ) 


1/9 


< noI?i(A, So) < noel / ' q < oo, 
since \\xi — Xi+ 1 || = -^\\x — y\\ t i < ^8 < So, 0 < i < no- Therefore f?i(A, J) < 

1 / q , 

n o£ 0 < oo. ■ 


Also it holds 


Proposition 22.4. Let X(t,ui) be a multivariate stochastic process from Q x 
(fl, B, P) into R. 

The following are true. 

(i) fli (A ',8)ls is nonnegative and nondecreasing in 8 > 0. 

(ii) lim f2i(A, 6 )li = Oi(A,0)l9 = 0, iff X £ C^ q (Q). 

510 

(iii) fli (A', + 82 )ls < Hi (A', Si )ls + Qi{X, 82 )ls , 81,82 > 0. 
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(iv) fli (X, nS) li < nfli (X, 5)li , 5 > 0, n £ N. 


(v) fii(X, XS)li < [A]f2i(X, 5) li < (A + l)fli(X, 8)l«, A > 0, 5 > 0, where [•] 
is the ceiling of the number. 

(vi) ni(x + y,5)w < ni(x,<5)z,, +fh{Y,5) L i, s > o. 

(vii) -)li is continuous on R+ for X £ Cr (Q). 

Proof, (i) is obvious. 

(ii) Clearly fii(X, 0)li = 0. 

(=*•) Let ljm fir (X, 5)li = 0. Then Ve > 0, e 1 / 9 > 0 and 35 > 0, fli(X, 5)li < 


e 1 ^ 9 . I.e. for any x,y £ Q: \\x — y\\ e i <5 we get 

/ ||X(a;, s) — X(y, s)\ q P(ds) 
in 


< e. 


That is X € Cr 9 (Q). 

(<=) Let x £ C^ q (Q). Then Ve > 0 35 > 0: whenever ||a: — y\\ t i < 5, x,y £ Q, 
it implies 

[ \X{x,s) - X(y,s)\ q P(ds) < e. 
in 

I.e. Ve > 0 35 > 0: Oi(X, 5)li < e 1 ^ 9 . That is fii(X, S)li —+ 0 as 5 J. 0. 

(iii) Let xi, X 2 £ Q : ||*i — x\\ e i < 5i + 82 - Set 

82 5i 

xi + - ——— x 2 , 


5i + 52 


5i + 82 


clearly by convexity of Q we have that x £ * 1*2 • Then easily we find that 
H* — *i||^i < 5i and \\x 2 — x\\ e i < 82 ■ We have 

( J \X{xi,u) - X(x 2 ,uj)\ q P(duj) S j 

- (yj - X(x,uj)\ q P(dtJ)j /q -i^j \X(x,ui) - X(x 2 , oj)\ v P{duj^j 

< f2i(X, ||*i — x\\{i) Lq +Qi (X', ||*2 — *11^1 ) L<1 <f2i(X', 5 i).l<i + fli(X', 82 )li- 

Therefore (iii) is true. 

(iv) and (v) are obvious. 

(vi) Notice that 


[ | (X(*,w) + Y(x,u)) - (X(y, u) + Y(y,L 0 ))\ q P(dcu) 
in 

< (yj |x(*,w) - X{y,w)\ q P{duj)J /q +(^J \Y(x,u>) — Y(y,u)\ q P(du) 


1/9 
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|fii(A, < 5 i + 82 )li — fli (A', 5 i)li I < fii(A, 82 ) li ■ 

Let now A' £ C^ q (Q), then by (ii) lim S 2 )li = 0. That is proving the 

<* 2.10 

continuity of f2i(A, on R+. 

We make 

Remark 22.5. By Proposition 22.4(v) we derive 


fir (X, II* -y\\ t i) Lq < 


IUi 


fir (A, $)!,«, 


(22.3) 


Vx, y £ Q, any 5 > 0. 


22.3 Main Results 

We introduce 

Concepts 22.6. Let Q be a compact convex subset of R A \ k > 1 and let L be 
a positive linear operator from C(Q) into itself. Let X(t,u>) be a multivariate 
stochastic process from Q x into R, where (Q,B,P) is a probability 

space. 

Here we suppose that £ C n (Q), for each u> £ and that X a (t,-) = 

9 g x a ( t , •) is measurable for each t £ Q, for all a = (on,..., otk), an £ Z + , i = 
k 

1 ,k, |a| = a i = 0 < p < n, n > 0. 

i= 1 

Define 

M(A)(t,w) := L(X(-,w))(t), Vt £ Q, Vu> £ fi, (22.4) 

and assume that it is a random variable in to. Clearly M is a positive linear 
operator on stochastic processes. 

We make 

Remark 22.7. By the Riesz representation theorem we have that there exists 
/it unique, completed Borel measure on Q with 


m t ■= im{Q) 

= Ri)(t) > 0, 

(22.5) 

such that 

turn = j 

^ f(x)dy t (x), 

O 

(22.6) 

Vt £ Q and V/ £ C(Q). Consequently we have that 


M(A)(t,w) = J 

[ X(x,Lj)d/jLt(x), 

Q 

(22.7) 
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V(t,u>) £ Q x fi, and A' as above. 
We make 

Remark 22.8. Denote by 


and 


A (t,w) ■.= 


[ (X(s,w) - X(t,u))nt(ds), 
Jo 


|A(t,w)| < [ \X(s,lo) — X(t,uj)\fj, t {ds), V(£,w) € Q x D. 
Jq 


Therefore we have 


( 22 . 8 ) 


(22.9) 


/ 

JQ. 


|A(t, u)\P(duS) < 


SAL 


|A(s,w) — X(t,)P(duj). 


(By [9], p. 156 the function under integration is jointly measurable in ( s , u>) (Q is 
a separable metric space). It is also nonnegative. Thus by Tonelli-Fubini theorem, 
[150], p. 104 we have 


[ ( [ \X{s,L 0 ) - X{t,u)\P{duj) ) Lit(ds). 
Jq \Jn 


Let 0 < r < 1 and 


G(r,s,u) := X(t + r(s — n € N. 

Then by Taylor’s formula we obtain 

X(si,...,Sk,uj) = G(l,s,u>) 

= £ GU)( °; S ’ U) +k«(o,8,u,), 


( 22 . 10 ) 


( 22 . 11 ) 


S=o 


3'- 


( 22 . 12 ) 


TI„(0,s,uj) ■— 


r(r-(r<*■’<—> 

- G (7l) (0, s,w))dr n ^ • • • J dn , 


(22.13) 


where 


G^(r, s,u>) = 




(fi + r(si - ti ),... ,tk + r(sk - tk),co). 

(22.14) 
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Thus 


| X(8 U ...,s k ,u)~ X(tu ..■, tk, to)\ < |G ° )(0 ; 5,a,)l (22.15) 

3 = 1 3 ' 



Call ifi(r n ,uj) := |G^(r n ,s,u>) — (0, s, w)| > 0. We notice that ip is contin¬ 

uous in r n £ [0, 1] and measurable in ui £ Q, therefore by [9], p. 156 is jointly 
measurable in (r n ,u>). Next JJ" -1 ip(r n ,u})dr n is continuous in r n _i and measur¬ 
able in u>, thus jointly measurable in (r n -i,u>), etc., the same is true for the rest 
of the repeated integrals in the remainder of (22.15), also all are nonnegative. 
Hence we can apply Tonelli Fubini theorem, [150], p. 104 to obtain: 



J n \G^(0,s^)\P(du) | A 

j! 


(22.16) 


where 


A := 


— G( n )(0, s,u>)\P(doj) ]dr n • • • Idri. 


We further derive 


/ 
J n 


|G (n) (r„,s,w) - G w (0, s,uj)\d.P(uj) 


(«)/ 


< E 


ai! • • • afc! . . , 
|a|=n \j = 1 


n i s i 


/ \x a (t + r n (s - t),u) - X a (t,cj)\dP(u) 
Jn 


S E 


. , (III 

ail - ■ ■ a*,! \ . , 

a\=n \J = 1 

fli(X a ,r„||s - 


(22.17) 


(22.18) 

(22.19) 
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(22.3) 

< V 

(let h > 0) | ^n ai! '" ak! 

fn||s - t||*l 


n i s t 


••••n. M 11 ' 

1=1 


fii(X a , h) L i 


h 


Call w := max Qi(X a ,h) L i. 

a: | ot | =n 


< y — v ±— 

«i! ■ ■ • afc! . 

|o:|=n \J = 1 


n ~ t i 


7n||s - t\\el 
h 


That is we get 


< w J2 


f |G (n) (r n , s, w) - G (n) (0, s,u>)\d.P(u 
Jn 


c^i ! • • • cxfc! 


\|a|=n 

where 0 < r„ < 1, 


n i s t 

j=i 


r„||s - t||^i 
h 


II s - £||a = i Si _ *»i- 


Therefore we find 


a < y 


cu | =n 
/ /-n 


n i s f _i fi 

3 =1 



ai! • • • afcl 

fn||s - f||il 


/o \l h 

(by change of variable) 
= W(pn(\\s - t\\ e i), for S ^ t. 


dr T 


dr i 


Here we use 


( 22 . 20 ) 

( 22 . 21 ) 

( 22 . 22 ) 


(22.23) 


(22.24) 



see [16], p. 210. Clearly it holds 

A < Hindis — t\\ t l), Vs,teQ. 

We need 


(22.25) 


(22.26) 
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Here we suppose that X a (x,ui), |a| = n, is continuous in x £ Q, uniformly 
with respect to oj £ S2. I.e. Ve > 0 3<5 > 0: whenever \\x — y\\ e i < S; x,y € Q, then 


\X a (x,to) - X a (y,uo)\ < e, Vcn £ S2. 

We denote this by X a £ C® (Q), the space of continuous in x, uniformly with 
respect to oj, multivariate stochastic processes. 

Hence here Xa{-,oj) £ C(Q), Vu; £ Q, and Xa is q-mean uniformly continuous 
multivariate stochastic process over Q, that is Xa £ C^ q (Q), for any 1 < q < oo, 
a: |a| = n. The last implies that w < oo. 

We also use 

Definition 22.10. Denote by 

{EX)(t) := f X(t,u)P(dui), Vt£Q, (22.27) 

Jn 

the expectation operator. 

We need 

Assumption 22.11. Here we assume (E\X a \)(t) < oo, Vt £ Q, all a=(ai ,..., at), 

k 

ai £ Z+, i = 1,..., k, |a| = = P> 0 < p < n, n > 0. 

i =1 

Assumption 22.11 clearly implies that 

f G^O, s, oj)\P{doj) < oo, j = l,...,n, \/s,teQ. 

Jn 

We put together things into 

Remark 22.12. Here all elements are as in Concepts 22.6, Assumptions 22.9 
and 22.11, n > 1. We proved that 


r. n 

/ \X(8,w)-X(t,w)\P(<b>) < V 
Jn i=l 


f n \G^{0,s, U )\P{<kj) 


(22.28) 


+ W(j>n{\\s - i 11^1 ), Vs,f £ Q. 

Integrating (22.28) against /it and using Tonelli-Fubini’s theorem we obtain 

[\M{X)(t,uj) - X{t,oj)L(l)(t)\P{doj) 

Jo, 

,fn( Jq \G ij) (0,s,uj)\pt(ds))P{duj) 


<E 

i=r 


r- 


+ wf cpn(\\s — t\\ e i)pt(ds), VteQ. (22.29) 

Jo 
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We notice also that 


\M(X)(t,u,)-X(t,u,)\ < \M(X)(t,u) - X(t,u)L(l)(t)\ 

+ |A-(t,o;)||I(l)(t)-l|. (22.30) 

We have established the following L\ result. 

Theorem 22.13. Here all elements are as in Concepts 22.6, Assumptions 22.9 
and 22.11, n > 1. Then 


E{\M{X) -X\)(t) < (E(X))(t)\L(l)(t) - 1| 
-A Jn(Jg |G U) (0, s,u>)\iit(ds))P(duj) 

+ 7\ 


+ wf cp n (\\s — t\\ e i)p. t (ds), VteQ. (22.31) 

Jq 


Note 22.14. By Assumption 22.11 clearly 

|G^(0, s, w)|/it(ds)') P(du>) <oo, Vt € Q. 


m 


Q / 

We make 

Remark 22.15. From [16], p. 210, (7.1.18) we find 


< K(x ) < 


r 1 + M2 + %i n_1 


( n+l)\h 2 n! 8(n — 1)! 

and from [16], p. 217, (7.2.9) we have 


Mx) < 1 + T J TTTT 

n\ \ (n + 1 )h 


Therefore we get 


[ <t> n (\\s - t\\ e i)p. t (ds) < 
Jq 


Jq ll s ~ t ll"i + Ttjds) 
(n + 1 )\h 


(22.32) 


i£l, n e N. (22.33) 


(22.34) 


Jq \\s-t\\?iTt(ds) h f Q Ha-tll"! 1 in{ds) \ 

2n! 8(n — 1)! J 


and 


r iff fn II s — AYf-t 1 Tt(ds) \ 

<t>n(\\s - t\\ e i)Ht(ds) < — ( Jq ||s - t\\tipt(ds) + -- ^ - j • 


(22.35) 
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22.3 Main Results 


309 


Using Holder’s inequality we have 


J ||s - t\\tidfM(ds) < (L(l)(f)) n+1 ^ ||s-t||?i +1 A*t(d«)) , (22.36) 

and 

n-1 

J II s “ *||"rVt(ds) < (^(l)W)~ ^ ||s - t||^ + Vt(ds)j , Vn € N. 

(22.37) 

Consequently we obtain 


R.H.S. (22.34) < 


In ll« - t\\n +1 Mds) (L(l)(t)) F+T (f \\s - tr+^tids)) F+T 


(n + l)!/i 


2n! 


fc(i(i)w) ^ do ii s - * nr V(ds)) ^ 


JQ _ 

8(n - 1)! 


Choose and suppose 
h := r 


Mm) Jq 

where r > 0 and L(l)(t) > 0. Hence 




R.H.S.(22.38) = 


L (m) h v. (nr 2 t r t 1 


+ - + 


(22.38) 


(22.39) 


(22.40) 


r n+i n \ \ 8 2 n + 1 / 

So we get that 

l Q M\\8-t\\ el )Mds)<^^h n (^+ r - + ^y Vn£ N. (22.41) 
Furthermore we have for the choice of h as in (22.39) that 


R.H.S.(22.35) < 


^ ^(i(l)(*)) "+ 1 (J Q \\s - t\\ n +Mds)^ 


+ 


That is we obtain 


[ </>n(||s - t\\il) fJ,t(ds) < 

Jq 


SoWs-tW^tHjda) ^ 

( n+l)h J 

L(W)h" f 1 \ 
r n+l n \ ^ (n+1 ) J 

mm 


rfl+lri! 


r + 


n + 1 


(22.42) 


Vn <= N. (22.43) 
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We conclude that 


JQ 


r n+1 n! 

Notice that 




2 n + 1 


n + 1 


nr r 1 

mm | [ —— + - + 


2 n + 1 


nr r 1 
+ - + 


r + 


n + 1 


8 2 n + 1’ 

1 


r + 


n + 1 ’ 


if 0 < r < 


4 

if r > —. 
n 


When e.g. r = 1 we get 


n 1 1 \ n + 2 

mm | | - + - + —— , —— 

2 n + 1/ n + 1 


n 1 1 

8 + 2 + n+1’ 

n + 2 


(22.44) 
Vn <= N. 


(22.45) 


n+1 

We need 

Remark 22.16. Here for j = l,...,nwe have 


if n < 4 


if n > 4. 


(22.46) 


|G+0, + uO| = 


y+ - u 


dxi 


W 1 


1_ 

(f,w) 


(22.47) 


< 


E 


j- 




= (oi 1 ,...,ai k ),ac i eZ + ,i=l,...,k,\ot\:='52i = iOt i =j 0 Oti\ 1 1 

i=1 


Therefore we find 


[ |G+0, s,uj)\fi,t(ds) 
Jo 


< 


E 

■x=(oii,...,OL k ),Oii£Z+,i=l,...,k,\ct\=^2i =1 cx.i=j n 


J (ni*-*r)*(*>) \ Xa ^ u ^- 


(22.48) 
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Consequently we derive 


/ {^J |G o) (0, s,w)|/i t (ds)j P(duj) 


E 

a= (o;i.. , 0 :^ ) ,aij GZ”*” ,i= 1, 


•,fc,M=E?=l a i=i 



n a i- 





(£|X«|)(t). 


(22.49) 


From Theorem 22.13 and Remarks 22.15 and 22.16 we conclude the general 
result. 

Theorem 22.17. Here all elements are as in Concepts 22.6, Assumptions 22.9 
and 22.11, n > 1, r > 0, L(l)(t) > 0, t £ Q. Then 


E(\M(X) - X|) (t) < (E\X\)(t)\L(l)(t) - 1| 


+ E 

j=i 


{E\X a \ (t)) 

k 

(ci,...,c tfc ),a i ez+,t=i,...,fc,|Q|=Ei = i <*i=i n 

(L(l)(t))^TT 


E 

z +.?.=1 


^i(rii--hr*)wj 


(Mil • -*II?1 +1 )W) "+ 1 --( ^ + E ^TT’ r + ^TT 


max Q 1 ( X a ,- 

"'“ l=n V (L(l)( t ))STT 


—(Mii--*[i"i m)' 


L 1 


(22.50) 


Note 22.18. If 

£(ll • -*ll?i +1 )C0 = / Il«-^II?1 + Vt(ds) = 0 

JQ 

then /it takes all of its mass L(l)(t) at {t}, elsewhere is zero. In that case 
M(X)(t, w) = A(t,w)i(l)(t) and 

|M(X)(t,w)-X(t,a;)| = |X(t, w)| |L(l)(t) — 11, 

and 

E(\M(X) - X\ )(t) = (£|X|)(t)|Z(l)(t) - 1|. 

That is proving (22.50) trivially true. 

A further general global conclusion follows. 
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Theorem 22.19. Here all elements are as in Concepts 22.6, Assumptions 22.9 
and 22.11, n > 1, r > 0, Z(l)(t) > 0, Vt € Q. Then 

\\E{\M(X) - XDIU < ;|/'.-A'|U||/.(l) - 111*, 


+ E 


E 

«=(«!.«fc).« 4 ez+,*=i, 


c.i=j 


\\E\Xcx 11 

k 

n «d 


i—1 




(t) 




+ ||L(1)|| ” +1 ||L(||--t||"+i)(t)||; 


ml 


x min 


nr 2 r 1 1 

-1-1-,r H- 

8 2 n +1’ ra+1 


—i|i(ii --cmwii; 


max fii ( X Q 

o:: | a: | =n 


(inf L(l)) n+1 
V t6Q ' 

For our related convergence result we give 
Remark 22.20. Here we choose and suppose momentarily that 


(22.51) 


h:= (^J ||s - tWfi 1 ^ > 0. (22.52) 


(22.53) 


Then from (22.35) and inequality (22.42) we get 

J Mils - t\Ui)nt{ds) < (^(L(l)(t))M + -L- j . 

Consequently reasoning as before we give the general multivariate Shisha-Mond 
type inequality, see [264]. 

Theorem 22.21. Here all elements are as in Concepts 22.6, Assumptions 22.9 
and 22.11, n > 1. Then 
i) 


E(\M(X) - .Y|)(i) < (E|.Y|)(t)|L(l)(t) - 1| 


+ E 

3 = 1 


E 


(E\X a \(t)) 


(«!.afc),a i eZ+,i=l,...,fc,|a|=Ej ! =1 ai =j fi a<! 


En i ■ -*d c 


(i) 


(/-(if • -tll"l +1 )(t)) 


(L(l)(t))^FT + 


n + 1 


max £2i(Y~, 

■: \a\=n V 


(£(ll ' -*ll”i +1 )(t)) TrTT ) L i >, Vt G Q 


(22.54) 
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Also it holds 

ii) 



The following Korovkin type theorem (see [213]) for multivariate stochastic 
processes in our general setting is valid. 

Theorem 22.22. Let {I/jv}jv6N he a sequence of positive linear operators and the 
induced sequence of positive linear operators {ALn}ng n on multivariate stochastic 
processes, all as in Concepts 22.6, Assumptions 22.9 and 22.11, n > 1. Addition¬ 
ally assume that {Zjv(l)}jveN is bounded and | Ln (\| • -f||" 1 +1 )(t)|| oo ^ 0; along 
with Ljvl-^1, as N —» oo. Then 

IIEPMXJ-XDH^O, as N —> oo, 

for all X as in Concepts 22.6 and Assumptions 22.9, 22.11, n > 1. I.e. 
“1-mean” 

Mn —» I unit operator with rates. 

N —> oo 

Proof. By Theorem 22.21 (ii), inequality (22.55), and the fact 

IMu --nUmlL 

< 11^(1)11^^11^(11 •-*||^ 1 )(t)||^ 1 (22.56) 

for j = 1,... ,n. Also we use 

k 

( k \ n a i' 

Ln (U\--ti\ ai (*) < --tlljJWlL. (22.57) 

\i= 1 ) oo 

k 

Va = (ai,..., ak), on € Z + , i = 1,..., A;; |a| = £ a* = for j = 1,... ,n. ■ 

i=l 

We need for Theorem 22.29 later, etc. 
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Assumption 22.23. We assume that 


(E\X a \ q )(t) < oo, Vt € Q, 

k 

all a = (ai ,..., a*), ai G Z + , i = 1,..., k, |a| = a i = P, 0 < p < n, n > 0, 

i=l 

1 < g < oo. 

Next we treat case of 1 < q < oo, n > 1. 

We make 

Remark 22.24. By (22.8) we have 

|A(f,u;)| 9 < , (22.58) 

and 


[ |A(t, w )|*P(du 
Jn 

ai \X(s,co) - X{t,u)\iM(ds)y P(dco)y . (22.59) 


By (22.15) we obtain 


/ |X(s,u;)-X(£,cj)|/x t (ds) 
JQ 


<E 


f Q |G 0) (0,s,w)|/x t (ds) 


J = 1 




1 / /»ri 


+/(/(/ 

JQ\J0 \J 0 


(22.60) 


^ |G (n) (r n ,s,u>) - G (n) (0, s,a;)|dr n ^ • • -^dri^/x t (ds). 


Thus 


J (^j \X{s,u>)-X{t,u>)\nt(ds)yP{dw)y (22.61) 
< itjijyy \G u) (o,s,co)\Mds)y p (d^y +k. 


where 


K := 




- G w (0,s,w)|dr n ) ■■■ )dn Ut(ds) [> P(dw) ) . (22.62) 
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We notice the following by Holder’s inequality 


r r n — 1 

Jo 


| G (n) {r n , s,u>) - G {n ’( 0, s,u))\dr n 


< r\_l {^J G (n \r n , s,ui) — G (n \o, s,aj)\ q dr n ^ , (22.63) 


rur 


|G (n) (r„, s,u) - G (n) (0, S,uj)\dr n dr n -i 


r n _l yj \G (rl \r n , s,w) - G (n) (0, s,u)\ q dr n J dr n - i 


2 \ l-i 

r n - 2 \ 9 


0 \J 0 


I G {n) ( r„,s,u>) 


— G (n) (0, s, uj)\ q dr n dr„_i 


(22.64) 


Similarly by Holder’s inequality we derive 


roroT'* 


(jm s,u ) - G (n; (0, s,cu)|dr n dr„_i dr„_ 2 


GUV"* 


-3 / r r n — 2 / r r n — 1 


0 WO WO 


|<2 n (r n ,s,o;) 


- G (n) (0,s,u>)| 9 dr„)dr„-i)dr„_ 2 j , 


(22.65) 


and finally 


r i / /-t- 2 / fa / r r n-3 / rr n -2 / rr n -i 


o \J o \J0 \J0 \J0 \J0 


|G (7l) (r n ,s,w) 


- G <n> (0, s,uj)\dr n dr n -i dr„_ 2 • • • dr 2 


r ™— 1 \ 1 q ( r r 1 


0-1)! 


0 Wo 


|G (n) (r n ,8,u) 


- G (n) (0, 5,cj)| 9 ^r n ) • • • dr2 


( 22 . 66 ) 
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I G (n) (r„,s,u>) 


Consequently we get 

r i / r r i 
'Q \Jo \Jo 

— G (n) (0, s, u})\dr n 'j dr„-i 

^ r*l / pr\ 

< - 


dri\ fit(ds) 



I G (n) (r„,s,w) 


(n!) « \JQ Vo Vo 

- G (n) (0, s, w)| 9 dr n ) • • • ) d?'i ) /x t (ds) I, 


(22.67) 


and 



pi / r r i 

/<? \Jo \io 

-((«) 


|G (n) (r„,s,w) 


- G w (0, s,u;)|dr„J dr„_ij • • drij^t(ds) 

9-1 


< 





pi / m 
/QWo \J o 


|G W (r n ,s,w) 


— G (n) (0, ^ dn j /r t (ds) 


Therefore we find 
where 

Z := 


K < Z 



pi / rn 

/n \,/q \./o \7o 


|G (n) (r n ,s,u>) 


( 22 . 68 ) 


(22.69) 


(22.70) 


— G (n) (0, s,w)| ? dr„ ) ■■■ )dr 2 ) dri'j ^t(ds)j P(duj) 


with 


(W 


Clearly here, see [9], p. 156, etc., 


F(n.s.x'):— J |G (n) (r n ,s,a>) — G (n) (0,s,o>)| 9 dr n ^ • • • ^ 


(22.71) 

dr 2 

(22.72) 
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is jointly measurable in (n,w) and nonnegative. The same is true for all other 
similar functions building F. 

Next we treat 

-id X(s,u>)nt(ds)^J P{du), (22.73) 

where 

X(s, u) := f F(ri,s,ui)dri (22.74) 

J o 

is measurable in ui £ $2. We will prove that X(s,u>) is continuous in s £ Q. 

We notice the following. 

Here (r n , s, ui) — G^ n \0, s, ccj) | 9 is seen easily to be jointly continuous in 
(rn,s)e[ 0,1] x Q. Also, by Lemma 22.25 next, the function 


r(r n -i,s,uj) := f |G (n) (r n ,s,u;) - <3 (n) (0, s,u)\ q dr n (22.75) 

Jo 

is continuous in s £ Q, Vw £ £2. Of course T is continuous in r n _i £ [0,1] and 
measurable in ui. 

By Lemma 22.26 next, T is jointly continuous in (r n _i, s). 

We need 

Lemma 22.25. Let <p(r,s) jointly continuous in ( r,s ) £ [0,1] x Q. Then 


7 (s) := / ip(r,s)dr , r £ [0,1] (22.76) 

jo 

is continuous in s £ Q. 

Proof. We have valid that Ve > 0 3<5 > 0: whenever ||(n,si) — (r2,S2)||r 1 < <5, 
for (n, si), (r 2 ,S 2 ) G [0,1] x Q, then |(p(n,si) — <p(r 2 ,S 2 )\ < £• Hence for the 
same e, S we observe that 

l 7 (si.w)- 7 (s 2 ,w)| < [ \<p{r, si) - <p(r, s 2 )\dr (22.77) 

Jo 

< et, whenever ||(r, si) — (t, S 2 )||^i < S, any r £ [0,1]. 

That is proving y(s,aj) is continuous in s £ Q. ■ 

Also we need 

Lemma 22.26. Let <p be jointly continuous in [0,1] x Q. Then 

V(r,s):= [ ip(0,s)d0, (22.78) 

Jo 

is jointly continuous in ( r , s) £ [0,1] x Q. 
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Proof. Here r} is continuous in r € [0,1], and by Lemma 22.25 is continuous in 


\tl(r n ,s n )-n(r,s)\ = 


< M. Let r n — > r, 

s„ —> s, then 

p r n 

p r 

/ (p(0,s n )d0- 

/ <p(Q, s)dO 

J 0 

Jo 

p r n 

pr 

/ (p(0, S n )dO — 

/ ip(0, Sn)d0 

Jo 

Jo 

+ [ (p(0,Sn)d0 - 

[ (p(O,s)d0 

Jo 

Jo 

A n + B n , 



where 


and 


A n : — 


B„ := 


r r n /' ; 

/ Sn)dd — / ip(0, Sn)d9 

Jo Jo 

■■= [ \<p(0,s„)-ip(O,s)\d0. 

Jo 


We have always that 


pr n pr pr n 

/ ip(6,s n )d0— / <p(9,s n )d9 < / \tp(0,s n )\dO 

Jo Jo Jr 

< A/|r„ — r| —> 0, asn-»oo. 


I.e. —> 0, as n —> 00 . 

Next we observe that 


|<p(0, s n ) — <p(6, s)| < 2 M < 00 . 

Also, by continuity 

\<p{9, s n ) — ip(8, s)| —i► 0, as n —> 00 , for any 9 G [0, r\. 

Thus, by Dominated convergence theorem, we get B n —> 0, as n —> 00 . The claim 
has been established. ■ 

We make 

Remark 22.27. We are continuing from Remark 22.24. So by using Lemma 22.26 
repeatedly, we conclude that F(r 1 , s, u>) is jointly continuous in (n, s) G [0, 1 ] xQ 
and measurable in u> £ D. Finally, we have by Lemma 22.25, that the function 
X(s,u>) > 0 is continuous in s £ Q and measurable in u>, therefore by [9], p. 156, 
is jointly measurable in (s,u>). 

Hence by Tonelli-Fubini’s theorem, [150], p. 104 we have 

X(s,uj)P(dw) S j nt{ds). (22.79) 
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Again, by applying n times Tonelli-Fubini theorem, we get 




(22.80) 


— G (n) (0, s,u})\ q P(duj) )dr n I • • • Idn )ftt(ds) 1 , oo > q > 1. 


Notice that 




and use next that x q , x > 0 is convex. 
We see that 


f |G (n) (r„, s, w) - G (n) (0, s,uj)\ q P(duj ) 
J n 


“ V |o;|=n X 3 = l 


x \X a (t + r n (s - t),u) - X a (t,u>)\ > P(dco) 




Oil ! • • • a k \ 


ni*-*r 


x I J \X a (t + r n (s-t),ui) - X a (t,u})\ q P(dL}) 


< £ 


E , , ni^-^r^ 

ai! ■ ■ • a k \ V , 

\a\=n 3 = 1 


x di'l'n ll« - *11*0, 


(let h > 0) 


< k^-^l Y1 


. , ai! • • • a k \ V 

\d\=n 3 = 1 




x r "ii 8 ^ *11^ 


(22.81) 


(22.82) 


(22.83) 


(22.84) 


(22.85) 
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Put 


max Qi(X a ,h)Li), 

a : | ot\=n 




| a \=n 

^ tWtl ^ q 

h 


( 22 . 86 ) 


(22.87) 


So we get that 


[ |G (n) (r„, s,u) - G (n) (0, s,u})\ q P(duj) 

J n 


X 


, M = 

l'n\\s - t\\ e l lq 

h 


Thus we conclude that 

r 1 / r r i / r r n- 1 

D \J o 



o wo 


ai! • • • Qfc! 

, 1 < q < oo, h > 0, 0 < r n < 1. (22.88) 


|G (n) (r„,s,w) 


— G (n) (0, s, w)| 9 P(dw))dr n ) • • - )dn 

V \a\=n \7 = 1 7 J 


(22.89) 



r»l / /»ri 
/0 \^0 


r n||s - t\\ e i 


h 


dr, 


dr i . 


Then 


R.H.S.(22.89) < w q k n{q ~ 1) [ ^ 


\#=i 


*1 = 


ai! • • • a^! 



;u: 


i+ 


y-re II.S - t||ll 

h 


dr n • • • dn (22.90) 
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(s#i case) w q k n< - q ^ 


E 


7 .! 


pi I ,-J— QJII - * * QJfc! v 
z \ \cx\=n 3 = 1 


|s- 

/ rr l / rr n _ 1 


[J(k, -'oTTM \ (22.91) 


o \J o 


1 + — ) dr n ) ■ ■ ■ ) dn 


< 


w q k n(q - 1) 2 q ~ 1 


/ r r i 


E^' ““ k'T) 

j = l 


(22.92) 


a^or-cro^H-H 


< w q k n{q ~ 1) 2 9 ” 1 ||s - 11 |” (9_1) | l|s J 11 " 1 


1 

+ 7T 


II9+™ 


ll£l 


hi (q + 1 ) • • • (9 + n) f 


That is we get that (1 < 9 < 00 ) 



r*l / pr\ 

/o \./o 


0 wo 


| G {n) (r n ,s,u>) 


— G (n) (0, s,u>)| 9 P(du;))dr„) •••)dn 
< w q k n(q - 1) 2 q - 1 \\s - I|S ~ * 11 ” 1 


119 +™ 


+ 


Nfi 


h 9 (9 + 1 ) • • • (9 + n) 


Vs, t £ Q 


(trivially true when s = t). 

Therefore using (22.80) we obtain 


Z < cwk n ( X v'2 1 1 


\s-t\\7 


iifi 


'Q 




hi (q + 1) ■ ■ • (q + n) J 


1/9 


(22.93) 


(22.94) 


(22.95) 
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Consequently 


k < ( Mwy -' rt - i - ih .-} 


7 [ lk-^ll”iVt(ds) 

v - Jo 


+ 


< 


hi(q + l)---(q + n) JQ 


[ \\s - t\\ < £ +1)q [i t (ds) 
Jq 


1/9 


+ 


2fc n L(l)(t) \ 1 ~9 

n\ J 

J 0 lk-«ll^ + 1 ) VWl 1/g 

h g (q + 1) • • • (q + n) 


-{Jq \\s-t\\^ 9 Mds) 


Call and assume momentarily 


h := 


( 2k n Lm) Y~ 

n\ J 

^(n+l)9 


(L(g)(f))^ +1 h „ q 
n! 

1 1/9 


h q (q + 1) • • • (q + n) 


(22.96) 


{Jq l|S " t We +1)9 ^( ds '>) > °0 (22.97) 


(22.98) 


= ^ 2 fc"£(i) (t) y-« 

I.e. we have that 


wh n 


(L(i)(t))sn 


1 1/9 


i! {q+l)---(q + n) 


(22.99) 


k < ~- wh . 


(L(l)(t))sn 


+ 


(q + !)••• {q + n) 


1/9 


, n £ N. 


( 22 . 100 ) 


We continue with 

Remark 22.28. We have by Holder’s inequality that (1 < q < oo) 


I |G f(j) (0, s,uj)\fit(ds) 

Jq j 

< (L(lXt)) 9 - 1 {J \G U) (0,s,u>)\ q nt{ds)) , (22.101) 


J^iLfLCL P/tyliel 



22.3 Main Results 


323 


and 


< 


/ (/ P[dw) 

(L(l)(t)) 1_ « ^ ^ |G 0) (0,s,w)|' q tM{ds)^JP(duj) 
(by Tonelli-Pubini’s theorem) 

(Z(l)(*)) 1_i f J \G( j) (0,s,uWP(cL,)y t (ds) 


We do have again 




«i! • • • a fc ! x 

\a\=j J =1 


Furthermore, 


|G W) (0, a ,a;)| 9 < Ql! . j! . afc! (rii^-^r i )l A -(^)l 

l |a| =j ' ' M=1 ' 

V \cx\=j \i= 1 ' ) 


Consequently we obtain 

[ \G u) {0,s,u)\ q P(duj) 

Jn 


< y, 


r- 


Hence 


/,(/. 


\a\ —0 


|G 0) (0, s,u>)\ q p(duj) )iM(ds) 


«i! • • • otkl 


n \si-UrA(E\X a \ q )(t) 


< k 


i-i 


E 

i«i =j 


«i! • • • a k i 


/ (ni 

•'Q M=1 


Si-ti\ qai Wds) (E\x a \ q )(t) 


( 22 . 102 ) 

(22.103) 

(22.104) 

(22.105) 

(22.106) 

(22.107) 


(22.108) 
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;i-i 


= k 


I.e. we got that 


E 


ME\x a \ q m 


\a\=] \ H=1 


HU\ 


■ -tii 


c t) 


(22.109) 


[ ( [ |G W (0,s,w)|/j t (<2s) > ) P(du>) 
Jn \Jq J j 


‘IH-* 


l«l=i 

\m \ \ ( t ) 


qi! • • • afc! 


Finally we easily obtain (1 < q < oo) 


( 22 . 110 ) 


(E(\M(X) - X\ q )(t))« < {(E\Xn(t))*\L(l)(t)-l\ (22.111) 

+ U1L |.Y(s,w) — X(t,w)\nt{ds)J P(duj)J , VteQ. 

Putting things together we have the following L q Shisha-Mond [264] type 
result regarding multivariate stochastic processes. 


Theorem 22.29. Let L: C(Q) <—> C(Q ) positive linear operator, where Q C R fe 
compact and convex k > 1. Let 


M(X)(t, w) := L(X(-,u>)){t), WeQ, Vwefi 


a probability space. Here -Y(s, w) £ C n (Q), n > 1, in s and measurable in u>. Also 
the partials X a , 1 < |a| < n are measurable in u>. We assume -E(|.Y| 9 )(t) < oo, 
(E\X a \ q )(t) < oo, Vt £ Q, 1 < q < oo and all a such that 1 < |a| < n. We 
further assume that X a £ C^(Q), all a: |a| = n. Also M(X)(t,uj) is supposed 
to be measurable in u> £ fi. TTien 
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1 ) 


(E(\M(X)-Xn(t))° <|(S|X|«)(t)|?|I(l)(t)-l| 

(E\X a \ 9 ){t) 


+ ETII 3 E 

\j=i OO 9 i\ a \=j 


ai\■ ■ ■ a k \ 


L{fi\--unu w jfitijw) 1 -’ 


f 2k n L(l)(t)\ 1 * 

'(L(l)(t))^r 1 

l nl ) 

n\ (q + 1) • • • (q + n) 


x(L(||.-t||(? +1) «)(t))T* max 

1 a : |o:|=n 


f2 1 (x a ,(L(||.-t||(? +1)9 )(t))™)^|, vt e Q. (22.112) 


Also we have 

2 ) 


\\E(\M(X) - X\*)\\l < \\E(\X«\)\\l\\Ll - 1|| 

•(tSSls 


ii^d^niic 


+ 


2 fc n ||L(l)|| <x> ' 


\<x\ =j 

qai ' 1 (t) 


ai! • • • a k \ 


|i(i)ll= 


i-i 


(L(l))^+T 


+ 


1 


n! (q + 1) • • • (q + n) 




x fi 1 (X a J(Z(||.-t||<^ 1 >«))(t)||^ 


(22.113) 


Proof. Comes by Concepts 22.6, Assumptions 22.9, 22.23, and Remarks 22.24, 
22.27, 22.28. For the case of h = 0, see (22.97), inequality (22.112) holds trivially 
as equality. ■ 

Note 22.30. When L(l)(t) = 1, Vt € Q, then the assumption 
(i5|A| 9 )(t) < Co, Vt € Q, 1 < q < oo 
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in Theorems 22.13, 22.17, 22.19, 22.21, 22.29 is redundant. 

The following general Korovkin type theorem (see [213]) is valid for L q con¬ 
vergence of multivariate stochastic processes. 

Theorem 22.31. Let {Ln}n£N be a sequence of positive linear operators and the 
induced sequence of positive linear operators {Mn}ng n on multivariate stochastic 
processes, all as in the assumption of Theorem 22.29. Additionally assume that 
{Zjv(l)}iveN is bounded and 

||(L J v(||.-t||^ +1) ))(t)|| oo -,0, 


along with Ljvl A 1 as N —> oo. Then \\E(\Mn(X) — A'| <3, )|| 00 —> 0, as N —> oo, 

mcan ” 

for all X as in the assumptions of Theorem 22.29. I.e. Mn —> I, the unit 

operator, with rates and in our setting. 

Proof. By inequality (22.113). Observe here that (1 < q < oo) 


IIMII--f|$)(t)IU 

< ||Liv(l)||L'^||Tiv(||--f|L 9 1 (n+1) )(f)||# IJ , (22.114) 


for j = 1,... ,n. Notice that 


Ei-*n * £i-t 


(22.115) 


and it is clearly true that 

ln\ irii-tH iw 

~i= 1 


< Ql! ';; Qfc! ii^di • -iL 9 ())(f)iioo, (22.H6) 


Va = (ai,... ,afc), an £ Z + , i = 1,..., k\ |«| = j, j = 1,. .., n. ■ 

“1 -mpan” 

Note 22.32. We observe that A/jv —> I implies Mn —* I, accord¬ 

ing to Theorems 22.22 and 22.31. 

Next we specialize in the n = 0 case. We do first the subcase of q = 1. For 
that we make 

Remark 22.33. We have that 


A(t,w) := M(x)(t,u>)-X(t,u)L(l)(t) = [ (X(s, u) - X{t, u))p,t(ds). (22.117) 

Jo 
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Then 


/ 

Jn 


\A(t,cj)\P(duj) 

<-L(L \X(s,u>)-X(t,u>)\iM(ds )) P(du) 

(by Tonelli -Fubini’s theorem) 

= J |-X"(s,w) - X(t,w)|P(dw)^ nt{ds) 

< [ f 2 i(X, ||s - t\\ e i)nt(ds) 

Jq 

(h > 0 ) 


< fii 


(X,h ) L i / 
Jo 


1 + 


l|s - All 


Pt(ds) 


h := 


/ ||s — t\\ e ifi t (ds) > 0 ) 

Jo 


= n 1 (x > Z(||.-i||,i)(t)) J . 1 (L(i)(t) + i). 


I.e. we got 


(22.118) 

(22.119) 

( 22 . 120 ) 

( 22 . 121 ) 


= Sh(X,h) L i ^L(l)(t) + ^J \\8-t\\ t itit(ds)j . ( 22 . 122 ) 

(Choose and suppose momentarily 


(22.123) 

(22.124) 


/ \A(t,ui)\P(duj) < (L(l)(t) + 1)0 1 (A',L(|| ■ —t\\ e i)(t)) Ll . (22.125) 

Jn 

We have proved 

Theorem 22.34. Here all elements are as in Concepts 22.6, Assumptions 22.9, 
22.11 when n = 0. Then 
1 ) 


(EQM(X) - X|))(t) < (E\X\)(t)\L(l)(t) - 1| (22.126) 

+ (Z(l)(t) + l)fii(X,L(|| • -f||,i)(t)) Ll , Vt € Q. 

Also it holds 

2 ) 

\\E(\M(X) — A'DHoo < HSI.YIIIcollLl-llloo (22.127) 

+ ||L(l) + l|U0 1 (AM|L(||.-t||, 1 (t)|| 00 ) il . 

Note 22.35. Inequality (22.126) holds trivially as equality when h = 0, see 
(22.123). 
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The implied by (22.127) Korovkin type result follows. 

Theorem 22.36. Let {Ln}n£N be a sequence of positive linear operators and the 
induced sequence of positive linear operators {Mn}ng n on multivariate stochastic 
processes, all as in Concepts 22.6, Assumptions 22.9, 22.11 when n = 0. Addition¬ 
ally assume that {Ljv(l)}jvgN is bounded and Ljvl -A 1, ||Lat(||- — £||*i)(t)||oo —> 0, 
as N —> oo. Then 

\\E(\Mn{X) — XPHoo —> 0, as N ^ oo, 
for all X as in Concepts 22.6, Assumptions 22.9, 22.11 when n = 0. I.e. 
“1-mean” 

Mjv —> I with rates in our setting. 

N —> oo 

Finally we treat the subcase q > 1 when n = 0. 


Remark 22.37. Let A (t,u>) as in (22.117), then by Holder’s inequality (1 < q < 
oo) we have 


\A(t,uj)\ q < {^J \X(s,u) - X(t,u)\nt{ds) 


< 


Therefore we get 


(L(l)(t)) 9 1 f \X(s,u)-X{t,u)\ q pt(ds). (22.128) 

Jq 


IA(t, w)| <J i D (dw)) q < (L(l)(t)) 1_ « 

X (/ (/ q Tt(ds) S jP(duj) 

(by Tonelli-Fubini’s theorem we get) 

(L(lXf)) 1 -^ (f(f n l*(«,w) - X(t,u)\ q P(cL,)^t(ds) 


(22.129) 


(22.130) 
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< (L(lXt )) 1 $ 

(take h > 0 ) 

< (Liimy-tniiXML* 


Li 1+ 




Ht(ds) 


< 2 1 “5(L(l)(t)) 1 «Ch(X,h)L« 


mm 



S - t\\ 9 el nt{ds) 


(choose and suppose momentarily 

h := i^J II s _ t\\liin(ds)j >0 
= (2L(i)(t)) l ^Q 1 (x, m . -twimf*) L mm +1)«. 

We have established 


(22.131) 


(22.132) 


(22.133) 

(22.134) 

(22.135) 


Theorem 22.38. Suppose Concepts 22.6, Assumptions 22.9, 22.23 when n = 0, 
1 < q < oo. Then 
1 ) 

{E(\M(X) - Xn(t)) * < ((£|.YH(t)) * ||L(l)(t) - 1| (22.136) 

+ {2L(l)(t)) 1 ~s (L(l)(t) + ljifir (X, (L(|| • -*||? 1 )(*))«) i ,, Vt € Q. 

2 ) 

||£(|M(X) - X\')\\i < ||S(|X|«)||i||I(l) - l||oc (22.137) 

+(2||Z(i)i| 00 ) 1 -* nil + lwishix, nidi ■ -t\\ q el m\\i) Lq - 


Note 22.39. When h = 0, see (22.134), then inequality (22.136) is trivially valid 
as equality. 

Note 22.40. When L(l) = 1 then the assumption (E\X\ q )(t) < oo, Vt 6 Q, 
1 < q < oo, in Theorems 22.34, 22.38 is redundant. 

We give the final Korovkin type related result based on (22.137). 

Theorem 22.41. Let {Ln}n en be a sequence of positive linear operators 
and the induced sequence of positive linear operators {A/jv}jvgN in 
multivariate stochastic processes, all as in Concepts 22.6, Assumptions 22.9, 
22.23 for n = 0, 1 < q < oo. Additionally assume that {Ljv(1)}jv£n is 
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bounded and ||j£/jv (ll--*ll?i)(0ll oo r 0, along with * 1, as IY * oo. Than 

\\E(\M N (X) - X\ q )\\ x ^ 0, as N —>■ oo, 

for all X as in Concepts 22.6, Assumptions 22.9, 22.23, n = 0. I.e. 
“q-mean” 

Mjv —> I with rates in our setting. 

N —> oo 


“o-mean” 

Note 22.42. We observe again that Mn —* I implies Mn —> I, 

according to Theorems 22.36 and 22.41. 

Note 22.43. The rate of convergence in Theorems 22.22, 22.31 is much higher 
than in the corresponding Theorems 22.36, 22.41 because of the assumed differen¬ 
tiability of X, see and compare inequalities (22.55) versus (22.127), and (22.113) 
versus (22.137). 

Note 22.44. If X a , \a\ = n £ Z+, fulfills a Lipschitz type condition then our 
results become more specific and simplify. 

We finish this chapter with 

Application 22.45. Here we will apply inequality (22.127) of Theorem 22.34. 
Let / G C([0, l] 2 ), the two-dimensional Bernstein polynomials of / are defined 

by 


B m ,n(f ; ti,t 2 ) ■■= 


m n 


££/(! 4 

k=0 £=0 v 

x 4(1 -t 2 f- e , 




ti(i-ti) 


(22.138) 


for all t := (ti,t 2 ) € [0, l] 2 , it is known that Bm,n{f ) —> / uniformly on [0, l] 2 . 
Clearly 


B m ,n(l-,ti,t 2 ) = 1, v(ti,t 2 ) £ [0,1] 2 , V(m,n) € N 2 . (22.139) 

By using Schwarz’s inequality repeatedly and maximizing we obtain 

Bm,n(\\ ■< (S m , w (|| - — t||2i)(t))^ (22.140) 

< + V(m,n)eN 2 ,Vfe[0,lf. 

2 \ym ynj 

That is 

\\BmA\\ ■ -t\M (t)||oo < \ ( -T= + -TV (22.141) 

2 \v m ynj 
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Here £? m ,n is an example of an L operator as in Concepts 22.6. Define the corre¬ 
sponding application of M by 


Vt = € [0, l] 2 , Vwen, V(m,n)<= N 2 , (22.142) 

where A is as in Concepts 22.6 and Assumptions 22.9, 22.11 for n = 0. 

By (22.127) we obtain 

||£(|B m , w (A)-A|)|| 00 <2n 1 (x,j(-L + -^) N ) , V(m,n) 6 N 2 , (22.143) 

V 2 Wm VnJ) L i 

for all X as above. Thus, as m,n —► oo, we get 

\\E(\B m ,n{X) - A'DIloo -► 0, (22.144) 

mca n” 

i.e. Bm^z —> I with rates. If X is of Lipschitz type of order 1 i.e. if 

Di(A, S) L i < KS, where K > 0, V5 > 0, then 

||£(|B m , w (X)-X|)|| 00 </s:(-L + -^V V(m,n)6N 2 . (22.145) 

Wm vn / 

One can give many similar other applications of the above theory. 
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About the Right Fractional Calculus 


Here we present fractional Taylor type formulae with fractional integral remainder 
and fractional differential formulae, regarding the right Caputo fractional deriva¬ 
tive, the right generalized fractional derivative of Canavati type ([126]) and their 
corresponding right fractional integrals. 

Then we give representation formulae of functions as fractional integrals of 
their above fractional derivatives, as well as of their right and left Weyl fractional 
derivatives. 

At the end, we mention some far reaching implications of this theory to 
mathematical analysis computational methods. 

Also we compare the right Caputo fractional derivative to right Riemann- 
Liouville fractional derivative. This chapter relies on [44]. 


23.1 About the Right Caputo Fractional Derivative 

We start with (for this section see also [160], [179], [259]) 

Definition 23.1. Let / £ Li([a,6]), a > 0. We define the right Riemann- 
Liouville fractional operator of order a by 

cue) = pA T f - *r _1 /(cue, (23.i) 

r («) Jx 

Vx £ [a, 6], where T is the gamma function. We set 7°_ := / (the identity 
operator). 
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We mention 


Theorem 23.2. Let / £ Li(Ja,b]),a > 0. Then /“_/(*) exists almost every¬ 
where on [a, b] and / £ Ti([a, 6 ]). 

Proof. Define k : H := [a, b\ x [a, b] — > R by fc(0 *) = (( — *)“ _1 , that is, 

.<•* \ / if a < a: < C < 6 , 

fc( ^ = ( 0 , ifa<C<*<&. 

Then k is measurable on O, and we have 


i-b rC i-b 

/ k(C,x)dx = / k(£,x)dx+ / k{C,,x)dx 

J a J a J C, 

= f ' (£ — *)“ _1 da: 

J a 


(C - o)° 


Because the repeated integral 


J (^J HC,x)\f(C)\dx S J d( = J |/(C)| (^J k(C,x)dx S jdC 


< 


< 


/ 6 1/(01 ^^ 

Ja a 

a_1 J (C-o)“ 1/(01 dC 

^ f 1/(01* 

J a 

a ll/(C)llz, l(a ,6) < 00 


a 

(b~a ) 


Therefore the function H : Q —> M such that H(£,x) := k(£,x)f (0 is inte- 
grable over fl by Tonelli’s theorem. Hence, by Fubini’s theorem we obtain that 
f b k((, x)f(()d( is an integrable function on [a, b], as a function of a: £ [a, 6 ], That 
is /( x) = f b (C - *)“ _1 f(()d( is integrable on [a, 6 ]. 

Thus /“_/ exists a.e. on [a, 6 ]. ■ 

We further need 

Lemma 23.3. Let a > 1 and / £ Li([a,6]). Then /“_/ £ C([a,6]) 
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Proof. For a = 1 is trivial, thus we assume a > 1. 
Let x,y £ [a,b] : x > y and x —► y. 

We notice that 


7“_/(*)-7“_/(y) I = — J (C-*)“ V(CK-/ (C - 2 /)“ 1 


< 


< 



f(C)dC-[ X 

J y 

Q_1 -(C -v) 
a_1 -(C-y) 


(C - 2 /)“ _1 /(C)dC -f" (C - y) a ~ 1 f(C)d( 

J x 

“- 1 ! i/(oi dc + f ( c-,r- 1 i/(c)K 

J y 

“- 1 ! i/(0i dc +(x-j / )“- 1 ii/(c)ii Ll « ai6)) ]. 


As x ^ y we get (£ — *)“ 1 —> (C — 2 /)™ 1 j thus 

|(C-0“- 1 -(C-0“- 1 | -»0jj 

and also 

|(C-0“- 1 -(C-2/)“ _1 | <2(6-o)“- 1 . 

Hence 


|(C - - (C - y )*- 1 1 1/(01 < 2 (6 - a)“ _1 1/(01 € Lida, 6]), 

and also | (£ — *)“ _1 — (C — J/)“ — 1 1 | /(C) I —* 0 as a; —► y, for almost all £ £ [a, 6], 
Therefore by Dominated Convergence Theorem we conclude, as * —> y, that 
/, 6 |(C-0““ 1 -(C-j/)““ 1 |l/(0|dC-o. 

Consequently, |/“_/(*) - 7“_/(y) | -> 0 as x -+ y. 

Therefore 7 6 “_ / £ C([a, b]). ■ 

We also have 

Theorem 23.4. Let a, (5 > 0, / £ Li([a,b]). Then 

7“_ 7f_ / = 7“_ +/3 / = 7f_ 7“_ /, (23.2) 

valid almost everywhere on [a, b]. If additionally / £ C([a, b]) or a + /3 > 1 , then 
we have identity true on all of [a, b]. 
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Proof. Since lf t _ := 7 (the identity operator), if a = 0 or j3 = 0 or both are 
zero, then the statement of the theorem is trivially true. So we suppose a, /3 > 0. 
We observe that 


= f(^M L {t ” a °°" 1 (/ (T ” t) ' 3 " 1 /(T)dr ) dt - 

The above integrals exist a.e. on [a, 6 ]. So if 7^_7(f f{x) exists we apply Fubini’s 


theorem to interchange the order of integration and get that 


r(a 


ml f(T) U, 


ml. ,{T) 


6 r(a)r(/3) 


= il 


T(a)r(/3) 

1 

r(a + f3) 

/(*)■ 


(r - *)' 


H-/3-1 


r (a+ 13) 

[ /(t) (t - x) (a+p) ~ 1 dr 
J X 


dr 


*+/3 


That is 


Ib_I^_f(x) = I^f(x) (23.3) 

true, whenever any of the two sides exists, which is true a. e. on [a, b]. 

Clearly, if / € C([a,b]) then 7^/ £ C([o, &]), therefore 7“_7^_/ £ C([a,b]) 

and 7“_ +/3 / £ C([a,b}). 

Since in (23.3) two continuous functions coincide a.e., they must be equal 
everywhere. 

At last, if / £ Li([a,b ]) and a + (3 > 1, we get l£ +f3 f £ C([a,b ]) by Lemma 
23.3. Hence, since I^ +l3 f{x) is defined and existing for any x £ [o, b ], by Fubini’s 
theorem as before, equals to 7“_7^ /(*), for all x £ [a, 6], proving the claim. ■ 


We need 


Definition 23.5. Let f £ AC rn ([a,b\) (space of functions from [a, b] into R 
with m— 1 derivative absolutely continuous function on [a, &]), m £ N, where 
m =* [a] , a > 0 ([•] the ceiling of the number). 

We define the right Caputo fractional derivative of order a > 0, by 

:= (-l) m C_- a f (rrl) (x), (23.4) 
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that is 

Db_f(x) = r , ( ~ 1)m T / i (C-*r-°- 1 / (m) (CK- (23.5) 

r(m - a) J x 


Note 23.6. Let / € AC m ([a,b]), m = [a] , with a > 0, then £ 

AC([a,b]), which implies that exists a.e. on [a, 6] and that /^ m ■* € Li([a,b]). 

Consequently if / € AC m {[a, 6]), then D^_ f(x) exists a.e. on [a, 6] and Z)“_ / £ 

Li{[a,b]). 

Observe that when a = m £ N, then 


Mx £ [a, b]. 
We need 


Definition 23.7. Let a > 0, m = [a] , / £ AC m ([a, 6]). We define the right 
Riemann-Liouville fractional derivative by 

ay sy - <*>■<» 

Vb_f{x) := I (the identity operator). 


We present 

Theorem 23.8. Let a > 0, m = [a] , / £ AC m ([a, &]). Then 

/ m — 1 r(k) ( i\ \ 

/(*) - E Sd (a: ~ 6 n = (*). ( 23 - 7 ) 


a.e. on [a, 6]. 

If L.H.S.(23.7) exists at a: £ [o,&], then L.H.S.(23.7)=R.H.S.(23.7). 
If R.H.S.(23.7) exists at a; £ [a, 6], then L.H.S.(23.7)=R.H.S.(23.7). 


Proof. We have that 


( f{x) - e ~ ^ 

m — 1 

fi x ) - E 






= (-i r 


> d m f b 

dx™ J x 


k=0 
\m — a — 1 


k\ 


(C-a r~ a ~ L ^ 


F(m — a) 


/(o - E 


fc! 


(C - b) K d(. 
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Next we use integration by parts repeatedly to obtain 

/a \m — a— 1 / m— 1 


J X 


(C -xf 


F(m — a) 




fc=0 


r b (/(C) - EfcTo 1 U^(C - &) fc ) ^ 

/ -rTI-—-d(C-*) 

«/ cc 


r(m — a + 1) 




fc! 


L 


k =0 


(C - *)’ 


T(m — a 




- -/ 


(C - *)’ 


r(m — a 


fc=i 
m — 1 




Thus we have 




— 1 /W(6) 

(*-!)!’ 




k= 1 


Under our assumptions we can perform the above m times, to derive 
L = (— 


That is 


( fix) - - b) k ) = ir_ir_~ a f (m \x), a.e. 

k =0 


Consequently we have 




k =0 


= (-ire™/— C (a; ) - £ - &)' 

\ k =0 

“=• D m ir_irs a f {m \ x ) 

= (—l) m //^-“/ {m) (a;) 

= £>?_/(*). 
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Above we used that D m 7^ = (—l) m J on Li([o,6]). ■ 

Next we give the comparison result. 

Theorem 23.9. Suppose / £ AC m ([a, b]), m = [a] , a > 0. Assume any of 
fix), (x) exists for some x £ [o, b]. 

Then 


So, if /^ (6) = 0, k = 0,1,..., m — 1, then 

VZ_f(x) = DZ_f(x). 


(23.8) 


(23.9) 


Proof. 

We apply Theorem 23.8. So, by (23.7) we obtain 


DZ_ fix) = VZ_ fix) - £ ((* - b) k ) 


We find 


v\ Ux-b) k = 


But it holds 


(-l) r 


) m pb 

J (t-a0 m_o_1 (t-&) fc <tt 


(-i r 


(23.10) 


r(m — a) \dx y 

m-\-k / J \ m rb 

d ) J ib^t) (k+1) - 1 it-x) (m - a) - 1 dt 


T(m — a) \dx 

(-1 ) m+k f d\ m fc!r(m — a) 


r (m — a) \dx J T(k + l + m — a) 


ib-x) 


k-\-m — OL 


i-ir+ k k\ (d_l {b _ x)k+ m- a 


r (k + 1 + m — a) \ dx 


(23.11) 


^(6 —*) ( ' fc+m = (—l) m (fc — a + m)... )k — a + 1) (6 — x) k 


Therefore 


= (- 1 ) m r( r (fc -t + i+) 1) {b - x)k ~ a (23 ' 12) 

V%_ix-b) k _ (_i fib-x) k ~ a 


k\ 


r(fe-a + l) 


(23.13) 
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Finally we have 


k=0 


F(fc - a + 1 ) 


(23.14) 


We further need 

Theorem 23.10. Let / € AC n ([a, b\),n £ N. Then 


l fc=0 ' J 

(23.15) 

(n-iy.L {t x) f(){t)dt - 

(23.16) 

D n I b _ = (-1)"/ 

(23.17) 


Vx £ [a, b ], where 

4 n _/ W Or) := 

Furthermore 
on Li([a, 6 j). 

Proof. Since / £ AC n ([a,b ]), then by Taylor’s theorem we have 

f{x) = g _ 6) * + _ 2 _ j\ x _ 


and 


k =0 


« ■■ = /(*>- 


1 


(n — 1)! J b 


(23.18) 


y J (aJ-t) n_1 / (n) (*)<«, (23.19) 


That is 


A = 


(-ir 


(n- 1 )! 

= (-l)"Z?/ (n) (aO 


T [ b (jt-x) n ~ 1 f in Ht)dt, 

• */ X 


(23.20) 
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We continue with the right Caputo fractional Taylor formula with integral 
remainder. 


Theorem 23.11. Let / G AC m ([a, b]),x £ [a, b\, a > 0, m = [a] . Then 

r(. 


/(*)=E ^^(*- 6 ) fc + p^y£(C-*) a “ i ^“_/(CK- (23.21) 


Proof. We see that 

Ib_ Db_ f (x) = 7 b “_(-l) m /r“/ (m) W 

= (-i) m / 6 “_/r a / (m) w 

= (-i) m / 6 “_ +m -“/ (m) (*) 

= (-i rir_f m) (x) 


= (-i ) 2 


■ ^/W (6) ■ 

/(*)- E —— 1 (*- 6 ) 


k=0 


= /(*) - I] 




k=0 


k\ 


-{x-by. 


Therefore 

m — 1 

/(*) = I] 


/c=0 

m -1 ~(fc) 


u\k , t ol r^a t , 

——— (x-b) + I b _D b _f{ X) 


= E L rr 1 ( x - v k + rn i (c ~ x ^~ lD >- /(c)dc 

fc'o k ' r («) J* 


Next we mention 


Theorem 23.12. Let f £ AC m ([a, 6 ]),a > 0, m = [a] < /?. Then 

I?: a f(x) = E r^+l^-a) ^ ■ X)fc+/3 "“ + ( 23 - 22 ) 

V* G [a, &]. 

That is 


F(/3- 


m-l 

—r / (c-«r a - i /(cK=E 

' •'* fc =0 


y k) ib)(-i) k {b - x) k+p - a 


F(k + 1 + 13 — a) 


+ wJ‘ {C - ir ' D; - mdC 


(23.23) 
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Mx £ [a, b ]. 

Proof. It holds 


Tp-a 


(b-x) = 


We see that 

iL D Lf(x) 


J X 

(b- x) k+p - a 


F (13-a) 

1 r(fc + l)F(/3- a) 

Y{j3 - a) T{k + 1 + 13 - a) 


k\ 


T(k+1 + /3-a) 


(b-x) 


k-\-fi — OL 


(-i ri^_ir_- a f m) (x) 

(-i ) m /f_- Q+m / (m) (*) 

( _l )2 ^^- a | /(a;) _ £ ( X _ b) k 


k=0 


- E “(* - (.) 


fc =0 


(23.24) 


= - E (» - *>‘ 

fc =0 

(23_24) TP-<*ft x \ xfc+/3-a 

- 4_ 2 _. r(fc + i+/?-a ) (6 


(23.25) 


We also give 

Theorem 23.13. Let / £ AC m ([o, 6]), m := [a] , 0 < a < (3 < m. Then 
4“_^_/(*) = -4' + “' /3) / , (*)+E p{ fc + 2 + a _ ^ (&-^) (fc+1+C, ~ ffl ’ (23.26) 


fc=o 


almost everywhere in [a, b]. 
That is, we have 


/£ + °- /,) /'(*) = E r{fc + 2+l -fl) {b ~ x ) {k+1+a ~ P) - (23.27) 
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almost everywhere in [a,b\. 

Hence 

_I_Ac x)^mdc = T f ik+1) m-i) k {b x)( 

r(l + a-P)J x ^ ’ 1 c ^ T(k + 2 + a~/ 3 ) [ ’ 

~f{a)jj C ~ x)a ~ lD ^- mdC (23 - 28) 


\(fc+l+“-/3) 


almost everywhere in [a, b]. All the above are complete identities if m + a — /3 > 1. 

Proof. Notice [a] = [/3] = m. We observe that 

Ib_ D^_ f (x) = (—1 ri?_ir_- p f (m \x) 

(o_e.) (_^rnja + m-0 j(m) ^ 

= {-l) m I™ +a -P 

_ j(m-l) + (a-0+l) 

_ (_^rnj(m-l) + (l-(f3-a)) ^/^^(m-1) 

= ( _ ir/ (l-W-«)) ( _ ir -l | f{x) _ £ f ik+ ^ b \ X - h ) k 

l fc=0 


k=0 

m — 2 


-l£+°-»f {x) + £ l^^ { -i) k i^-e\b - x) k 

k =0 

1 )* 

fc =0 

/ (b — C) (fc+1)_1 (C — *) (1+ “ -/3)-1 dC 

«/ cc 

r(i + a-/3) 


T (1 + « — /?) 

-r+w+ e 


k=0 


fc!r(l + Q B) , _ \(fc+l + a — /3) 
r(fc +1 +1 + « - /?) 1 J 
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- / (fc + 1) (fe)(- \) k _ . 

A, r(fc + 2 + a-/3) ( j 


(23.29) 


We further present 


Proposition 23.14. Let / € C([a, 6]), a > 0, m = [a] < /3. Then 

V* G [a, 6], 


(23.30) 


Proof. Call (3 = m + v, v > 0. We notice that 


D b J p b J{x) = (-1 ) m j£-“ (/£_/(*)) 


(m) 




m jm — OL jym jm-\-v 


v f(x) 


/ i \ m rTn — ot nm rm j-i; /» / \ 

= (-!) 4 _ D h-h-fix) 


(-1 f m I™- a lF b _f{x) 


= I, 


m — a jv 


n.f{x) 


C7 v ~ a f(x) 


= i; 


(3 —oc 


f(x). 


Also we have 


Proposition 23.15. Let n G N such that n < m — 1 < a < m,m = \a] , f £ 
AC™- 71 ([a, b}). Then 

Dh_I b _f(x) = Dl a _~ n) f(x), (23.31) 

V* G [a, 6]. 
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Proof. Set m = k + n. We observe that 


D?_I?_f(x) = 

/ -i \m 7-m —ct 7-,ra 7-n /»/ \ 

(-!) 4 _ D h_f(x ) 

= 

(-l) m C_- a D k D n lZ_f(x) 

= 

(_1 ) m + n I™~ a D k f(x) 

= 

{-l) m + n I^j a D m - n f{x) 

= 

(_l) m + n /( m-n )-(<*-n) j(rn — n) 

(notice \a — n] = 

m — n) 

= 

(-l) m+ “(-l) m — ”D<“— B) /(i) 


^r n) /(D- 


23.2 About the Right Generalized Fractional 
Derivative 


Here see also [126], [23], p.539-545. 

Let v > 0, n := [u], a = v — n, 0 < a < 1, here [■] is the integer part, 
/ £ C([a, 6]), call the right Riemann-Liouville fractional integral operator 

by 

(JL f ) (*) := [\c - *)"■ V(C)dC, (23.32) 

r(v) J x 

x £ [a, 6], Define the subspace of functions 

Gl_{[a,b}) ■= {/ € C n ([a,b]) : J^ a f (n) £ G([a,6])} (23.33) 

Define the right generalized v- fractional derivative of / over [a, b] as 

D v b _f := (-l) n “ 1 DJ 6 1 j“/ (n) - (23.34) 

Notice that 

4~ a f (n \x) = 1 AC - x)-“/ W (C)rfC (23.35) 

r (! - o) Jx 

exists for / £ C%_ ([a, 6]), and 

D ‘- ™ s /> " A’«r. ( 23 . 36 ) 
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That is, 

<«-/> <*> = [ (C-)"-/<■>««. (23.37) 

If v € N, then a = 0, n = v, and 


Db_f(x) = (~l) n f (n \x). 


(23.38) 


Lemma 23.16. Let / G C([a, &]), u > 1, n = [v\,a = v — n. Then 

{{Jb.f) (x)) W = (-1 ) k J v b Z k f{x), (23.39) 

k = 0, 1,... , n — 1. 

Also 

((■#_/) (*)) W = (-1 ) n Jb_f(x), (23.40) 

if a > 0, 
and 

(J6_/) (n) = (-1)"/, if a = 0. (23.41) 

Proof. Clear by Proposition 23.14. ■ 

Theorem 23.17. J£_ : C([a, &]) C([a,b]),v > 0 is (1-1). 

Proof. Let f £ C([a,b]) such that J£_f = 0. 

If 0 < v < 1, then j£_ f = J^~ v Jb_ f = 0, Hence j£_ f = 0. 

That is (—1)/ = ( Jb_fY = 0) and / = 0. 

If now v > 1, then v = n+a, (where n := [v], a := v—n, n > 1, and 0 < a < 1). 
If a = 0, then J 6 n _ / = 0, hence (-l) n / = (J 6 n _ /) (n) = 0, so that / = 0. 

If a > 0, then J 6 Q _ (J 6 "_ /) = J£+ a f = J£_f = 0. 

Hence by first case of this proof we get 

Jb_f = o. 

And as in the second case of this proof we get / = 0. 

So theorem’s proof now is complete. ■ 
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Remark 23.18. Let / £ C£_([a,6]). We notice that 


jL{D v b _f)(x) = [\DLf)(OdC 

J X 

= (- 1 ) n " 1 / fe l(^ 1 - Q/(n) ) (c)dc 

= (-i)”’ 1 [(4: a / w ) ( b ) - (j£- a) f 

= (-i) 7i j^- Q) / (n) (*). 


That is 


Jt a) f (n \x) = (-1)"JU0L/)W 

= (-If Jt a) (j?-(DL /))(*) 

Hence by being (1-1) we obtain 


/<”>(*) = (-1)"J?_ (D%_f) (x). 


Therefore 


i/ W W = (-l) n J b "_J6 a _ W_f){x) 
= (-1 ) n J?+ a (D v b _f)(x). 


Thus 


Jl/ W (x) = (-1)" (. J?_DZ_f) (x). 


Let now v > 1, then 


Therefore 


/(*) - I] 


"- 1 /W(6_) 


fc=0 


fc! 


(* - b) k = ( Jl_ Dl_ f) (x). 


That is 


/(*) = I] 

k =0 

If 0 < v < 1, then n = 0. 




fc! 


(x-b) k + ( Jb_Db_f ) (*)• 


(23.42) 


(23.43) 


(23.44) 


(23.45) 


4"./ w W = (-1)” j/oo - g f -~W- L ( x - & ) fc } • ( 23 - 46 ) 


(23.47) 


(23.48) 
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Then clearly we get 

f{x)=(JZ_D v h _f){x). (23.49) 

We have proved the following Taylor fractional formulae 

Theorem 23.19. Let / € C b _([a,b]),v > 0,n := [i>]. Then 

1. If v > 1, we get 

f(x) = E fc , (x), (23.50) 

k =0 

V* € [o, b\. 

2. If 0 < v < 1, we obtain 

f(x) = JZ_D v b _f(x), (23.51) 

Mx € [a, 6]. 


23.3 About the Right and Left Weyl Fractional 
Derivatives 


Here we use concepts and some results from [179], [226]. 
Definition 23.20. Consider the class of good functions 
£=|/er(R): lim x N f (k \x) = oyk € Z+,W <= N 

The right Weyl fractional integral for / £ E is given by 

1 ,oo 

w ~ Vf{x):= WjJ (e-xrvm, 

v > 0,Vx £ R, and it exists. We set W° := I. 

Let v > 0, and let v = n — A, where n £ N and 0 < A < 1. 

We define the right Weyl fractional derivative as 

W v f = (-1 ) n D n W~ x f 


for / £ E. 

That is we have 


W v f(x) 


(-l) n d n 
T(A) ~dh^ 


POO 

J X 


(23.52) 


(23.53) 


(23.54) 


(23.55) 
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Va; <= R, V/ e E. 

Remark 23.21. In [226] it is proved that 

W a W p = W a+I3 ,\/a,/3 e R, (23.56) 

So that W° = -DW- 1 . 

Let v > 0, then W~ V W V = W° = I. 

Thus W~ v W v f = /,V/ € E. 

I.e. 

f{x) = W~ v (W v f)(x),Vx € R. (23.57) 

More precisely we get from the above 

Theorem 23.22. It holds 

i r°° 

f(x) = —J (H-xy- 1 (W v mOdli, (23.58) 

V* € R, V/ € E. 

One can rewrite the last one as 

1 r°° 

fix) = — / iW v f) ix + z)dz, (23.59) 

r(v) Jo 

Vx € R, V/ 6 E. 

We need further 

Definition 23.23. Next we consider also the alternative class of good 
functions 

E* = If £C°°i R) : lim x N f (k) ix) = 0, VAT G N, Vfc 6 Z+l (23.60) 

I X —»-oo I 

(Notice that the Schwartz class of test functions in distribution theory equals 
EnE*.) 

We define the left Weyl fractional integral, v > 0, 

wrfix) : = ^ £ ix - ar^nm, ( 23 . 61 ) 

V/ £E*. We set W° := I. 

Fact. It is known (//., v > 0), see [179], that 

= W~ {v+ll) . (23.62) 


~Pufuc. 7/faf/tcjftafrcn.Z Pfcyliel 



350 23. About the Right Fractional Calculus 


Definition 23.24. For v > 0, v = n — A, n £ N, 0 < A < 1, we define the left 
Weyl fractional derivative as 


w:f(x) 


= D n W~ x f(x) 

1 f , « 

F(A )dx"J_J X 0 




V* £ R,Vf £ E*. 

For / £ FT, we notice that g(x) := f(—x) £ E. 

Remark 23.25. We see that 


(23.63) 


W~ V W: = W~ v D n W~ x (23 = 5) W~ v W~ x D n 

= WE (v+X) D n = WE n D n (23 = 8) I. (23.64) 

We want to prove 

D n W~ x = WE X D n (23.65) 

Indeed we notice that 


W~ x f(x) = 1 


r(A) 


r+o o 

/ z x ~ 1 f(x — z)dz 

Jo 


(23.66) 


Thus 


(w. X f(x)) { = f o zX 1 f (n) (x - z)dz 


F(A) 

= W~ x f (rl) (x), 


proving (23.65). 

Also we want to prove 


W~ n D n =s/,V/ £ E*. 

Indeed we have 

w~ n f (n) (x) = r 4wr (*-0 n_1 / (n) m 
(n !)• J —oo 

= fix), by / £ E*, Mx £ R, 


see also next Remark 23.27, proving (23.68). 
So from (23.64) we derived that 


(23.67) 


(23.68) 


(23.69) 


WE v W:f(x) = fix),'if £ E*,\/x £ R. 


(23.70) 


The last gives 
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Theorem 23.26. It holds 


/(*) = TTT r ( x - 0* _1 (W^/)(0de. (23.71.) 

r (w) J-oo 

V/ € E*,\/x € R. 

One can rewrite (23.71) as 

1 r+°° 

f(x) = Y^- ) J o * V - 1 (W?f){x - z)dz, (23.72) 

V/ € E*,Vx € R. 

As related material we make 
Remark 23.27. Let / € C n (R),n € N. 

I) The following are equivalent 


f( x ) = J ( x-t) n 1 f <n) (t)dt,Vx € R, 


(23.73) 



lim f (k \a)(x — a) k = 0, Mx € R, all k = 0,1,..., n — 1, (23.74) 



lirri f^ k \a)(x — a) k = 0, for some x £ R, all k = 0,1,..., n — 1, (23.75) 



lim a k f^ k \a) = 0, all k = 0,1,..., n — 1. (23.76) 


And 

lim a n ~ 1 f^ k \a) = 0, all k ■«= 0,1,..., n — 1, (23.77) 

a —► — oo 

implies (23.73). 

This equivalence is established mainly by the use of Taylor’s formula with 
integral remainder, etc. 

The subclass of functions / € C n (R) with (23.73) valid is rich. 

II) Similarly, the following are equivalent 


1 /» + oo 

{-l) n f(x) = ^ J (t — *) n_1 / (n) (t)dt,V* £ R, (23.78) 
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lim f (k \b)(x — b) k = 0, V* £ R, all k = 0,1,..., n — 1, (23.79) 

b —» + oo 


lim f^ k \b)(x — b) k = 0, some x £ R, all k = 0,1,..., n — 1, (23.80) 

b —>- + oo 


lim b k f (k \b) = 0, all k = 0,1,... ,n - 1. (23.81) 

b —» + oo 

And 

lim b n ~ 1 f {k \b) = 0, all k = 0,1,..., n — 1, (23.82) 

b —>- + oo 

implies (23.78). 

The subclass of / £ C’^R) as in (23.78) is also rich. 


23.4 Consequences 

1. By Theorem 23.11, for / £ AC m {[a, 6]), x £ [a,b],a > 0 ,m= [a] , and 
/^ (6) = 0, k — 0,1,,.., m — 1, we obtain 


f(x) = [\c - xr-'D^mdC (23.83) 

r («) Jx 

And when f^ k \a) = 0, k = 0,1,..., m — 1, by Corollary 3.6, p.40, [145], we 
get 

/(*> = r(x - (T^DUiOdC, (23.84) 

r(a) Ja 

where D“ a / is the left Caputo fractional derivative of / of order a and 
anchored at a. 

If both /^ (a) = /^ (6) = 0, k = 0,1,..., m — 1, then by the above we find 
that 


f(x) = 


1 


2F(a) L. 


f 


f 


Mx £ [a, 6]. 


(* - 0 a ~ D? a f(()d( + I (C - x) a ~ l Dg_ /(C)dCj , 

(23.85) 
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2. Let / £ C£_ ([a, b]), v > 1, n := [i>], f (k \b) = 0, k = 0,1,..., n — 1. Then, by 
Theorem 23.19, part (1), we derive 

m = 

= f^) ~ x J”" 1 f) (OdC. (23-86) 

Va: £ [o, b}. 

Also let / £ C v a ([a,b]) := {/ £ C n ([a,b}) 

7(*) : = ( r(i-a) fa( x ~ t)~ a f (n) (t)dt) £ C ,1 ([a, b])| , v > 1 ,n := [v], with 

f( k \a) =0, fc = 0,1,...,n — 1. Then by Theorem 25.1, part (1), p. 540 of 
[23], we get 

/(*) = p^y f(x - ty^Dlf^dt, (23.87) 

Va; £ [a, b]. 

Here Ca([a,b]) and D^f '■= are as in p.540 of [23]. 

If / £ Ca([a,b]) n Cb-([a,b]),v > 1 ,n := [u], with / (fc) (a) = f (k) {b) = 0, 
k = 0,1,..., n — 1, then 

/(*) = 2 f^u) / ( x ~ t Y~ lD *f( t ) dt + f (C -*)- 1 (!«_/) (CK ■ 

(23.88) 

3. Let / be an interval Cl of finite or infinite length, a:o £ I, and /a a positive 
finite measure on the Borel a —algebra of I. Let / £ C m (/),m := [a] , a > 0. 
Then 

/(*) = E ^rr^-( x - x °) k + /% - C)““ 1 ^ 0 /(C)dC, (23.89) 

fe! r ( Q ) 2,0 

Mx £ I ■. x> a;o- 
Also it holds 

/(*) = E - *°) fc + f^y jf« - *) Q “ 1 ^“ 0 _/(c)dc, (23.90) 

Va; £ I : a; < a;o- 
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Consequently we obtain 



So we derive 



/ 


J f{x)d^{x) + J f(x)dfi(x) 

{x£l:x<x 0 } {x£l:x>x q } 

Z^jT 1 j (*-»>%(*) + 

^ ^ {x£l:x<x 0 } 

J (J {C-x) a ~ 1 D^ 0 _f{QdC S jd^(x) + 

{x£l:x<ix 0 } 

+ g®£2) J {X - X0 )%(*) + (23.91) 

^ ^ {:c£ J:x>xo} 

P^y J i^J (x-tr^D^md^dnix). 

{x£l:x>x 0 } 


/(*-»)%<*) + 

l-n * J 


r(a) 


/ a; 


(C - *)“ 1 Dx 0 _f(.C)dC ]d(J,(x) + 


{x£l:x<x q } 


/ (£ {x ~ C) a_1 S?»o/(C)dc) «*A*0«0 > , (23.92) 


{x£/:x>xo} 


etc. 

In (23.92) we assume that all integrals exist. 

We can do similar things with the generalized right and left u— fractional 
derivatives; see Section 23.2 and [23], p. 540, and Section 23.4, Part 2. 

One can exploit in analogous ways Theorem 23.22 and Theorem 23.26, re¬ 
garding the right and left Weyl fractional derivatives. 
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24 

Fractional Convergence Theory of 
Positive Linear Operators 


In this chapter we study quantitatively with rates the weak convergence of a 
sequence of finite positive measures to the unit measure. Equivalently we study 
quantitatively the pointwise convergence of sequence of positive linear operators 
to the unit operator, all acting on continuous functions. From there we obtain with 
rates the corresponding uniform convergence of the latter. The inequalities for all 
of the above in their right hand sides contain the moduli of continuity of the right 
and left Caputo fractional derivatives of the involved function. From the uniform 
Shisha-Mond type inequality we derive the fractional Korovkin type theorem 
regarding the uniform convergence of positive linear operators to the unit. We give 
applications, especially to Bernstein polynomials for which we establish fractional 
quantitative results. 

In the background we prove several fractional calculus results useful to ap¬ 
proximation theory and not only. This chapter relies on [43]. 


24.1 Introduction 


In this chapter among others we are motivated by the following results 

Theorem 24.1. (P. P. Korovkin [213], (1960), p. 14) Let [a, b] be a closed 
interval in R and (L n ) n be a sequence of positive linear operators mapping 
C7([a, 6]) into itself. Suppose that ( L n f ) converges uniformly to / for the three 
test functions / = l,x,x 2 . Then ( L n f ) converges uniformly to / on [a,b\ for all 
functions f £ C([a,b[). 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 355 -376. 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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Let f £ C([a, 6]) and 0 < h < b — a. The first modulus of continuity of / at h 
is given by 


u>i{ f,h)= sup \f{x)-f(y)\. 

x,y£[a,b\ 

\x — y\<h 

If h > b — a, then we define wi (/, h) = u>i (/, b — a). 

Another motivation is the following 

Theorem 24.2. (Shisha and Mond [264], (1968)) Let [a, b] C R a closed 
interval. Let {I/njngN be a sequence of positive linear operators acting on C([a, 6]) 
into itself. For n = 1,..., suppose L n { 1) is bounded. Let f £ C([a, b]). Then for 
n — 1 , 2,... , we have 


II L n f - f IL < ll/IL ll^nl - 1IL + llinl + 1IL W 1 (/,Mn) (24.1) 

where 

= || L n (( t-xf) (®)||® 

and ||-|| stands for the sup-norm over [a, 6]. 

One can easily see, for n = 1, 2,... 

Mn < || L„ {t 2 \x) - a; 2 ))^ + 2c||L„ (t;x) - + c \\L n (1;®) - l^ , 

where c = max (|a| , |b|). 

Thus, given the Korovkin assumptions (see Theorem 24.1) as n —> oo we 
get —> 0, and by (24.1) that ||L„/ — fW^ — > 0 for any / € C([a,b]). That 
is one derives the Korovkin conclusion in a quantitative way and with rates of 
convergence. 

One more motivation follows 

Theorem 24.3. (See Corollary 7.2.2, p. 219, [16]) Consider the positive linear 
operator 


L : C n ([a,b]) -► C([a,b]),n£ N. 

Let 

Ck(x) = L((t - x) k ,x), k = 0,1,... ,n; 

d n (x) = [L(\t — x\ n , *)] ** ; c(x) = max (x — a, b — x) ^c(x) > — — . 

Let / € C n ([a, b]) such that u>i < w, where w, h are fixed positive 

numbers, 0 < h < b — a. Then 


n f (k \x) 

I Hf,x) - /(®)| < |/(*)| |co(a;) - 1| +J2 -Li- \c k (x)\ + R„. (24.2) 

k= 1 

Here 

Rn=w(j>n{c{x)) ^) = ~n\® n (cix )) d "(*)> wllere (^j = n\<j> n (u)/u n , 
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with 

4>n(x) = [ H \ 1] (x € R), 

J 0 h (n — 1)! 

["•] is the ceiling of the number. 

Inequality (24.2) is sharp. It is approximately attained by — x) + ) and a 

measure supported by {*,6} when x — a < b — x, also approximately attained 
by W(f)„((x — t)+) and a measure )j, x supported by {x, a} when x — a > 6 — x : in 
each case with masses co(x) — ^ ^ and ^ 'j , respectively. 

Using the last method and its refinements one gets nice and simple results for 
specific operators. 

For example from Corollary 7.3.4, p. 230, [16], we obtain: 

let / € C' 1 ([0,1]) and consider the Bernstein polynomials 

(Bnf) (t) = E / (£) Q t k (1 - t ) n ~ k , t€ [o, i], 

then || B n f - fW^ < °' 7 Ji 25 uii (f, .So B n f A / as n -> oo with rates. 

In this chapter we study quantitatively the rate of weak convergence of a se¬ 
quence of finite positive measures to the unit measure given the existence and 
presence of the left and right Caputo fractional derivatives of the involved func¬ 
tion. That is in the right hand sides of the derived inequalities appear the first 
moduli of continuity of the above mentioned fractional derivatives, see Theorem 
24.25 and Corollary 24.26. 

Then via the Riesz representation theorem we transfer Theorem 24.25 into the 
language of quantitative pointwise convergence of a sequence of positive linear 
operators to the unit operator, all operators acting from C([a, 6|) into itself, see 
Theorem 24.27, Corollary 24.28 and Theorem 24.30. 

From there we obtain quantitative results with respect to the sup-norm ||-|| , 

regarding the uniform convergence of positive linear operators to the unit. Again 
in the right hand side of our inequalities we have moduli of continuity with 
respect to right and left Caputo derivatives of the engaged function. For the 
latter see Theorem 24.32, a Shisha-Mond type result. From there we derive the 
latter Korovkin type convergence theorem at the fractional level, see Theorem 
24.33. 

We give many of applications of the fractional Shisha-Mond and Korovkin 
theory, see Corollaries 24.35-24.38. 

In the background section we present many interesting fractional results which 
by themselves have their own merit. 

In approximation theory the involvement of fractional derivatives is very 
rare, almost nothing exists. The only fractional articles that exist are of 
V. Dzyadyk [153] of 1959, F. Nasibov [233] of 1962, J. Demjanovic [140] 


J^iLfLCL P/tyliel 



358 24. Fractional Convergence Theory of Positive Linear Operators 


of 1975, and of M. Jaskolski [196] of 1989, all regarding estimates to best approx¬ 
imation of functions by algebraic and trigonometric polynomials. 


24.2 Background 


We mention 

Definition 24.4. Let v > 0, n = [v] ([•] is the ceiling of the number), f £ 
AC n {[a,b]) (space of functions / with f^ n ~^ £ AC([a,b]), absolutely continuous 
functions). We call left Caputo fractional derivative (see [145], p. 38, [160], [259]) 
the function 

DlJ(x) = 1 f\x - t) n - v - x f n \t)dt, (24.3) 

j a 

Vx £ [a, 6], where V is the gamma function T(v) = f^° e~ t t v ~ 1 dt, v > 0. 

We set D° a f(x ) = f(x),Vx £ [a, b]. 

Example 24.5. Take v = then n = 1 and f(t) = t 13 £ C([0,1]), 0 < (3 < i, 
t £ [0,1]. See that f'{t ) = 0t /3_1 £ Li([0,1]). 

We see that 


D *of(x) = -nr [ (*-d ^ 1(lt - 
1 ( 2 ) J o 


(24.4) 


By setting t = xs, dt = xds, 


4/w = t4i~" )_4 x ’~' st ~' xds - nfd)*'’" 4 - 


v+i) 


Let 0 < (3 < then D£ 0 f( 0) = +oo. Let 0 = k, then 


A?o/(0) = ^ > 0, (24.5) 

a positive real number! 

Conclusion: In general for D” a /(a) we do not know what it is, it could be 
infinite, or finite non-zero, or zero! (see next). 

Lemma 24.6. Let v > 0, v ^ N, n = [v] , / £ C n ~ 1 ([a,b]) and / ^ £ 
ioo([a,b]). Then D: a /(a) = 0. 


Proof. By (24.3) we derive 
1 


\DZ a f{x)\ < 


That is 


T(n — v) 


\d:j(x)\ < 


f(x-t) n - v - 1 \f( n \t)\dt< 

ll j(")| 


/ 


(«) 


T(n — v + 1) 


(x — a)’ 


T(n — v + 1) 


(x — a) 71 v , V* £ [a, b ]. 


(24.6) 
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That is D1 a f(a) = 0. ■ 

We need 

Definition 24.7. (see also [160], [155], [44]) Let / £ AC m ([a, b]), m = [a] , 
a > 0. The right Caputo fractional derivative of order a > 0 is given by 

£>“-/(*) = J~ ir T [ b (C - / (m) (CR, (24.7) 

T(m - a) J x 

Vx £ [a,6]. We set D°_f(x) = f(x). 

Lemma 24.8. Let / € C™'^ 1 ([a,b]), f <m - ) £ Loo([a, &]), m = [a] , a > 0. Then 
Db-fip) = 0. 

Proof. As in Lemma 24.6. ■ 

Lemma 24.9. Let f £ AC m {[a,b \), m = [a] , a > 0; /i is a positive finite 
measure on the Borel cr-algebra of [o, b], xo £ [a, 6]. Then 

/ * 771 1 / \ /* 

f(x)dfj,(x) - : —rr 1 - / ( x - x o) k dfj,(x) (24.8) 

= f(oy|/ j (/ (C _a; )“~ 1 (- D “o-/(C)-' D “o-/( a: o)) d cjciM(a:) + 

[ (f (*- c )“ _1 (£>?»o/(0 - D: xo f( X0 ))dc) d»(x)\. 

J (x 0 ,b] \J XQ / J 

Proof. From [145], p. 40, we get by left Caputo fractional Taylor formula that 


f[x) = ^ - xo ) k + f\x - ( 24 . 9 ) 

k= 0 1 W ■'*0 

for all xo < x < b. 

Also from [44], using the right Caputo fractional Taylor formula we have 

r (fe) / \ i pxq 

m = E L -^r l - x °) fc + f(a) J (c - *)“' 1 - D “o-/(c)dc, (24.10) 

for all a < x < xo- 

Consequently we find 


[ f(x)d/j.(x) = f f(x)dfj,( x) + f 

J [a,b\ J[a,x 0] ./(a;o, 6 ] 


f(x)d^(x) 
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f (k \x 0 ) f , \k j f \ , 

= 2^ —Ti— / “ *°) d v( x ) + 

rR (f <C - + 

[ ( rix-Cr-'D^fiQdc) dn(x)\ . 

J(x 0 ,b] \Jx o / J 

Notice also that D% 0 _f(x o) = D* XQ f(x o) = 0. 

The proof of (24.8) is now complete. 


Convention 24.10. We suppose that 

D* Xo f{x) = 0, for x < x 0 , 

and 

Dx 0 -f{x) = 0, for x > x 0 , 

for all x,xo £ [a, 6]. 

We mention 

Proposition 24.11. Let / € C n ([a,b\), n = pr] ,v > 0. Then 
continuous in x € [a, 6]. 


Proof. We notice that 


Dlaf{x) = —^—r [ z n v 1 f (n \x-z)dz, 
r (n-v) J 0 

1 


and 




T(n — v ) 

Here a < x < y < b, and 0 <x — a<y — a. 
Hence it holds 


DZaf(y) - DZ a f(x) = 


We have that 


£ a z n - v - 1 (f in \y-z)-f^\a 


T(n — v) 

+ f z n ~ v ~ 1 f (n) (y - z)dz 

J x — a 


I DlJ{y) - Dl a f(x)\ < 


1 


T(n — v) 


(;x — a) r ' 


(n — v) 




/' 


(n) 


(n — v) 


{{y-aT~ v -{x-a)—) 


< 


(b-a) n ~ 

T(n — v) [ (n — v) 


f 


(«) 


wiI V - *1) + ((2/ - a) n ~ v - (X 


(24.11) 


(24.12) 

(24.13) 

Zaf{x) is 

(24.14) 

- z)^j dz 

(24.15) 

- a) n - v ) 
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So as y —> x the last expression goes to zero. As a result, 


Dl a f(y) 


Dl a f(x ), 


(24.16) 


proving the claim. ■ 

Proposition 24.12. Let / £ C m ([a,6]), m = [a] , a > 0. Then Dg_f(x) is 
continuous in x £ [a, 6], 

Proof. As in Proposition 24.11. ■ 

We also mention 

Proposition 24.13. Let / £ C m_1 ([a, &]), £ Loo([a,6]), m = [a] , a > 0 

and 

D* Xo f(x) = 1 f (x - t)™- 01 ' 1 f (rn) (t)dt, (24.17) 

i [m aj j XQ 

for all x, xo £ [a, 6] : x > xo- 

Then D* X0 f(x) is continuous in xq. 


Proof. Fix x : x > yo > xo; x,xo,yo £ [a, 6].Then 


\D* X0 f{x) - D%J(x)\ = 


1 


T(m — a) 


r\x-t) m - a - i ^ m \t)dt 

J xr\ 


(24.18) 


/ 


(m) 


< ■ 


r(m — a) 


(/‘ 

\J XQ 


(x-tr-^dt i= 


/ 


(m) 


r(m — a + 1) 


a \m — a / \m — a\ 

x-yo) ~ (x- xo) ) 


—> 0, as yo —> xo, proving continuity of D* xo f in xo £ [a, 6]. ■ 

Proposition 24.14. Let / £ C m_1 ([a, &]), £ Loo([a, &]), m = [a] , a > 0 

and 

/_i \m i-XQ 

DZ 0 -f{x) = r( m _ a) J (C - *) m "“^/ (m) (C)dC, (24.19) 

for all x, xo £ [a, b] : xo > x. 

Then D XQ _f(x) is continuous in xo- 

Proof. As in Proposition 24.13. ■ 

We need 

Proposition 24.15. Let g £ C([a,b]), 0 < c < 1, x, xo £ [a, 6]. Define 


nx 

L(x,x o) = / (x — t)^ 1 g(t)dt, for x > xo, 
J x 0 


(24.20) 


and L(x,xo) = 0, for x < xo- 

Then L is jointly continuous in (x,xo) on [a, b] 2 . 
Proof. We notice that L(xo,xo) = 0. 

Suppose x > xo, then 


L(x,x o) = 


rx 

JO 


z c 1 g{x — z)dz = 


f 


X[o ,x-x 0 ]{z)z c 1 g(x-z)dz, (24.21) 
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where x is the characteristic function. 

Let xn —* x,xo n —> xo,N £ N and assume without loss of generality that 
Xn > XON- 

So we have again 

j-x N —x 0N r-b—a 

L(xn,x on )= / z c ~ 1 g{x N -z)dz = / X[o,x N -x ON ]{.z)z c ' ~ 1 g{x N -z)dz. 

Jo Jo 

(24.22) 

We have that 

X[o,xjv—xoat] (^) ^ X[o,x—xo] (• 2: )5 u.e., (24.23) 

and 

X[o,xjv-x 0 jv] (z)z c ~ 1 g(xN - z) -> X[o,x-x 0 ](«)« c_1 5(* - z), a-e. (24.24) 
Notice that 

Xlo.xjv-xojvlM^ -1 Isfaiv - *01 < zC_1 llfl’lloo . (24.25) 

which is an integrable function. 

Thus by Dominated Convergence theorem we obtain 

L(xn,xon) L(x,xo), as N —* oo. (24.26) 

Clearly now L(x,x o) is jointly continuous on [a,b] 2 . ■ 

We mention 

Proposition 24.16. Let g £ C([a, 6]), 0 < c < 1, x,xo £ [a., 6]. Define 

K(x,xo) = / (( — x) c 1 g(()d(, for * < *o, (24.27) 

J X 

and K(x,xo) = 0, for x > xo- 

Then K(x,x o) is jointly continuous from [a, b] 2 into R. 

Proof. As in Proposition 24.15. ■ 

Based on Propositions 24.15, 24.16 we get 

Corollary 24.17. Let / £ C m {[a,b]), m = [a] , a > 0, x,xo € [a, 6].Then 
D* xo f{x), D% f(x) are jointly continuous functions in (x,xo) from [ a,b ] 2 into 
R. 

We need 

Theorem 24.18. Let / : [a, b] 2 — > R be jointly continuous. Consider 
G(x) = wi (f{-,x),S, [x,b]), 


6 > 0, x £ [a, 6]. 

Then G is continuous on [a, &]. 
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Proof, (i) Let x„ —> x, a < x n < x, and 0 < 5 < b — x first (The case when 
x n —> x with x n > x is similar). Then we can write 

G(x n ) = max(A, B, C), 


where 

A = sup {\f(u,x„) — f(v,x n )\;u,v £ [x,b],\u — v\ < 8} ,0 < 8 < b — x, 

B = sup{\f(u,Xn)-f(v,x n )\;ue[xn,x\,ve[x,b],\u-v\<S}, 

C = SUp{\f(u,Xn)-f(v,Xn)\;U,Ve[Xn,x\,\u-v\<S}. 

Now, when x„ —* x, then A —> G(x),B —> < G(x),C —> 0 (since also u 

converges to v). 

In conclusion, G(x n ) —>- max (G(a;), K(x), 0} = G(x). 

(ii) If 5 > b — x, then uji(f(-,x),5,[x,b}) = u>i(f(-,x),b — x,[x,b}), a case 
covered by (i). 

That is proving the claim. ■ 

Theorem 24.19. Let / : [a, b] 2 —> R be jointly continuous. Then 

H{x) = ui(f(-,x),5, [a, x\), 


x £ [a, b], is continuous in x £ [a,6],<5 > 0. 

Proof. As in Theorem 24.18. ■ 

We make 

Remark 24.20. Let (i be a finite positive measure on Borel a—algebra of 
[a, 6]. Let a > 0, then by Holder’s inequality we find 


/ < 

J [a,:ro] 


(xo ~ x) a d/j,(x) < 


J ( 

J [a,x 0 ] 


(xo — x) a+1 dfj,(x ) 


ThuJ 


and 


L 


(ar 0 ,b] 


(x — xo) a dfj,(x) < 


(/ ( 


(.x — xo ) a+1 dfj,(x) 


TS+TJ 


A‘([a,®o])<“+ 1) , 

(24.28) 

M(*o,&]) ( “ +1) • 


(24.29) 

Let now m = [a] , a ^ N, a > 0, k = 1,..., m — 1. Then by applying again 
Holder’s inequality we get 


/ 

J[a,b\ 


\x — XQ\ dfi(x) < 


ti 


\x — *o|“ +1 dfj,(x) 


IS+TT 


fj,([a,b])~^+W. (24.30) 


Terminology 24.21. Let Ljv : C([a, 6]) —> C([a, 6]), N £ N, be a sequence of 
positive linear operators. By Riesz representation theorem (see [257], p. 304) we 
have 

LnU,x o) = f f(t)dfi N x 0 {t ), (24.31) 

J\aM 
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V*o £ [a, 6], where hnx 0 is a unique positive finite measure on a —Borel algebra 
of [a, 6]. Set 

Ln(1,xo) = Hi Va; 0 ([ffl, &]) = M Nxo . (24.32) 

We make 

Remark 24.22. Let / £ C n_1 ([a, 6]), f^ £ Loo([a, b]), n = pr] , v > 0, v ^ N. 
Then as in the proof of Lemma 24.6, we have 

y(«) 

\DZ a f(x)\ < - a) n ~ v ,Vx £ [a, b], (24.33) 

Thus we observe 


wi {Dl a f,S)= sup \Dl a f{x)~ Dl a f{y)\ 

x ,y £[a ,b\ 

\x-y\<5 


F( n ) 


f 


(«) 


sup 

:c,4/E[a,6] | 
| cc — 2/| <<S 



< 2 lk‘" : 


r(n — v + 1) 


T(n — v + 1) 

(b — a) n ~ v . 


(y ~ a T 


(24.34) 


(24.35) 


Consequently 


wr (Dlaf,S) < 


2 II/ (n) 


T(n — v + 1) 


( b-a) r 


(24.36) 


Similarly, let / £ C m 1 ([a,b]), f^ £ Loo([a, b]), m = [a] , a > 0, a ^ N, then 

2 ||/ (m) [ 


wi (DZ_f,8) < 


:(b ~ a) r 


(24.37) 


r(m — a + 1) 

So for / € C' m_1 ([a, 6]), f^ € Loo([a, b]), m = [a] , a > 0, a ^ N, we obtain 


and 


sup un(D? Xo f,5) [xoM < — ■——22-(b-a) m “, 

x 0 e[a,b] Q! i J-j 


2 y( m ) 

sup wi(D^ 0 _f,S) la , Xo] < ———fpr(b-a) r 

xoe[a,fa] t (m a + t) 


(24.38) 


(24.39) 
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We also make 

Remark 24.23. Let Ljv : C([a,b]) —> C([a, b]), N £ N, be a sequence of 
positive linear operators. Using (24.31) and Holder’s inequality we obtain (x £ 
[a,b],k = 1,... ,m — 1, m — [a] , a ^ N, a > 0) for k = 1,..., m — 1 that 


1 

|Ljv(|- — x\ k , *)|^ 

< 

||Ljv(|- — x\ 

a+1 .*)ii; 


fa+l-k\ 

i|iL a+1 j . 

(24.40) 

Also 

we see that 









C([a, &]) 9 ■ — 

■x\ 

“ + 1 X[a,,](0 

< 

\--x\ 

“ +1 ,\/x £ 

[a,b], 

(24.41) 

and 










C([a, 6]) 9 ■ - 

-x\ 

“ + 1 X[,,6](-) 

< 

\--x\ 

a+ \Mx£ 

[a, 6], 

(24.42) 

By positivity of Ljv we 

obtain 







IMi--*r +1 

X[< 

x,a;](')> a: ) 1^ 

< 

|Ljv(| 

■~x\ a+ \ 

*)IL’ 

(24.43) 

and 










||Ljv(|- — x\ a+1 

X[: 

E,i>](0; *)|| 00 

< 

||Ljv(| 

■~x\ a+ \ 

“OIL- 

(24.44) 


So if the right hand side of each of (24.43), (24.44) tends to zero, so do the 
left hand sides of these. 

We also make 

Remark 24.24. Let a > 0, a (f: N. Take a < x < *o, then 
(xo — x) a+1 < (xo — x) a+1 l + 0. 

Similarly, for xo < x < 6, we get 


(x — x 0 ) a+1 < 0 + (a; — xo) a+1 ■ 1. 


So we have 


\-~x\ a+1 < |--a:|“ +1 X[a, !l; ](-) + l'-*r +1 X[ ! r,6](-)>Va:G [a, b], (24.45) 

Thus, by positivity of Ljv,we get 

11Ljv (|- — a:|“ +1 , a;) < ||Ljv (|- - *|“ +1 X[«,.«](•)>*) IL 

+ ||ijv (|-- *r +1 X[*,6](-),®)|| 00 - (24.46) 

So if both 11 Ljv (|- - x \ a+1 X[a,x] (•)>*) IL , ||Ljv (|- - x \ a+1 X[x, 6] (•)>*) IL “*• °> 
as N —> oo, then ||Ljv (|- — x\ a+1 , x) —> 0. 
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24.3 Main Results 

We present the first main result 

Theorem 24.25. Let / € AC m {[a, 6]), £ Loo([a,6]),m = \a\ ,a £ 

N ,a > 0;ri,r2 > 0,/n is a positive finite measure on the Borel a —algebra of 
[a,b],x o € [a, b]. Then 


< 


/ (*-»> 
•'[a.fc] k=0 ■'[a. 6 ] 


dfj,(x) 



(24.47) 


(a + 1)?'2 


u> 1 







Proof. By (24.8) we derive 
1 


\E* 0 \ ^ 


/ (/' 

J [a,tco] V*' tc 


(C - *)° 


F(a) 

|U“ 0 _/(C) - U“ 0 _/(xo)| dC) Mx) + 


(24.48) 


/ if 

J(xQ,b] \Jxr 


f (x 0 ,b] \Jxq 

Let hi, hi > 0, then 
1 


(x - C)“ 1 | D*x 0 f(0 - ^q/^o)! dC ) d^(x) = (*). 


(*)< 


r(c 


/ (/' 

J [a,tco] V*' ai 


(c-^r- 1 i + 


X p — 
hi 


d( 


(24.49) 


f 


(*-C) a - 1 (i + 


d M (a;)]wi (D“ 0 _/, hi) [o ^ o] + 

C - *o 


l 


Oo.<>] 


h 2 


d£ d/j,(x) 


Wl f, h2)y XQ 6 j| • 
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That is. 


I £ *°l * T>) 


(xo — x) 


+ f ( x ° - o 2 1 (£ - x ) a lrf c) 

d/i(x)] wi (d“ /, hi) + [ (24.50) 

\ u ' K*ol |/( x o><>] 

+ h Ly - °“~ i (c ■ “ o)2_i y Mx) ] ui ( D **of> h *) b0 , 6] } 


(x — Xo) c 


r(a) 


^>v <r :>;> <*> 

«,x 0 ] \ « fe i «(«+1) 

{x - Xor : l(x-xo) a+ \ Mx) 


Hence 


I" ( (x - x 0 ) a | 1 (a: - x 0 ) Q+ 

7(x 0 ,f>] V « a(a +1) 

X UJl (D txo f, ^ 2 ) [a; 0j 6] J* ' 

\ E *o\ < y~T I - / (*0 - x) a dn(x)+ 

T(a) ya J[ a ^ xo ] 


Wo-f>hi) laiXo] 

(24.51) 


1 [ (xo - x) a+1 dfj,(x) 

hia(a + 1 ) J[a,x 0 ] 


/ , tt / (x-x 0 )“ +1 <4i(x) 

l“I" J (xn,b] 


( D “o-/-^) [a ,x 0 ] + 

«i {D%f,h 2 ) 


h 2 a(a + 1) J( XQ ,b] 

Momentarily we suppose positive choices of 


Oo M 

*XqJ ’ '[ xq ,&] 


— f (x — xo ) a d/j,(x)+ 

& J(xr\,b] 

(24.52) 


(<*+!) 

hi = n | / (xo — x) a+1 dfj,(x) I > 0, 

[a,cc 0 ] 


and 


(a+l) 

hi == r 2 I / (x — xo) a+L d^(x) ) > 0. 

'(xo.fe] 


(24.53) 


(24.54) 


Consequently we obtain 
1 


I -®x 0 I — 


a,* 0 ]))(“+ 1 > + 




T(a + 1) 1 1 (a + l)n 

+ [(Ai((*o,6]))^+ wi(S?«o/.ft2) [lBo ,6] (^) } ,(24.55) 
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proving (24.47). 

Next we examine special cases. If f^ xg b j (x—xo) a+1 dfj(x) = 0, then ( x—xo ) = 0, 
a.e. on (xo,6], that is x = xo a.e. on (xo ,6], 

more precisely fj,{x € (xo,b] : x xo} = 0, hence h(xq, b\ = 0. 

Therefore /r concentrates on [a,xo]. 

In that case inequality (24.47) is written and holds as 


f f{x)dn{x) - £ [ {x x 0 ) k d^x) 

J[a,x o] fc _0 K ’ J[a,x q] 


[a,a^ 0 ] 

< 


T(a + 1) 


(/i([a,x 0 ])) ( “ +1) + 


(a + l)?’i 


(24.56) 



Since (6, b] = 0 and /i(0) = 0, in the case of xo = b, we get again (24.56) 
written for xo = b. So inequality (24.56) is a valid inequality when f, , (xo — 
x) a+1 d^(x) ^ 0. 

If additionally we suppose that f, , (xo — x) a+1 dfi(x) = 0, then (xo — x) = 0, 
a.e. on [a, xo], that is x = xo a.e. on [a, xo], which means fi {x € [a, xo] : x ^ xo} = 
0. Hence /r = S X0 M, where S xo is the unit Dirac measure and M = n([a, 6]) > 0. 

In the last case we get that L.H.S( 24.56) = R. H.S. (24.56) = 0, that is (24.56) 
is valid trivially. 

Finally let us go the other way around. Let us suppose that /j a j(xo — 
x)“ +1 dfj,(x) = 0, then reasoning similarly as before we get that /r over [o, xo] 
concentrates at xo- That is /u = 5 X0 /j,([a, xo]), on [o,xo]. 

In the last case (24.47) is written and it holds as 


/ /(x)dp(x) - - —rr^ - / - x 0 ) k d^{x) 

j(xn,b] t_n K ' J(x 0 ,b\ 


l(x 0 ,b] 

< 


r(a + l) 


( M ((xo,6]))T^j + 


(a + 1)?'2 


(24.57) 



If xo = a then (24.57) can be redone and rewritten, just replace (xo, b] by [a, b} 
all over. 

So inequality (24.57) is valid when 



xo ) a+1 dfi(x) ^ 0. 
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If additionally we assume that b ^(x — xo) a+1 dfx(x) = 0, then as before 
/ i(xo , b] = 0. Hence (24.57) is trivially true, in fact L.H.S. (24.57) = R.H.S. (24.57) = 
0. 

The proof of (24.47) now has completed in all possible cases. ■ 

We continue in a special case. 

In the assumptions of Theorem 24.25, when r = n = V 2 > 0, and by calling 
M = fj,([a,b]) > xo]), [i{(xo,b]), we obtain 

Corollary 24.26. It holds 


/ 

J\a. 


f(x)dfj,(x] 


-E 

k =0 


f w (x o) 

k\ 


j 

J\a 


(;X — Xo )dfj,(x) 


,b] 



Based on Theorem 24.25, Corollary 24.26 and (24.31), we get 
Theorem 24.27. Let / € AC m ([a,b]), f£ Loo([a, &]), m = [a],a ^ 
N, a > 0;r > 0,and Ln : C([a,b]) —> C([a,b}), N £ N, a sequence of positive 
linear operators, xo € [a, b ]. Then 


r ,, N f W (xo) r „ n 

£«■(/, x 0 ) - 2 ^ - - - L n ((x-x o) , xo) 

k=0 


k\ 


r(a + l) 


(L JV (l,a;o))( Q + 1 J + * 

(a + l)r 


W1 (D: o .f,r(L N (\x-x 0 \ a+1 x lajXo] (x),x 0 ))^) (24.59) 

V / [a,x 0 ] 

(L N (\x - Xo\ a+1 X[a,x 0 ] (®), *o) ) ^ “ +1 ^ + 

Wi (r (Ljv (|x - *or +1 Xhc, 0 ](*)^o)) ( “ +1) ) 

V / [x 0 ,b] 

(Z/JV (Ix-xor+Vx^o,(,](*),■ 
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Corollary 24.28. (to Theorem 24.27) It holds 


r , c \ / (fc) (*0) T ,, \k \ 

LnU, xo) ~ 2__, - n - Ln((X — X0) ,X0) 


k =0 


k\ 


T(a + 1)L 

Wi ( D^ 0 _f,r(L N (\x — xo \ a+1 , x 0 )) ( “ +1) 


(Ljv-(1,xo)) ( “ +1) + 


(a + l)r 


[a,xo] 


+wi D* xo f,r(L N (|x - *o|“ + ,*o)) ( “ +1 


[ar 0 .*•], 


(Ljv (I* — *o| a+ ,*o)) 


\ (o + l) 


(24.60) 


We make 

Remark 24.29. Let / € AC([a,b]), f G Loo([a, b]), 0 < a < l,*o £ 
[a,6];Ljv : C([a, &]) —> C([a, b]),IV G N, sequence of positive linear operators. 
Then by Theorem 24.27 and 


|ijv(/,*o) - /(*o)| < \L N {f,x 0 ) - f(x 0 )L N (l,x 0 )\ + |/(*o)| |Ljv(l,a:o) - 1| , 

(24.61) 

we obtain 

Theorem 24.30. Let / G AC([a,b]), /' G I/oo([a, b]), 0 < a < l,xo £ 
[a,b\-,LN : C([a,b]) —> C([a,b]), N G N, sequence of positive linear operators. 
Then 


\LN(f,x 0 )-f(x 0 )\ < j;/(xo)| |ijv(l,xo) - 1| + 

1 


T(a + 1) 


(i JV (l,a:o))f s + T T + 


(a + l)r J 


“i (^D“ 0 _f,r ^L n (|x - xol“ +1 X[a,x 0 ](x),x 0 )) ( “ +1) j 

( Ln (|x - X 0 \ a + 1 X[a,x 0 ](x),X 0 )) ^ “ + 1 ^ + 


[a,x 0 ] 

(24.62) 


wi (D* xo f,r (L n (\x - x 0 \ a+1 X[x 0 ,6](a:),a:o)) ^ a+1 A 
\ J [z 0 ,f>] 

(Ln (|*- a! o| a+1 X[«o,6](*).*o)) (3TT) l • 


We make 
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Remark 24.31. We see that 
1 


R.H.S. (24.59) < 


So that 


Z := 


r(a + l) 


11^(1)11 


TS+ry 


(a + l)r 


sup wi r || L n (I- - x\ a+1 X[a ,*](•)>*)||<^ +1) 

x£[a,b\ \ 

llMi--*r +1 XM(o,z)iiL^ } + 


[a,x] 


sup Ui D? x f,r\\L N (I- -x\ a+1 X[x, b]{-), *)||^ +1) 

x£[a,b\ 


|| {Ln (I- ~ x\ a+1 X{x,b](')’ x . 


I ( a + 1 ) 


LnU,x) - Y 


f W (x) 


k\ 


L n {{- - x) k ,x) 


= e. 


< e. 


h,f>] 

(24.63) 


(24.64) 


We further observe that 


m-l f( k \x) , , 

\L N (f,x) - f(x) I < Z + \f(x)\ |Ljv(1, x) - 1| + Y - T\ -| Ljv ((' -*)*>*) 

k =1 

m-i I/(*>(*) I 

< \f{x)\ \L n (1,x) - 1| + Y — T \—" - x ) k i x )\ + e - (24.65) 

k= 1 

We have established the main result, a Shisha-Mond type inequality at the 
fractional level. 

Theorem 24.32. Let / € Tk7 m ([a, 6]), f^ rn ' > G Loo([a, &]), m = [a],a ^ 
N, a > 0,r > 0,and Ln : C([a, &]) —► C([a, 6]),1V G N, a sequence of positive 
linear operators, a: G [a, &]. Then 


IIW-/II 


m — 1 


II^i-HL + E 

k=l 


fW 


1 

(tt + 1) 


sup 

xe[a,b] 


1 

+ r(a + l) 

( 24 . 66 ) 


“i r ||ljv(| - a ;|“ +1 X[o,x] (•). *)|| ^ +1) j |ljv(|- - x\ a+1 X[a,*](•). ®)| + 

sup^ "1 ^D“ x /, r ||i w (|. - x\ a + 1 X[x,b] (■). *)||^) l^jvd' - x\ a+1 X[a,,6](-), *)|| ^ + 1) 
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Next we derive the following Korovkin type convergence result at fractional 
level. 

Theorem 24.33. Let a ^ N, a > 0, m=\a] ,and Ljv : C([a,b\)—>C([a,b]),N £ 
N, a sequence of positive linear operators. Assume Ljvl A 1 (uniformly), and 
||Lj V (|--a;| a+1 ,a:)|| oo -> 0, as N -> oo. Then L N f A /,V/ € AC m ([a,b]), 
/("») ^ Loo([a,6]). (The second condition means (Ljv(|- — ®|“ +1 )) (x) A 0,® £ 

Ml-) 

Proof. Since ||Ljvl — lH^ —> 0 we get ||Ljvl — lH^ < Lf, for some K > 0. We 
write Ln 1 = Ljvl — 1 + 1, hence 


IliAtllL < \\L N 1 - 1IL + II1IL < K+ l.VJV € N. 


That is HLjvlII^ is bounded. 

So we are using inequality (24.66). 

By assumption || Ljv(|- — x\ a+1 , ®)|| —> 

M - — x\ k , as) II —+ 0, for all k = 1,..., m — 1. 

11 OO 

Also by (24.43) and (24.44) we obtain that 


0 and (24.40) we get 


\\Ln{\- - 


X \ a+1 X[a, x ]{-),X) 


0 , and ||Ljv(|- — x \ a+1 X[x,b]{'),x 


as N —> oo. 

Additionally by (24.38) and (24.39) we derive that 


sup ui{DZ-f,-)[a,x], sup Ull(D *xfi ')[#, i>i ^ 

:c£[a,&] a;£[a,6] 


2 / 


(m) 


r (m — a + 1) 


(b - a) Tl 


(24.67) 


so they are bounded. 

Thus based on the above, from (24.66), we derive that ||Ljv/ —/|| —> 0, 

proving the claim. ■ 

We make 

Remark 24.34. Based on Corollary 24.17 and Theorems 24.18, 24.19, given 
that / £ < 7 m ([a, 6]), we get that 


(*) sup wi (DZ-f,r\\L N {[ -®|“ +1 X[a,*](•)>*)||^ +1,N ) 

®€[a,b] V / [ a ,x 

= u>i (D^_f,r\\L N (\- - x \ a+1 Xla , x] (-),x)\\^ 


(24.68) 


K® i] 


—+ 0, as ||Ljv(|- — x \ a+1 ,®)|| DO — 5 ' 0, as N —> oo, 
for some xi £ [a, 6], 
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Similarly 

(«) sup uji (D* x f,r\\L N (\- - x\ a+1 X{x,b](')’ x )\\£ +1) ^\ 

x£[a,b ] \ / 

= Ui (d* x J, r ||Ljv(|- - *r +1 X[x, b]i-), *)||^ +1,N ) 

V / [x 2 ,6] 

—> 0, as ||Ljv(|- — x\ a+1 ,*)|| co —> 0, as N —> oo, 


[a;, 6] 

(24.69) 


for some *2 € [a, 6], 

We give 

Corollary 24.35. Here Ln : C([o, 6]) —> C([a, &]), IV G N,positive linear oper¬ 
ators. Let 0 < a < l,r > 0,/ G AC([a,b]), f G Loo ([a, 6]). Then 


IIW-/|| 00 <||/|| 00 ||L JV 1-1|| 00 + : 


I|Ljv(1)|| 


TS+tt 


1 


r(a + 1 ) 

Wl (D“_/,r||L w (|.- a: r+ 1 x [ a. a:] (-)^)||^ 

+ | sup u>i f^/.r II Ljvd- ~ x\ a+1 X[ x ,b](') 

^x€[a,b] \ 

|LAr(|--*r +1 X [ «,6 ] (0.*)| 


(a + l)r 

Ljv(|' - x \ a+1 X[a,x]{'),X 

tAtT 


sup 

x£[a,b] 


[*>&] 


TS+TJ 


(24.70) 


24.4 Application 


Consider / G C([0, 1]) and the Bernstein polynomials (Bjv/)(t) = X) / (A) 

fc=o 

(1 — t) N ~ k ,Mt G [0,1],JVGN. 

We have Bjvl = 1, and Bn are positive linear operators. 

Here let 0 < a < l,r > 0 and take / G AC([0, 1]), /' G Loo([0,1]). 

Applying Corollary 24.35 we obtain 

Corollary 24.36. It holds 

" B " / " - r(A) (* + (Al)4 (24711 


sup ujJ D“_f, r |b n (|- - x\ a + 1 X[o,x] (0.®) II ( “ + 1) 1 ||Bjv(I 

x6[0,l] \ 00 / [0,x] 

suPi] "1 ^d“ x /, r ||bjv(;|. - x\ a+1 x[ x ,i] ('). x )| j !B/v(I■ 


■ -a:|“ +1 X[o,x](-),a ; )||^T T J + 

-*r +1 X[.,l](-),*)||^] . 
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ViV G N. 

Next let a = and r = that is r = Notice r (|) = 
Corollary 24.37. Let / G AC{[Q, 1]), /' € Loo([0, 1]), N £ N. Then 


\\Bn/ ~ /Hoo < 



7 1 2 II 

sup W 1 

A?-/,, 

®e[o,i] 

V 311 


[0,!E] 


Bjv(|- — a:| 2 X[o,a:]('); x ) + sup un [D? x f, - Bjv(|- ~x\ 2 X[*,i] (•)>*) 

00 *g[0,l] 


Bn{\- — x\ 2 X[x ,!](•).* 


[a.l] 
(24.72) 


Here we have 


1 13/2 /,n / (x — t) 3/2 , for 0 < t < x, 

I*" 1 ' X ^l (t) = \ 0, fora: < til, 


and 


t — *| 3/2 X[*,i] (t) = | 
Consequently for a: G [0,1], we find 


_ J (t — x ) 3 ^ 2 , for a: < t < 1, 
0, for 0 < t < x. 


Bn ( |- - x\ 2 X[ 0 ,j;] 


[cciV] 




k \ 3/2 /N 


ar(l — X) 


(24.73) 


(24.74) 


(24.75) 


and 


B n (J- - x\ 2 X[a,i](- 

One further has 
B n ( 


= E 

k= fxiV] 


N / k \ 3/2 


N 


< B 


IX 

N (|- ~X\(x) = 


k =0 


N 


3/2 


(by discrete Holder’s inequality) 


k\ N 


* E 


N \ k 


N X{1 ~ X) ) ~ (4/V)®74 ’ V * € [ °’ 


ykj xk ^ — x) N ~ k . 

(24.76) 

I^XN,1](-)) 0*0 

(24.77) 

\x k {l — x) N ~ k 

(24.78) 

ility) 

3 


- x) N ~ k ^ 4 

(24.79) 

,Mx G [0,1], 

(24.80) 
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We have shown 

Corollary 24.38. Let / £ AC{{ 0, 1]), /' £ Aoo([0, 1]), N £ N. Then 


\\ B n}~ f\\oo < 


2! 




sup Wi A> 2 _/, 


c6[0,l] 


1 


3-/A 


KM] 


sup Wi ( D? x f, 

x6[0,l] 


3 Vn)\ 


Ml 


(24.81) 


3 

Notice 2* « 1.59. 

vOr 


So as N —> oo we derive again that Bn/ —> / with rates. 

Discussion 24.39. From (24.81), Corollary 24.17, and Theorems 24.18, 24.19 
we obtain that 


11-Bat/ — /|| < 


22 








1 


for some X\,X 2 £ [0, 1],/ € C ll ([0, 1]). 
That is 


|Biv/-/IL< 


25 






3v^vv 


[ 0 , 1 ] 


+ wi D? X2 f, 


3VN 


[ x 2 ,1] J 

(24.82) 


(o,i]J 

(24.83) 


Further we suppose that D£ f and D} X2 f are Lipschitz functions of order 1, 
that is 


Dl_f(x)-Dl_f(y) 


< K i \x-y\. 


(24.84) 


and 


DL 2 f Or) - £>?« 2 /(y) 


< K 2 \x — y\ ,Vx,y £ [0,1], and AT, AT > 0. (24.85) 


Then from (24.83) we get 


\Bn f — /Hoo < 


25 (AT + AT) 


3^/nN 4 

Assume next that /' is a Lipschitz function of order 1, that is 
| /'(*) - f'(y)\ < AT \x - y\,\/x,y £ [0,1], and I< 3 > 0. 
Then from Section 24.1 the Introduction, we get 


(24.86) 


(24.87) 


(24.88) 


J^iLfLCL P/tyliel 



376 24. Fractional Convergence Theory of Positive Linear Operators 


In [250], T. Popoviciu for / £ C([0,1]) proved that 

I B "f - /i~ s !"• (/• 0)=(/• 0) • 

If / is a Lipschitz function of order 1, that is 

I/O) - f(y)\ < K 4 \x-y\, (24.90) 

V®, y £ [0,1], and K 4 > 0, then we have 

HiO/-/IL<^. (24.91) 

We also notice that 

Tr < “3" < T“T> for M € N \ {1}. (24.92) 

TV IV 4 TV 2 

So looking at (24.88), (24.86) and (24.91), we observe that as the used in the 

estimates differentiability of / increases so the resulting speed of convergence of 

Bjvf to / increases, in fact at the used derivative the speed is in between 

the corresponding speeds for / and /'. Of course in the last argument we sup- 
1 1 

posed that /, D£ _/, D? X2 f and /' are all Lipschitz functions. If f' is a Lipschitz 

1 1 

function or just / £ C ([0,1]), not necessarily D^ i _f,D^ X2 f are Lipschitz ones. 
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25 

Fractional Trigonometric Convergence 
Theory of Positive Linear Operators 


In this chapter we study quantitatively with rates the trigonometric weak conver¬ 
gence of a sequence of finite positive measures to the unit measure. Equivalently 
we study quantitatively the trigonometric pointwise convergence of sequence of 
positive linear operators to the unit operator, all acting on continuous functions 
on [—7r,7r]. From there we obtain with rates the corresponding trigonometric 
uniform convergence of the latter. The inequalities for all of the above in their 
right hand sides contain the moduli of continuity of the right and left Caputo 
fractional derivatives of the involved function. From these uniform trigonomet¬ 
ric Shisha-Mond type inequality we derive the trigonometric fractional Korovkin 
type theorem regarding the trigonometric uniform convergence of positive linear 
operators to the unit. We give applications, especially to Bernstein polynomials 
over [— 7T, 7r] for which we establish fractional trigonometric quantitative results. 
This chapter relies on [46]. 


25.1 Introduction 

In this chapter among other we are motivated by the following results. 

Theorem 25.1 (P.P.Korovkin [213], (I960)). Let L n : C([—7r, 7r[) —> C{[—n, tt]), 
n G N, be a sequence of positive linear operators. Suppose L n { 1) —> l(uniform.ly), 
L n (cos t) —> cos t,L n (sin t) —> sin t, as n —> oo. Then L n f —> f, for every 
f £ C([—7r, 7r[) that is 2n— periodic. 
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Let f £ C([a, 6]) and 0 < h < b — a. The first modulus of continuity of / at h 
is given by 

wi (f,h) = sup{|/(a:) - }{y)\\x,y £ [a,b\,\x-y\ < h} 

If h > b — a, then we define 

wi(/, h) =u>i(f,b-a). 

Another motivation is the following. 

Theorem 25.2 (Shisha and Mond [263], (1968)). Let L\, L 2 ,..., be linear pos¬ 
itive operators, whose common domain D consists of real functions with domain 
(— 00 , 00 ). Suppose 1, cos x, sin x, f belong to D, where f is an everywhere contin¬ 
uous, 2n-periodic function,with modulus of continuity an. Let —00 < a < b < 00 , 
and suppose that for n = 1,2,..., L n (l) is bounded in [a, b\. 

Then for n = 1,2,..., 

II Ln(f) - /IL < ll/IL IIM1) - llloo + \\ L n(l) + llloo (25.1) 

where 



and || • ||oo stands for the sup norm over [a, b\. 

In particular, if L n ( 1) = 1, then (25.1) reduces to 

IIM/)-/IL <2wi(/,A*n). 

One can easily see that, for n = 1,2,, 



+ ||(Z/ n (cos£))(*) - cos*11^ + ||(L„(sint))(x) - simrHoc] , 

so the last along with (25.1) prove Korovkin’s Theorem 25.1 in a quantitative 
way and with rates of convergence. 

One more motivation follows. 

Theorem 25.3 (see [16], p. 217). Let f £ C n ([—n, 7r]), n > 1, and p a 
measure on [—7r, 7r] of mass m > 0. Set 

+ ' /'('")) (25.2) 

and denote by w := on (/*■"), ff) the modulus of continuity of f^ at /3. Then 

[ f dp- /(0) < |/(0)| -\m-l\ + J2 

k=1 
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n on 

+w[m L ^ n+r> + 7r/(n + 1)] •-j— 


Final motivation is [43]. A great aid for fractional calculus is [259]. 


In this chapter we study quantitatively the rate of trigonometric weak con¬ 
vergence of a sequence of finite positive measures to the unit measure given the 
existence and presence of the left and right Caputo fractional derivatives of the 
involved function. That is in the right hand sides of the derived inequalities ap¬ 
pear the first moduli of continuity of the above mentioned fractional derivatives, 
see Theorem 25.23 and Corollary 25.24. 

Then via the Riesz representation theorem we transfer Theorem 25.23 into 
the language of quantitative trigonometric pointwise convergence of a sequence of 
positive linear operators to the unit operator, all operators acting from C{[—^ r, 7r]) 
into itself, see Theorem 25.25, Corollary 25.26 and Theorem 25.28. 

From there we derive quantitative results with respect to the sup-norm 
|| ■ ||oo, regarding the trigonometric uniform convergence of positive linear opera¬ 
tors to the unit. Again in the right hand side of our inequalities we have moduli of 
continuity with respect to right and left Caputo derivatives of the engaged func¬ 
tion. For the last see Theorem 25.30, a trigonometric Sisha-Mond type result. 
From there we obtain the first trigonometric Korovkin type convergence theorem 
at the fractional level, see Theorem 25.31. 

We give applications of the fractional trigonometric Sisha-Mond and trigono¬ 
metric Korovkin theory, see Corollaries 25.34 - 25.36, etc. 

In approximation theory the involvement of fractional derivatives is very rare, 
almost nothing exists, with the exception of the recent [43]. The few fractional ar¬ 
ticles that exist are of V. Dzyadyk [153] of 1959, F. Nasibov [233] of 1962, .1. Dem- 
janovic [140] of 1975, and of M. Jaskolski [196] of 1989, all regarding estimates 
to best approximation of functions by algebraic and trigonometric polynomials. 


25.2 Background 


We need 

Definition 25.4. Let v > 0, n = |V|([-| i s the ceiling of the number), / £ 
AC n ([a,b]) (space of functions / with £ AC([a,b]), absolutely continuous 

functions). We call left Caputo fractional derivative (see [145], p. 38, [160], [259] 
the function 

D« a f(x) = ^ J (x - t ) n ~ v ~ 1 J (n) (t)dt, (25.3) 

Mx £ [a, b ], where T is the gamma function r(w) = e~ t t v ^ 1 dt,v > 0. 

We set D° a f(x) = f{x),Mx £ [a, 5]. 
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Lemma 25.5 ([43]). Let v > 0, v fL N, n = \v\,f £ C n_1 ([a, 6]) and f ^ £ 
Loo([a,6]). Then D'f a f(a) = 0. 

Definition 25.6 (see also [160], [155], [44]). Let / £ AC m ([a, 6]), m = \a],a > 
0. The right Caputo fractional derivative of order a > 0 is given by 

DZ_f(x) = p . ( " 1)m /\c - a:) m -“- 1 / (m) (C)dC, (25.4) 

T(m - a) J x 

Vx £ [a,b]. We set D°_f(x) = f(x). 

Lemma 25.7 ([43]). Let f £ C m_1 ([a, b]), £ Loo([a,b]),m = [a],a > 0. 

Then D£_f(b) = 0. 

We also need 

Lemma 25.8 ([43]). Let f £ AC m ([a, 6]), m= [a], a > 0; p is a positive finite 
measure on the Borel a-algebra of [a,b],xo £ [a, b]. Then 

/ . m — 1 r(k) ( \ /• 

f(x)dn(x) - : —fA / ( x ~ xo) k dp(x) 

»,«>] S, k ' 

= fR {/ , (/Ac■ -D^nxom) ^00+ 

[ ( f X (x - cr-\D“ Xo m - D“ xo f(x 0 ))dC) d„(x)} . (25.5) 

J{x 0 ,b] \Jx o J j 

Convention 25.9. We suppose that 


and 

D% 0 f(x) 

= 0 , 

for x < xo , 

(25.6) 

for all x, xo £ (a, b]. 

Dx 0 -f(x) 

= 0 , 

for x > xo, 

(25.7) 


We mention 

Proposition 25.10 ([43]). Let f £ C n ([a, b]),n = |V|,v > 0. Then D* a f(x) 
is continuous in x £ [a, 6]. 

Also we have 

Proposition 25.11 ([43]). Let f £ C m ([a,b]),m = \v~\,v > 0. Then D%_f(x) 
is continuous in x £ [a, 6]. 

We further mention 

Proposition 25.12 ([43]). Let f £ C m-1 ([a, b]), £ Loo([a, b]), m = 

[a], a > 0 and 

D* X0 f{x) = A ~r [ (x - t)" 1 - 01 ' 1 f (rn) (t)dt, (25.8) 

i [m aj j XQ 
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for all x, xo £ [a, 6] : * > xq. 

Then Df Xo f(x) is continuous in xo- 

Proposition 25.13 ([43]). Let f £ C m_1 ([a, b]), £ £oo([a, 6]), m = 

[a], a > 0 and 

D Z 0 -f{x) = r( \ n } _ a) J (C - *) m -“- 1 / (m) (C)dC, (25.9) 

for all x, xo £ [a, 6] : xo > x. 

Then D X0 _f(x) is continuous in xo- 
We need 

Proposition 25.14 ([43]). Let g £ C([a,b]),0 < c< l,x,*o £ [a, 6]. Define 

rx 

L(x,x o) = / (x — ty- 1 g(t)dt, for x > x o, (25.10) 

Jx 0 

and L(x, xo ) = 0, for x < xo- 

Then L is jointly continuous in (x,xo) on [a, b] 2 . 

We mention 

Proposition 25.15 ([43]). Let g £ C([a, 6]), 0 < c < 1, x,xo £ [a, 6]. Define 
K(x, xo) = f (C - x) c ~ 1 g(QdC, for x < x 0 , (25.11) 

J X 

and K(x, xo ) = 0, for x > xo- 

Then K(x,xo) is jointly continuous from [a, b] 2 into R. 

Based on Propositions 25.14, 25.15 we obtain 

Corollary 25.16 ([43]). Let f £ C m {[a, b]), m = [a], a > 0,x,xo £ [a, 6]. 
Then Df X0 f(x), D X0 _f(x) are jointly continuous functions in (x, xo ) from [a, b] 2 
into R. 

We need 

Theorem 25.17 ([43]). Let f : [a,b] 2 —> R be jointly continuous. Consider 
G(x) = u>i(f(-,x),6, [as, b]). 


S > 0, x £ [a, b]. 

Then G is continuous on [a, b]. 

Also it holds 

Theorem 25.18 ([43]). Let f : [a, b] 2 —> R be jointly continuous. Then 

H(x) = wi (f{-,x),S, [a, x]), 

x £ [a, b], is continuous in x £ [o, b], <5 > 0. 

We make 

Remark 25.19. Let p be a finite positive measure on Borel n-algebra of 
[—7r, 7r]. Let a > 0, then by Holder’s inequality we obtain (*o £ [— n, 7r]), 

f ( x 0 - x) a d(j,(x) < 2“ ( / f dn{x) 

J[ — 7T,X 0 \ \J[ — K,Xq] \ ^ J 
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/i([-7r,a:o]) ( “ +1) < (27r)“ ( f (sin((io 

by |*| < n sin(|t|/2), t £ [— tt , tt ]. 

Similarly we get 


a:)/4))“+ 1 d/*(x) 


IS+TJ 


M([-7T.®0]) ( “ + 1) , 
(25.12) 



x — xo) a dfi(x) < 2 


a 



^ a+1 



Tsfry 


M((*o,7r]) c “ +1) 


< 



(sin((a: - x 0 )/A)) a+1 



is+ry 


M( xo,n]) 


IS+tt 


(25.13) 

Let now m = [a], a £ N, a > 0 ,k = — 1. Then again by Holder’s 

inequality we find 


< (2 n)' 


/ \x — xo\ k d[i(x) 

J [ — 7T,7r] 

] (^^)“ +1 dM^ TSTII (M[-7r,7r]))W 

k 

( [ (sin(|x - x 0 \/4)) a+1 d^,(x) j ° /x([—7r, 7r]) , (25.14) 

\Jl-TT,n] J 


Terminology 25.20. Here C([—n, 7r]) denotes all the real valued continuous 
functions on [— n, 7r]. Let Ln : C([—7r, 7r]) —> C([— n, 7r]), IV £ N, be a sequence of 
positive linear operators. By Riesz representation theorem (see [257], p. 304) we 
have 


LN(f,x 0 )= f f(t)dn Nxo {t), (25.15) 

J [ —7T,7r] 

Vxo £ [—7r, 7r], where fiNx 0 is a unique positive finite measure on a Borel algebra 
of [—7T,7r]. Put 

Ljv( l,a:o) = 7r > 7r ]) = Mnx 0 - (25.16) 

We make 

Remark 25.21([43]). Let / £ C" 1-1 )^, 6]), £ Loo([a,6]),n = |V|w > 

0,v£N. 

Then we have 


\D* a f(x)\ < 


H/ (n) ||oo 

T(n — v + 1) 


(x 


a) n v , Vx £ [a, b]. 


(25.17) 
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Thus we see that 


<*>i {D* a f,S)= sup \D* a f(x) — DX a f{y)\ 

x,y€[a,b]\x — y\<8 


< sup 

x,y£[a,b] |x-y|<<5 


Consequently 


T(n — v + 1) 


/ \n — , u , 

(x — a) + 


T(n — v + 1) 


( y-a) r ' 


< 2 H /(n) H~ (b-aY 

T(n — v + 1) 

2 ||/ (n) | 


ui(D:j,5) < 


:( b-a) r 


(25.18) 

(25.19) 

(25.20) 


T(n — v + 1) 

Similarly, let / £ C' m-1 ([a, 6]), £ Loo([a,6]),m = [a],a > 0, a ^ N, then 


“^-/■^ rUC'll) 1 1 1 -")" 

So for / £ C ,m ~ 1 ([a, 6]), £ Loo([a,6]),m = [a],a > 0,a ^ N, we find 


(25.21) 


211 II 

sup MD a * Xo f,5) [xoM < w M— ^-(6-ar-“, (25.22) 

a^O CE [ct,£*] 1 (m CK Ij 

and 

211 ft" 1 ) II 

sup wr(i?“ _/,«)[„,«„] <=^—^-(6-ar-“. (25.23) 

xoG[a,b] 1 0 + 1) 

We also make 

Remark 25.22. Let Ljv : C([—7r,7r]) —> C([—7r,7rj),IV £ N, be a sequence of 
positive linear operators. Using (25.15) and Holder’s inequality we obtain (x £ 
[— 7r, 7r],fc = 1,..., m — 1, m = [a], a ^ N, a > 0) for k = 1,... ,m — 1 that 



||Ljvl||^ +1_fc)/( “ +1) • (25.24) 

Notice that for any x £ [—7r, 7 t] we get 


C([-7T,7r]) 9 I ■ -x\X [ _T Tt7r] (-) < | • -x\ £ C([—7T,7r]), 
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therefore 


a+l 


St{\ 1\ ^ ■ f I %\X[— 7T,7r] (' ) ) ) s' l • { I " 

C([—7r, 7rJ) 9 sin I -1- ; — 11 < I sin 


a+l 


Consequently, by positivity of Ljy we derive 


e C([-7 r, tt]). 
(25.25) 


— 7T,7r] (') 


a + l 


,X 


< 


Ln sin 


Similarly, for any x £ we have 


a + l 


,X 

) 

(25.26) 


C([—7T,7r]) 9 | ■ -x\X [Xilr] < | • -x\ £ C([— TT, 7r]), 


thus 


a+l 


r^(\ 1\ -N / • / 1 ^l^l+jTr] \ \ ^ { • ^ I *£| 

C([- 7 r, 7 rJ) 3 I sin ( -—- ) ) < | sin 


a+l 


£ C([—7T, 7r]). 

(25.27) 


Therefore 


a + l 


r II* I 1 ^l+x,7r] (') 

Tjv| I sin ( - : - II ,x 


< 


Ln sin 


a+l 


,x 


(25.28) 

So if the right hand side of (25.26),(25.28) goes to zero, so do their left hand 
sides. 

In fact we notice that 


a+l 


x\X[ — 7r,cc] (') 


a+l 


+ sin 


•&\ <^\x,'k\ (') 


for every x G [—7r,7 t]. 
Therefore it holds 


a+l 


(25.29) 


Liv sin 


a+l 


L n sin 


< 


L n sin 


% |^[ — 7T,x] (') 


*^| ^[a;,7r] 


a+l 




Consequently, if both 


a+l 


,x 


(25.30) 


n sin 


^'\^[ — 7T,x] (') 


a+l 
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385 


n sm 


•^\^\x,tt] 


o+l 


,X 


0, 


as TV —> +oo, then 


Ln 



4 


o + l 



oo 


0. 


25.3 Main Results 

We present the first main result 

Theorem 25.23. Let f € AC m (\— n, n]), f^ £ Too([— 7r, 7 t] ), m = [a], a 0 
N, a > 0;ri,r2 > 0, fj, is a positive finite measure on the Borel a- algebra of 
[— n, 7r], xo £ [—7t, 7r] . Then 


[ f(x)d»(x) - Y [ (x- xo )%(*) 

J[-7 r,7T] ITn K - J\-7 r,*1 


< 


m ~ 1 f(k)( 
k =0 


— 7r,7r] 


(2tt)“ 


(^([-7r,* 0 ])) ( “ +1) + 


2n 


r(a + l) 

/ ( sin (“V~)) 

■/[-Tr.ao] V V 4 // 


(a + l)n J 

a + 1 \ '•“+T 


W1 D° _j 


/,ri ( sin (^))“ +1 ^ 


TS+TT 


[-JT>*o] 


+ 


(ia((xo, 7r])) (“+!> + 


2tt 


(a + l)r 2 


/ ( sin ( X 4 J ° )) d M(*) 

v V 4 // 


W1 (°“- / ’ r2 (/ SOi)r] (sm(^))“ +1 dMa 


IS+TT 


( 0 + 1 ) 


(25.31) 


[X 0 ,TV] 


Proof. By (25.5) we get 


< 


r(a] 


{/ (/• 

I J [ — \J X 


Ex 0 ([-7r,7r]) 


(C - x) a 1 \Dx 0 -f(C) - Df: o _f(xo)\d( ) d^(x) 
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/ ( / (X - C)“' 1 |^ 0 /(C) - D? Xo f(x 0 )\d( ) d»(x) } = (*). (25.32) 

J (xn,7rl 


*(®0» 7r ] \*'®0 
Let /ii, /12 > 0, then 


«< 


i 


T(a) 


(c-x) a - 1 (i + ^_^') < 


— 7r,a^o] V*/a; V 

C?/i(x)] LUl(D XQ _f, /ll)[_ 7r> xo] 


+ 


/ 

J (x 


f (x o,7r] W®0 

That is. 


(* - 0“ 1 ( 1 + ~ /) ; J ° ) ) dfj,(x) 


ui(D? Xo f, h 2 )[ x 


(25.33) 


^o([-7r,7r]) 


< 


F(c 


[ —ir,ar 0 ] 


I "(*«> - 0 2_1 (C - 


C?/i(x)]cc’l(Z) ;E o —^5 ^1) [—7r,cco] 


+ 


/ r^-O^iC-xof^dAd^x) 

J(xq,7t] V ^ *^2 ia;o / 


LUl(D*x 0 f, ^^[xQjn] } 


(25.34) 


r(a) 


^ (xp — x) a + _1_ (xp — x)^ 1 ) dfi(x) 


[ —TT.CCo] 


V a 


hi a(a + 1) 


^1 (Dxq — f 1 h J l)[ — 7T,Xo] 


+ 


I (■( £ ^ g r + i (.-..r y,,,, 

J(x 0 ,n]\ a a(a + l) 7 


'(*0 


ui{D? Xo f, h 2 ) [x 


(25.35) 


Therefore 


£*o([- 7r > 7r ]) < 


T(a) 


f (xo - x) a d/j,(x) 

J[ — 7T,X 0 ] 


+7- } , tt / (*o - *)“ +1 d M (a;) 

hia(a + 1) J[_n,x 0 ] 


uJi 


— f (x- x 0 ) a dfi(x) + - - 1 f (x — x 0 ) a+1 dfi(x) 

a J(x 0 ,tt) h 2 a(a + 1) J( Xn ^] 


h 2 a(a+ 1) J (x0i7I 
^l{D* xo f, h2)[a: 0)7r ]} . 


(25.36) 
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Momentarily we suppose positive choices of 


h ' =n (/-„», 

‘ ” (” ( £ t ££ ))“ + ‘ ^ 

Consequently, by (25.12),(25.13) and (25.36), we derive 


tt + 1 \ (“ + 1 ) 

x) > 0, 


> 0. 


(25.37) 


(25.38) 


Ex o ([—7T, tt]) < 


(2rr) 


T(a + 1) 

^1 — ) [ — 71",Xq] T 


(/i([-7T,*o])) (a + 1) + 
(m((*o, tt])) ( “ +1) + 


2tt 


(a + l)n 

2tt 


(a + l)r 2 


ui(d: x j, h 2 \ 

X 0 ,7r] } 

proving (25.31). 

Next we examine the special cases. If 


(25.39) 


/ (s^ 1 ( ) ) Q+1 dfi(x) = 0, 

J(x o,vr] V V 4 // 

then sin ( x ~*<> ) = 0, a.e. on (xo,ir], that is x = xo a.e. on (*o,rr], more precisely 
n{x £ (xo,tv] : x ^ *o} = 0, hence fj,(x o, vr] = 0. Therefore /r concentrates on 
[—7r, a3o] • In that case (25.31) is written and holds as 

C m — l r(k) ( \ f 

/ f(x)dn{x) - - 7 / (x~ x 0 ) k d^(x) 

J\ — TT,Xo] l A J\ — 7T,Xo] 


< 


(2 nT 

T(a+ 1) 


(^([-7r,* 0 ])) ( “ +1) + 


2rr 


T—> O' 

^1 D X q — 




(a + l)ri J 

1 (7+T1 


(25.40) 


' [ — TC,X 0 \ 

Since (7r, 7 t] = 0 and /r(0) = 0, in the case of xo = 7r, we get again (25.40) written 
for xo = 7r. So inequality (25.40) is a valid inequality when 


/ ( sin ( 

J[—7T,X 0 ] V V 


(xo — x) 


a + 1 


dfj,(x) ^ 0. 
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If additionally we suppose that 



(xo — x) 
4 


a + 1 

dfi(x) = 0, 


then sin( X( >~ X ) = 0, a.e. on [—7r,a;o], that is x = xo a.e. on [—7r,a;o], which means 
)i{x € [— tv,xo] ■ x ^ *o} = 0. Hence /r = 8 XQ M, where <5a, 0 is the unit Dirac 
measure and M = p([— n, 7r]) > 0. 

In the last case we obtain L.H.S (25.40)=R.H.S (25.40)=0, that is (25.40) is 
valid trivially. 

At last we go the other way around. Let us suppose that 


f f sin f^^\y +1 Mx) = o, 

J[— r,*o] V V 4 // 

then reasoning similarly as before, we get that fi over [— n, xo] concentrates at 
xo • That is ^ = d a;o ^([—7r,*o]), on [— n, xo\. 

In the last case (25.31) is written and holds as 


[ f{x)dfj,(x) - ^ [ (* - xo) k dfj,(x) 



(25.41) 


If xo = — 7r, then (25.41) can be redone and rewritten, just replace (*o,7r] by 
[—7r, 7r] all over. So inequality (25.41) is valid when 


[ ( sin ( ~ /° )) dfi(x)^ 0 . 

A*0.7T] V V 4 // 

If additionally we assume that 


[ Un(^^)y +1 d^x) = 0, 

j(x o.tt] V V 4 // 

then as before [i(xo,n] = 0. Hence (25.41) is trivially true, in fact L.H.S (25.41) = 
R.H.S (25.41)=0. The prof of (25.31) now is completed in all possible cases. ■ 
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We continue in a special case. 

In the assumptions of Theorem 25.23, when r = n — r 2 > 0, and by calling 
M = /r([—7r, 7r]) > p,([—n,xo]),p{(xo,Tv]), we obtain 

Corollary 25.24. It holds 


f f(x)d»(x) - / (x ~ xo )%(*) 

d[—TT,n] ^0 


< 


r(a + l) 


MTS+TT + 


2tt 


(a + l)r 




IS+TT 


[—"l^ol 


[CC 0 ,TI-] 


(25.42) 


Based on Theorem 25.23, Corollary 25.24 and (25.15), we get 
Theorem 25.25. Let f £ AC m (\— it, 7t]), e L oa ([—n,'rr]),m = [a], a fL 
N, a > 0;r > 0, and Ln : C([—7r,7r]) —> C([—7r, 7r]), n £ N, a sequence of positive 
linear operators, xo £ [—7r, 7 t] . Then 


Tit \ f (k> (xo) r ,, \k \ 

L N (f,x 0 ) - 2_^ - -n - L n ((x-xo) ,x 0 ) 


k =0 


< 


(2tt) 


T(a + 1) 


(Ljv(l, * 0 )) (a+1) + 


2tt 


(a + l)r 


N Sill 


\X - ( X ) 


ot+1 


,XQ 


( Q + l ) 


wi D xo _f,r Ljv sin 


\x - xo\X[-tt, xo ] ( x ) 


a + 1 


,*0 


TS+TJ 


[—7T,Xo] 
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+ 




(\x - Xo\X[x 0 ,-n] ( x ) 
V 4 


Ot + 1 



( 0 + 1 ) 


Wl 





*0 | ^[xq ,7r] (x) 

4 



I^+TJ 


(25.43) 


Corollary 25.26 (to Theorem 25.25). It holds 


Ln{ /, xo) 


V^/ (fc) (*o) r ,, sfc , 

2J -^-^Ljv((x-a;o) ,xo) 


Wl 


< (2*)° 

“ T(a + 1) 


(Ljv(1,xo))^T + 


2tt 

(a + l)r 





/ |x - xp| 

V 4 



[-7T,X 0 ] 


Wl 





( \x - xp| 

l 4 



[X 0 ,7T] 







TSTTT 


(25.44) 


We make 

Remark 25.27. Let / € AC([—n,n]),f £ Loo([— n, 7r]), 0 < a < l,xo £ 
[— tv, 7r]; Ln : C([—7r, 7r]) —> C([— tv, 7r]), TV £ N, sequence of positive linear opera¬ 
tors. Then by Theorem 25.25 and 


\L N (f,x 0 ) - f(x 0 )| < \L N (f,x 0 ) - f(x 0 )L N (l,x 0 )\ + |/(x 0 )||L„(l,x 0 ) - 1|, 

(25.45) 

we obtain 

Theorem 25.28. Let f £ AC{[—tt, 7r]), /' £ Too([— 7r, 7r]), 0 < a < l,r > 
0,xo £ [—7r,7r];Ljv : C([—7r, 7 t]) —> C([— n, 7r]), N £ N, sequence of positive linear 
operators. Then 


\L N (f,x 0 ) - f(x o)| < |/(x 0 )| \L n (1,x 0 ) - 1| 


(2?r) 


T(a + 1) [ 


(Ijv(1,Io)) < “ +1) + 


2n 


(a + l)r 
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n sin 


\x - xo\X { _t,, xq] (x) 


( a + 1 ) 


a+1 \ \ V a + 1 ) 

,xo 


Wi D f,r sin ( - j - ) ) ,*o 



[-■K,X 0 ] 



, , T , , • l \x~Xo\X [ x 0 ,K ] (x )^\ a+1 

+ | L N | ( Sill ( -;- ) ) , Xo 


(sfr) 


i T~»« t , . /|®-®o|* [ * 0l , r ](a:) N \ N \ a+1 ' ' ( “ +1) 

wi D tx f,r | sin [ --- ) ) ,x 0 



fro.' 


(25.46) 


We make 

Remark 25.29. We see that 


R.R.S(25.43) < 


(2 7r)“ 


r(a + i) L 


11 ^( 1)11 


TS+TT 


2 n 


(a + l)r 


n I I sin 


x\^-[ — n,x] (*) 


a + 1 


,X 


( 0 + 1 ) 


sup Wi £>“_/, r 

x£ [ —7T,7r] \ 


I/iV sin 


—7T,CC] (') 


a+1 


+ 


jv sin 


|^[cc,7r] (') 


a+1 


( a + 1 ) 


sup Ui D* x f,r 

x£ [ —7T,7r] \ 


a+1 


r | i • i ^l+fc.-jr] (*) 

Lat sm --- , a: 



=: 6 . 


So that 


Z := 


/ W (*o) 


L N (f,x 0 )-J2 L -^ l L N {{--x)\x) 


< e. 


(25.47) 

(25.48) 


We further observe that 


\L N (f,x)-f(x)\<Z+\f(x)\ \L N (l,x)-l\ + J2 ®^|^((.- a; ) fc ,x)| 
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Tz} I ll I , I 

< \f(x)\ \L n (1,x) - 1| + £ |^((- - x) k ,x)\ + e. (25.49) 

k= 1 

We have proved the main result, a Shisha-Mond type trigonometric inequality at 
the fractional level. 

Theorem 25.30. Let f £ AC m ([— n, 7r]), £ Too([— n, 7r] ), m = [a], a fL 

N, a > 0,r > 0 and Ln ■ C([— 71 , 71 ]) —> C([— 7r, 7r]), N £ N, a sequence of positive 
linear operators, x £ [—7r, 7r] . Then 


IIW-/IL< 


n^ 1 - iiioo+ t . 


ll/ W ||c 

fc! 


-iiL^((--x)yx)i| c 


(2ir)° 

T(a + 1) 


+ 


n sin 


l^(l)ll 


i/(«+i) 


2tt 


(a + l)r 


x\Ay_ 7r,a;] (*) 


a + 1 




( a + 1 ) 


sup LO 1 D“_/,r 

a;E[ — 7r,7r] \ 


-LiV sin 


tt,x] (') 


a + l 


+ 


n sin 


*^|^[x,7r] (') 


a + 1 


( a + 1 ) 


/ [x,7 r] 

(25.50) 

Next we give the following trigonometric Korovkin type convergence result at 
fractional level. 

Theorem 25.31. Let a N, a > 0 ,m = [a], and Ln : C([— 7r,7r]) —> 
C([— tv, 7r]) , N £ N, a sequence of positive linear operators. Suppose Ljvl—>1 
(uniformly), and 


sup l+l 

CCG [ —7T,7r] 


D? x f,r 


*^|^[a;,7r] (') 


a+1 


| L 

as N —► oo. Then Ljv/-^/, V/ G AC m ([—7r,7r]), £ Loo([— tt, 7r]). (The second 

condition means (ln ^sin ^ (x)^+0,x £ [— 7r,7r].) 

Proof. Since ||Z/jvl — l||oo —> 0 we get ||Ljvl — l||oo < K, for some K > 0. We 
write Ln 1 = Ln 1 — 1 + 1, hence 



ll^llloo < \\Ln1 - 1IL + II1IL < K+ l.VJV £ N. 
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That is ||Ljvl||oo is bounded. So we are using inequality (25.50). By assump¬ 
tion ||Ljv((sin( )) a+1 ,a;)|[oo —> 0, as N —> oo and (25.24) we get ||Ljv(| • 
— x\ k , x)||oo —> 0 for k = 1,... ,m — 1. Also by (25.26) and (25.28) we get that 


Ln 



‘^'[—TT,X] (*) 

4 



and 




^ 1 ' x\A?[ x7 r] (') ^ 



o, 


as N —> oo. 

Additionally by (25.22) and (25.23) we obtain that 


sup uJi(DZ-f,-) { _ nM 

XG [ —7T,7r] 


sup un(D^ x f;-) [Xtir] < 

x£ [ — 7T,7r] 


2||/ (m) ||oo 

T(m — a + 1) 


(2 


so they are bounded. 

Thus based on the above, from (25.50), we derive that ||Ljv/ — /||oo —> 0, 
proving the claim. ■ 

We make 

Remark 25.32. Based on Corollary 25.16 and Theorem 25.17, 25.18, given 
that / £ C m ([— 7T, 7r]), we get that, 


(*) sup ui D x _f,r 

X£ [ —7T,7r] \ 


n sin 


%\X[ — 7T,x] (’) 


a + 1 


= wi D^_f,r 


L n sin 


x\X[ — 7r,a;] (') 


a+1 


,X 


I^+TJ 


- 0 , 

] 

(25.51) 


L n sin 


a + l 


,X 


when N —> oo, for some x\ £ [—7r, 7 t]. 
Similarly 


(ii) sup w i D* x f,r 

CC£ [ —7T ,7r] \ 


JV sin 


|^[cc,7r] (') 


a+1 


= wi D* X2 f,r 


n sin 




a+1 


T^+TJ 


[a?2> 71 


o, 


(25.52) 


~Puyuc. P/tyliel 



394 25. Fractional Trigonometric Convergence Theory 


N Sill 


tt+1 




0, 


when N —> oo, for some X 2 £ [—7r, 7 t]. 

Corollary 25.33. Here Ln : — > C{[—n, n}), N £ N, positive linear 

operators. Let 0 < a < l,r > 0,/ £ AC([—n,n]),f' £ L oa {[—'K,ir\). Then 


IIW-/IL < ll/lloo H-Ljvi - i|L + 


(271)° 


N I I sin 


T(a + 1) [ 

' “ +1 


11 ^( 1)11 


TS+TT 


2tt 


(a + l)r J 


,x 


( o + l ) 


sup ail £>“_/, r 

X£ [ —7T,7r] \ 


+ 


n sin 


— 7r,cc] (') 


CX + l 


jv sin 




a+1 


(*) 


sup a;i D* x f,r 

ce£ [—7r,7r] \ 


AT I sin 


*e| ^[ai,7r] (') 


\\“ +1 \ 

1 \ 

) 

| _ 

0 + 1 \ 



)) ■*) 

oo j 

l 

[X,TV] j 

[_ 


(25.53) 


25.4 Application 

Consider the Bernstein polynomials on [—7r,7r] for / G C([—7r, 7 t]) : 


N 


(■ B N f)(x ) = ^ 

k=0 



N £ N, any a: £ [—7r, 7r]. There are positive linear operators from C([—7r,7r]) into 
itself. Here let 0 < a < l,r > 0 and take / £ AC([—n,n]),f' £ Loo([—7r,7i]). 
Setting g(t) = f(2nt - ir),t £ [0, If, we have g( 0) = f{-ir),g(l) = f(n), and 


N / N \ / , x 

( B N g)(t ) = [k) 9 \Nj 


{Bn f)(x),x £ [— 7T, 7r]. 
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Here x = <p(t) = 2nt — n is an 1 — 1 and onto map from [0,1] onto Clearly 

here g £ AC{[ 0,1]) and g' £ Loo([0,1]). 

Observe also that 


- xf))(x) = - t) 2 ))(t)]( 2+ 2 = &£-t( 1 - t) 


(271 


N 


f X + n\ / n — X\ 1 . . r i 

(—) (—) = N {x+n){n ~ x) ^ N yx£[ - n ’ n] - 


I.e. 


{Bn({- — x) 2 ))(x) < [—tt,tt]. 

In particular (Bn1)(x) = l,Va; £ [—7r,7r]. 

Applying Corollary 25.33 we obtain 

Corollary 25.34. It holds 




(2 tt) 


1 + 


2tt 


Bn sin 


T(a + 1) 

- a :|* [ _ )riie] (.)" 0+1 


(a + l)r 


( a + l ) 


sup Wi r 

xe[-TT,n] \ 


B n sin 


*^|^[ — n,x] (') 


a + l 


+ 


Bn sin 


^^[Xjir] (’) 


a + l 


,X 


( a + l ) 


sup ui 1 D* x f,r 

X£ [ —7T,7r] \ 


VN £ N. 


B n sin 




a+l 



x,~k\ 

(25.54) 


Next let a = and r = that is r = |. Notice T(|) = 

Corollary 25.35. Let f £ AC([—n, 7r]), /' £ L 00 ([—7i, 7r]), n € N. Then 


\\B N f-f\\ oo <2V2(2ir + l) 


Bn 



*^| ^[ —7T,CC] (') 


3 

2 



1 

3 


oo 


{ sup CUl 

x£ [—7T,7r] 




^ ■ -+j+_ 7r ,+•) j j 


3 

2 
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D If- | l X \X[ x ,ir] (') ^ ^ 2 

Bjv | | sin ( --- ) ) ,x 


sup w i T>4/, o 

^ e [ —7T,7r] l O 


D | / | I a 'l^[a:,7r] (') \ \ 2 

BjV | | Sill ( - - - , X 


(25.55) 


V N <= N. 

By | sin*| < \x\,Mx el - {0}, in particular sin* < x, for * > 0, we get 


3/2 


< 




Therefore 


I-Bjv | ( sin 
We see that 


-8 Bn 


-x\ 2 , X 


(25.56) 


b n {I ■ -x\ 3/2 ,x) = J2 

k =0 


X + TV — 


2nk 

W 


3/2 


N\ /X + 7T \ k /7T — *N 1 

K V 2tt ) V 2it 7 


< 


(by discrete Holder’s inequality) 

( 271 fc \“ ( n\ /x + n\ k ( ^ i — * \ J 


1 3/4 


3 / 2 

= (Bjv((--*) 2 ,*)) 3/4 < ^ 3 / 4 , V * € [— 7T, 7*]. 
Consequently it holds 


(25.57) 


|B J v(|--*| 3/2 ,*)||oo< 


3/2 
71 ' 

AT3/4’ 


and 


Therefore we obtain 


Bat sin 


3/2 


< 


7T 3 / 2 

8AT3/4 


V fV £ N. 


(25.58) 


(25.59) 


B n sin 


|^[ — 7r,a;] (') 


3/2 


,X 
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B n sin 


■-x\X lx rt(.)\\ 3 ' 2 


< 


Bn sin 


3/2 


,X 


< 


7r 3 / 2 

8 A r3 / 4 


V JVgN. 


(25.60) 


We have established 

Corollary 25.36. Let f € AC([—n,n]),f' € I/oo([—7r, 7r]), A € N. Then 


WBn/- f\\ x < 


(2n + l)\Z2n 

yW 


sup LOl ( D X J 2 f, — 

x£[ — 7V,7t] 


GVN J [- n ,x] 


+ sup U )1 I Dli 2 f, n 


CCG [ —7T,7r] 


6VnJ 


x t' K \ 


(25.61) 


So as N —> oo we derive that Bjv/—>/ with rates. 

Discussion 25.37. From (25.61), Corollary 25.16, and Theorems 25.17,25.18 
we obtain that 


l|5iv/-/IL< 


( 2 tt+ 1 )^ 2 ^ 


Vn 

+wi ( Dlilf, 


W1 te 2 _/,^) 

V 1 6%/jvy 


6VN 

for some * 1 , 2:2 £ ([—7r,7 t]),/ £ C 1 ([—7r,7r]). 
Hence 


(25.62) 


II^/-/IL< 


/ 2 tt+ 1 


V 

+wi ( 


(V2n) 




=) 


^ , 1 • (25.63) 

6 ^; [_„.]] 

Further we suppose that D x J 2 _f and are Lipschitz functions of order 1, that 


D 1 J 2 _f{x)-D^_f{y) < AT I* — y\, 


A /2 


and 


|ai£-/(*) - ^-/(»)| < K 2 \x - y I, 

Vx, y € [—7r,7r], and K\,I \2 > 0. Then from (25.63) we find 

IISat/ - /iu < 1} (^ + * 0 - 


(25.64) 

(25.65) 

(25.66) 
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26 

Extended Integral Inequalities 


Here we present very general Taylor formulae, and then a representation formula. 
Based on the latter we give general integral inequalities of Opial type, Ostrowski 
type, Comparison of integral means, Information Theory Csiszar /- divergence 
type, and Grass type. This chapter is based on [45]. 


26.1 Introduction 


We are motivated by the following inequalities. 

First an Opial type inequality 

Theorem 26.1 ([5]),p. 8 ). Let f(t) be absolutely continuous in [0, a], and 
/(0) = 0. Then 

j \f(t)f'(t)\dt<^ j (f'(t)) 2 dt. (26.1) 

Inequality (26.1) is attained iff f{t) = ct, c> 0. 

Theorem 26.2 ([238.Ostrowski,1938]). Let f : [a, 6] € R be continuous on 
[a,b] and differentiable on (a,b), whose derivative f'(a,b ) —* R is bounded on 
(a,b),i.e., ||/'||oo = sup t6(ab) |/'(f)| < +oo. Then 


1 

b — a 



f(t)dt - f{x) 


< 


1 ( x -^) 2 

4 (b — a ) 2 


(b- a) ||/' 


(26.2) 


for any x € [a, 6 ]. The constant | is the best possible. 
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Theorem 26.3 ([180, Grliss, 1935]). Let f,g integrable functions from [a,b] 
into R, such that m < f(x) < M, p < g(x) < a, for all x £ [o, b], where 
m, M, p, a £ R. Then 

bh. L fWMdx- / f{x)dty / g(x)dx ) 

<^(M-m)(a-p). (26.3) 

Here we present very general Taylor formulae, see Theorem 26.4, 26.5. Based on 
Theorem 26.4 we produce a general representation formula, see Theorem 26.9. 
Then based on Theorem 26.9 we prove new very general inequalities of: Opial 
type, see Theorem 26.14; Ostrowski type, see Theorem 26.18, sharp inequality 
(26.45); comparison of integral means, see Theorem 26.22; Information Theory 
inequalities, see Theorems 26.26, 26.27; and Griiss type inequalities, see Theorem 
26.30. 

For all these formulas and inequalities we give applications when the power 
function g is e^sin a:, cos a:, tan x. 


26.2 Results 

We present the first result, a general Taylor formula 

Theorem 26.4. Let f^',g, g' be continuous from [o, b](or[b, o]) into 

R, n £ N. Assume (g 1 )^, k = 0,1,... ,n are continuous. Then 


m = /(a) +£ (/o «-r (g(a) W > - 9{a))k + b) ’ (26 - 4) 


where 


K„(a,b) = 1); J ( g{b)-g{s)) n 1 (fog 1 ) (n \g(s))g'(s)ds 


1 (‘9(b) 

= 7-TTJ / (s(&)-6” _1 (/05 _1 ) (n) (*) d *- (26.5) 

( n - 1)! J g (a) 

Proof. Call l = fog- 1 . Then 1,1',... ,l (n) are continuous from g([a, 6 ]) into 
f([a,b}). Here p([a,6]) = [c, d], from some c,d £ R. Clearly g(a),g(b) € [c, d]. So 
we can apply Taylor formula for l at g(a) and g(b). Thus we derive 


l (g(b)) 


l(9(.a)) + J2 lW{ ^ a) \ g(b)-g(a)) 
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1 /*<?(&) 

+ 7~ -TTJ / (ff(&)-*) n_ 1 Z (n) C0dt. (26.6) 

(w- 1 )! Jg(a) 

That is proving the claim, since l((g)) = f(b),l(g(a)) = f(a), also apply change 
of variable for the remainder. ■ 

The counterpart of previous theorem follows 

Theorem 26.5. Assume g\ /, /',..., f ( - n ~ 1 '> are continuous on [o, b\,n £ N. 
Also assume ( gk = 0,1,... , n — 1 are continuous. Assume f ^ exists in 
(a,b) and (g -1 )^ exists in (g([a, 6 ]))°. 

Let a, (3 £ [a,b], then there exists 7 £ (a, (3) or 7 £ (/3, a) such that 

n — 1 , „ —l\(k) 

m = /(«) + E /0 fc, (g( Q ))• w)- 5(«)) fc 

k =1 

(f o a _1 ) (n) 

+ u V (gh))-(g(f3)-g(*)r- (26.7) 

n\ 

Proof. Here (f ° g 1 )^, k = 0,1 ,n — 1 are continuous on g([a, 6 ]) and 
(/oT 1 )*” 1 exists in (g([a, f>]))°. Let a, (3 £ [a, b], we apply Taylor’s formula for 
g{oi), g(/3) £ g([a, 6 ]), (/ = / o g _1 o g) to the function fog _1 . We obtain 

n—1 / j, —l\(k) 

f(/3) = /(a) + E °^.| -(s(«)) • W) - g{u)) k 

k=1 

(fo Q- 1 )^ 

+ U 9 n[ ’ ( 7 i )(g(/3)-g(a)T, (26.8) 

where 71 between g(ct) and g(/3). 

By intermediate value theorem there exists 7 between a, (3 such that g( 7 ) = 71 , 
proving the claim. ■ 

Remark 26.6. Here we assume that f^ k \a) = 0, k = 0,1,..., n — 1. 

By / = / O g- 1 o g we get f(a) = (/ o g _ 1 )(g(a)) = 0. 

Also 


(/ o g-'Yigia)) = /'(a) • ((g- 1 )'(g(a)) = 0, (26.9) 

and 


(/ o fl-yOKa)) = /"(a) • (GT 1 )'^))) 2 + /'(a) • GT 1 )"^)) = 0. (26.10) 

Furthermore we obtain 


(f°g- 1 r(g(a)) = f'”(a)-((g- 1 y(g(a ))) 3 

+3/"(a) • OTYGrta)) • GTTCsGO) + /'(o) • GrTG/(a)) = 0. (26.11) 

So we have in general that (/ o g^ 1 )^ ( g{a )) = 0, all k = 0,1,..., n — 1. 
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Therefore by (26.4) and (26.5) we obtain 

f ( b ) = 1); / ( 9 {b)-g{s)) n ~ 1 -(fog- 1 ) (n) (g(s))-g'{s)ds . (26.12) 

Similarly from Taylor formula directly applied on /, we have 

m = (26.13) 

- 1)' Ja 

Consequently, if f^ k \a) = 0, k = 0,1,..., n — 1 and /, g as in Theorem 26.4, it 
holds 

[ ( b ~ i )” _1 f (n) (t)dt = j (gi^-git)) 71-1 ■{fog- 1 ) (n) (g(t))-g , (t)dt. (26.14) 

J a J a 

Next we go reverse, we suppose (fo q~ 1 ) < ' k Hq(a)) s= 0, k = 0,1,..., n — 1 and 
(g-'y(g(a)) * 0, then /<*>(«) = 0,Jb = 0,1,.. ,n - 1. 

Next we apply Theorems 26.4, 26.5 for g(x) = e x . One can give similar appli¬ 
cations for g = sin, cos, tan, etc, over suitable intervals. 

Proposition 26.6. Let f ^ continuous, from [a,b] (or [a,b]) into I, n £ N. 
Then 


ttu\ n \ i [(/ ° ln) l ' k \e a )\ „ b a ^k , t-, , u \ 
f(b) = /(«) + 2^ - - fy - -'(e - e) + lZ n (a, b), 


(26.15) 


where 


n n (a,b)- {n _ 1 y J ea 


(e b — t) n 1 (/ o ln)^ n \t)dt 


(n~ 


^ J\e b - eT'\f o lnf n \e°) ■ e s ds. 


(26.16) 


We continue with 

Proposition 26.7. Let /, are continuous on [a,b] and 

exists in ( a,b),n £ N. If a,/3 £ [a, b], then there exists 7 between a, (3 such that 

m = /(«) + £ (/0 ^ )(t) ( e >(^- e t+ (/0 'f’ l) (e>(/-e°r. (26.17) 


Next we present inequalities based on the above Taylor formula (26.4). 
We make 
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Remark 26.8. Let f,g as in Theorem 26.4, and any x,y £ [a, 6 ]. 
(26.4) and (26.5) we obtain 




+ ~J\ J y ( 9(x)-g{s)) n 1 ' if ° 9 1 ) (n) (ff(s))-g'(s)ds. 

Integrating (26.18) over [a,b] with respect to y, we get 


f{x) = J f(y) d y 

"- 1 i rb 

+ E mTTZ 1 / (f°9~ 1 ) {k) (9(y))-(9(x)-g(y)) k dy 

k=l a > J °- 

+ (n-iy.(b-a) J a l (aW-gUr-'-ifog-^iam-g'm, 

V x G [a, 6]. 

Define the kernel 


K(t,x) = 


t — a, a < t < x < b; 


t — b, a < x < t < b. 

By letting * := (g(x) - g(t)) (n ~ 1) ■ {fog~ 1 ) in) (g(t)) ■ g'{t) we find 

nb / rx \ rx / rx \ nb / rx \ 

/. u, , T ,= (. u, ’ M ) dv+ 1, n **> 
=f:(j»‘-j: (!>«>* 


dyJ dt — I * ( / dy ) dt 

rx nb nb 

= / * (t — a)dt + / *(t — b)dt = / * K(t,x)dt 

J a J x J a 

Above, we have that 


f «<!/<! ; 


( a < t < x "j 

3/ < * <* | 

H 

a < y < t } 

l 1 


Then, by 


(26.18) 


(26.19) 


(26.20) 


(26.21) 
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x < y < b 
x <t < y 

Therefore we obtain 

/ [ { 9 {x) - g{y)) n ^ % ■ {f o g~ 1 ) (n \g(t)) ■ g (t)dt 

J a J y 

= / (flO) - s(i)r _1 • (/°fl” 1 ) W (sW) • g'(t) ■ K(t,x)dt. (26.23) 

J a 

We have proved the following representation formula 

Theorem 26.9. Let f,f,...,f^;g,g' be continuous from [a, b] into l,n£ N. 

Suppose (<7 _1 )^ fc \ k = 0,1,... ,n are continuous. Then 

fi x ) = J f{y)dy 

+ (b-a) {E V. J ^ ° s , ~ 1 ) (fc) (s r (y)) • ig(x) -9iy)) k dy^ 

+ ( n-i)Kfe-a) J a ^-gWr^-ifog-^igM-g'it) 

■K(t, x)dt, (26.24) 

V * £ [a,b ]. 

Same applications of last theorem follow 
Theorem 26.10. Let f £ C n ([a,b]),n £ N. Then 

f 0=) = J a f(y) d v + jfrjj {e hJ a ^ foln ^ k) i eV "> ■ ( e * -j 

+ Jn~l^\(b~~a) J - e< T _1 • (/° ln) {n \e) ■ e* ■ K(t,x)dt, (26.25) 

Vi£ [o, b]. 

Theorem 26.11. Let f £ C n ([— \ + e, \ — e]), n £ N, e > 0 small. 

Then 

fix ) = —[ fiy)dy 
7T- 2e J=£ +e 

H - j E (/ ° sin _1 ) (fc) (sin y) • (sin a; - sin y) fc dy 

^ l fc=i K ' d ^r+ e 
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(n- 1 )!(tt- 2e) J=* +e 


f (sin x — sin t) n 1 (f o sin 1 / n - ) (sin t)cos t 


■K(t, x)dt, 


(26.26) 


[-f+e, f-e] . 


Theorem 26.12. Let f £ C n ([e, ir — e]), n £ N, e > 0 small. Then 

f{x) = ^2e l fiy)dy 

+ - J 1 0e jxj £7 J s (f° cos _1 ) (fc) (cos y) • (cos x - cos y) fc dy j 


^ r-n — e 

- - — -- / (cos * — cos t) rl ~ 1 (f o cos _1 ) ( ' n) (cos t)sin t ■ K(t,x)dt, 

(n - 1)!(tt - 2 e ) J e 

(26.27) 

V x £ [e,n — e]. 

Theorem 26.13. Let f £ C n ([— \ + s, \ — e]), n £ N, e > 0 small. Then 


f(x) = 


7T — 2 £ I-k 


f(y)dy 


+ l £7 /_(/ ° tan 1 ) (fc) (tan y) • (tan x - tan y) k dy 

K K k= 1 K ' •* ~T+ e 

+ - -- 7 -- [ (tan x — tan t) n ~ 1 (f o tan -1 )^ (tan t) 

\ n — l)K' 7r — 2e) J =jl +s 


■ sec t ■ K(t , x)dt, 


(26.28) 


Vie [-§ +E, f -ej 


Next we present an Opial type inequality 

Theorem 26.14. Let f, f 1 ,..., ; g, g' be continuous from [a, b] into R,n£ 

N. Suppose k = 0,1,..., n are continuous. Further assume that (a) = 

O, k = 0,1,..., n — 1. Here p,q > 1 : ^ + ^ = 1. Then 


[ 1 / 0)1 |(/°S 1 ) (rl \g(w))\\g'{w)\dw 
J a 

*'«(»-!)! (f (/.’ l9< “ ,) - *» 

I |(/°fl , *‘’) (n) (fl , (w ))|' 3 \g'{w)\ q dw S J 


(26.29) 


Vie [a, 6]. 
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Proof. By assumptions we have 

/O) = , P n , [ {g(x)-g{s)) n ~ 1 (fog- 1 ) < - n \g(s))-g'(s)ds, (26.30) 

[n 1). J a 


V x £ [a, 6]. 

By Holder’s inequality we get 


!/(*)!< ( n _ 1}1 / Ksfa) 5(s))l |(/ ° 5 ) ( ) (fl r (s))| • 

■ |p'(s)|ds 

< 0 - 1) ! (. 

rx \ 1/p 

1 \{9{x) - g{s))\ p(n ~ 1) dsj 


(/„* 

IQ \ 1 /Q 

(n) (fl(s)) |ff'(s)r«isj =:(*)• 

(26.31) 

We put 



* ( * )- /. I (/ 

°5 _1 ) (n) (5(s))P s'(s) 9 ds > 0, 

(26.32) 

z(a) = 0. 

Hence 

«'(*) = (/' 

3 5 _1 ) (n) (5(*))P |fl'(*)| 9 > 0, 


and 

(z'( x)) 1/q = 

(/“s’ 1 )'" 1 !#)) |fl'(*)| > o, 

(26.33) 

V x G [a, 6], 




Consequently we obtain 

I/HI K/°fl*^) (n) (sH)l Is'HI 


< 


(n- 1)! 

V ro € [a, b]. 

Thus 


\g(w) - g(s)\ p(rl 1) ds ) (z(w)z'(w)) 1/q , 


i/p 


< 


(n- 1)! 



/ I/HI (f°9 *) (n) (flH)lls'HI dw 

J a 

/ w \ 1/p 

IflH -fl , («)r (n_1) («(«;)«'(w)) 

( we apply again Holder’s inequality ) 


(26.34) 


dw 


(26.35) 


W 


< 


( n — 1 )! 



\g(w) — g(s)| p ^ n ^ ds\ dw 


i/p 
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1/9 


1/p 'z 2 (x)' 1/q 


J z(w)z (w)dwj (26.36) 

-(^IjT (/. (/ *)*“) "( ; 

= (/. (/„ law->wr MI *)*, 

( /* oc \ 2 j c[ 

J |(/° 5 ~ 1 ) ( " ) (s(w ))| 9 |g'(w)| ? dw) , (26.37) 

Vie [a, 6 ], proving the claim. ■ 

Next we apply Theorem 26.14 to obtain 

Proposition 26.15. Let f £ C n ([a,b]),n £ N ,p,q > 1 : i + i = 1. Suppose 
f ^(a) = 0, k = 0,1,... ,n — 1. Then 


\ 1 /p 


F 


< 


\f(w)\ \{f ° ln) (n) (e w )\e w dw 

/ rx / \ \ 1/p 

T (l (L (••-r-'*)*.) 


2 1 /i(n — 1) 

J \(foln) (n) {e w )\ e qw dw 


2/q 


(26.38) 


Vie [a, 6]. 

Proposition 26.16. Let f £ C"([ — f + £, f — e]),n £ N, £ > 0 small; p,q > 
1 : i + i = 1. Suppose + e) = 0, 0,1,... ,n — 1. TTien 

J |/(w)| |(/ ° sin _1 / n ^(sin w)| cos w dw 
y ^ J (sin u> — sin s)^"~ 1 ^ p ds'j dw 


2 V9( n - 1)! 


(/ |(/osin 1 / n ^(sinu;)| (cosw) q dw 


2/q 


(26.39) 


v *£ [-f +£, f -£] . 

One can give in any other similar applications to Theorem 26.14. 
We make 

Remark 26.17. By Theorem 26.9 we find 


£n{x) := f(x) - J f(y)dy 
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(b~a) 


n 1 I rb 

(f° 9 ~ 1 ) < ' k \g(y))-(g(x)-g(y)) k dy 

k=l J a 

l(b -a) / (ffW - 5 (*))”” 1 ' (/°S~ 1 ) (n) (s(*))-s'W 


(n — 1)!(6 — a) 


■ K(t,x)dt =: /„(/)(*), (26.40) 


Vie [a, 6 ]. 
Hence 


\£n(x)\ = \I n (f)(x)\ < 


f 


\(g(x) -g(t))\ r 


(n— 1)!(6 — a) 

(/ ° 5 _ 1 ) (n) \g'{t)\ \K(t,x)\dt G(x). 
We distinguish the following cases. 

1 


(26.41) 


(i) 


0 (x) < 


(n — !)!(& — a) 


( f°g 1 ) (n) °g lls'll 


T 

(ii) 


f 

J X 


\g{x) - g(t)\ n ( t-a)dt+ \g(x) - g(t)\ n ( b-t)dt 


= Gi(x), (26.42) 


0(x) < 


x) - 5(-)C 1 ||s'|| oo ma x ((a ! - a), 


(n— 1)!(6 — a) 

(fo — a:)) II (/ ° p _ 1 ) (Tl) op|| = 02 (a;), 


(26.43) 


and 


(in) By Holder’s inequality we find 


0 ( X ) ~ (n — l)\(b — a) ll^-^rVO) 

K(-,x) |U|| (fog-^ogWr =: 0 3 (®), (26.44) 

where p,q> 1 : £ + | = 1 . 

We have proved the following general Ostrowski type inequality 
Theorem 26.18. All assumptions as in Theorem 26.9. Letp,q > 1 : -+■! = 1. 
Then 

\£n(x)\ < min (0i (®), 0 2 (s), 0 3 (a;)), (26.45) 

Vie [a,&]. 
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Inequality (26-45) for a fixed x £ [a, b] is attained by an f £ C n ([a,b]) such 
that 

l(/°fl , “ 1 ) (n) (fl , W)l = A(\g(x) \ K (t,x)\) q/p , (26.46) 

where A > 0, and 


[(/ ° 9 ■ {g{x) -g{t)) n 1 ■ g’{t) ■ K(t,x)] 

of fixed sign , V t £ [a, 6 ], 

Next we apply Theorem 26.18. 

We get 

Theorem 26.19. Let f, £ C n (\a, b]), n £ N,p, q > 1 : i + i = 1. Then 

| rb i f rL ~) i rb 

/(K) -—aj a f(y)dV ~ —a ) {g k\ l (/ '° Zn)(fc)(ey) ' (e * - eV)kdV 

~ (n-l}!(b-a) min { e 1 (/0fa)(n)(e( ' )) L [/„ ^-er-\t-a)dt 

rb 

+ / (e l — e 0 ) 71 - 1 (b — t)dt , 

J X 

e^maxfe 1 — e“, e 6 — e 21 )) 71-1 • max((i — a), (b — x)) ■ || (/ ° £n/ n - ) (e ( ''' ) )|| , 

||(e* - • e<‘> ■ K(-,x )^ - ||(/o ln)^(e^)\\ J , (26.47) 

Vi£ [a, b]. 

Inequality (26-47) for a fixed x £ [a, b] is attained by an f £ C n ([a, b]) sited 
that 

|(/oZn) { ”V)| = A(| S * - e 4 !” -1 • e* ■ x)|) 9/p , (26.48) 

where A > 0, and 

[(/° Zn)^ n ^(e*) • (e x — e 4 )” -1 • e 4 • K(t,x)\ 
of fixed sign , V t £ [a, b]. 

Theorem 26.20. Let /, £ C n ([e, 7r — e]), n £ N, e > 0 small; p,q > 1 : - + - = 
1. Then 

/(x) -^ 2 'el f{y)dV 

~ (k^2e) |g £7 J £ (/° cos_1 ) (fc) (cos y) • (cos x - cos y) fc dy | 
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<-- 7777 -—r- min < (/ ° c°s V n 'o cos / (cos t — cos x) 71 1 (t — e)dt 

(n - 1)!(7t - 2e) (II Hoc [J £ 

r'K—e 

+ / (cos X — COS t) n_1 (7T — £ — t)dt , 

J X 

||cos x — cos -ll^ 1 max((* — e), (7r — e — x )) || (/ o cos -1 )^ o cosjj , 

II(cos x — cos(-)) ( ' rl_1 ^ sin(-)If(-,x)|| ||(/ o cos -1 )*"^ o cos|| 1, (26.49) 

II \\q II lip J 

Vie [e, 7r — e]. 

Inequality (26-49) for a fixed x € [e, 7 r — e] is attained by an f € C n ([s, n — e]) 
such that 

| (/ o cos -1 /") (cos t)| = ^4(| cos a: — cos f| n-1 | sin t\ \K(t, x)\) q ^ p , (26.50) 

where A > 0, and 

[(/ o cos -1 ) ( '”^(cos t ) • (cos a; — cos t) n-1 • sin t ■ K(t,x)\ 

of fixed sign , V t £ [e,i r — e]. 

We need to make 

Remark 26.21. Let /, g as in Theorem 26.9. Let /ibea finite positive measure 
of mass m > 0 on ([c, d],V([c, d])), [c, d] C [a, 6], where V stands for the power 
set. Integrating (26.24) against g we find 


-i . , 1 ... |S r? ^ rf| ^ (f °9~ l ) {k \a(y)) - (aO) - a(y)) k ^y) M?) 
+ („- (/'<»<*> - »<»»”" ■ </ “o-'f’MO) ■»'(») 


(n — 1)!(6 — a) 


Therefore we have 


•A'(f, a:)df) dg(x )). 


(26.51) 


f{y)dy 


Mnif) := ^ L, d] f(x)Mx) ■ L f[y)dy 

Mfh^) {£ M (/ (/ ° 5- 1 ) (fc) (5(y)) • (S(*) - 

7-HT77-r" f I { C^ x ) ~ sW) n_1 ' (/ ° 3 _1 ) (n) (<?(*)) • <?'(*) 

(n - !)!(&- a)m W [Cid] Vd 0 


■K(t,x)dt)dg(x)) =: J(f). 


(26.52) 
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One can estimate J(f). 

We derive the following comparison of integral means result 
Theorem 26.22. Let the assumptions of Theorem 26.9. Let p be a finite 
positive measure of mass m > 0 on ([c,d],V([c,d])), [c, d] C [a, b]. Then 


\M n (f)\ < 


_ l_ 

(n — 1)!(6 


—r— min 
a)m 



KffOr) -gm 71 - 1 


(t — a)dt 


■L 


+ / I g(x)-g(t)\ n ■ ( b-t)dt 


dp{x)j | (/o g *) (n) °S"5 , | <x) > 
^ (\\g(x) - i max (x - a),b - x^dpix)^ ||(/ ° s _1 ) (n) ° g ■ g' 

{g{x) - 5(-)r _1 • K(-, ®)|| dp{x)\ II (/ O p _1 ) (7l) o g ■ g'\\ 


u 


(26.53) 


where p,q> 1 : ^ + | = 1. 

We give some applications of Theorem 26.22. 

Theorem 26.23. Let f £ C n ([a, 6]), n £ N. Let p be a finite positive measure 
of mass m > 0 on ([c, d],V(\c, d])), [c, d\ C [a, 6]. Then 


b U { * W{ * ) -iphr)f. mdv 
kL (/“</»<»)'*>(.■)(«' - **)%) <M«> 

1 nTTT; \— min If/ [ [e x ~ e*) 71-1 (t - a)dt 

( n-T)\{b~a)m [ \J\c.d\ Ua 

f 


+ I [e -e x ) n 1 {b-t)dt 


,d] U 

dp(x)\ ||(/ o ln) < ' n \e^' 1 ) ■ e^| 


(/ (jna,x(e x — e a ,e b — e x )J (max(a : — a,b — x))dp(x)^ 

||(/ ° Zn) (n) (e (,) ) • e ( ) || i , 

(/ d] II ^ ~ fi( ) ) n_1 ' K (-’ x )\\ q d T( x ) S j ||(/ ° M ( ” ) (e ( ' ) )' e ( ' ) | 


(26.54) 
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■inhere p,q> 1 : - + i = 1. 

Theorem 26.24. Let f € C n ([—j + £,f — e]),n 6 N,e > 0 small. Let p be a 
finite positive measure of mass m > 0 on ([c, d] , V ([c, d])), [c, d\ C [— ^ + e, ^ — e]. 
Then 


[ f(x)dp(x) -3-- f f(y)dy 

m J\c.d 1 7T-2£7_, +e 


i(7r — 2e) I 


c,c£] 
j' n — 1 


Sri/ f / (/ ° tan 1 ) (fc) (tan y) 

U=r •'M V- / -f+ e 


•(tan x — tan y) k dyj dp(x ) j 


/ / 


c,d] I*/— -f+e 


(tan a: — tan t) n x (t + ^ — e)dt 


dp(x] 


(n — 1 )! (tt — 2 e)m 

f ~2 ~ £ n 7j- 

+ / (tan £ — tan x) n (— — e — t)dt 
Jx ^ 

||(/ o tan~ x ) (n) (tan(-)) • sec 2 (-)||oc 
^ J ^max(tan x — tan(— ^ — e), tan ^ — tan 

^max ^a: + ^ — e, ^ — s — dp(x)^j || (/ o tan _1 ) (n) (tan(-)) • sec 2 ( 


, («-i) 


(/. 


,d] 


| (tan x — tan(-)) n • K(>, x)|| g dfi(x) 


((/ °tan *) {n) (tan(-)) • sec 2 (-) }, 


(26.55) 


where p,q> 1 :± + ± = 1 . 

Background 26.25. Next we follow [137]. This is related to Information 
theory. Let / be a convex function from (0, +oo) into R, which is strictly convex 
at 1 with /(1) = 0. Let (X, A, A) be a measure space, where A is a finite or a 
(T-finite measure on (X, .4). And let pi,P 2 be two probability measures on (X, A) 
such that pi <C A, p 2 <C A (absolutely continuous), e.g.A = pi + p 2 - Denote by 
p = ^j-,q = the Radon-Nikodym derivatives of pi,p 2 with respect to A 
(densities). Here, we assume that 

0 < a < - < b, a.e.on X and a < 1 < b. 


The quantity 


Tf(p 1 ,p 2 ) = J x ( l( x )f (^y) dX ( x ) (26.56) 
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was introduced by Csiszar in 1967 (see [137]), and is called the /- divergence of 
the probability measures /ri and y. 2 - By Lemma 1.1 of [137], the integral (26.56) 
is well defined, and F [ 12 ) > 0,with equality only when = y. 2 - Furthermore 
r f (/ii, y. 2 ) does not depend on the choice of A. Here, by assuming /(1) = 0, we 
can consider T/(/r 1 , 1 x 2 ) the /-divergence, as a measure of the difference between 
the probability measures fii , y ,2 • 

Here we give a representation on estimates for T f(y,i,y 2 ) via formula (26.24). 

We give 

Theorem 26.26. All as in Background 26.25 and Theorem 26.9. Then 


F/(^l,/i2) 


bhi fMdv 


where 


+ irby {g h(L 9W (J ‘< /0 (/(»» 

• (9 - 9 {y )) d yj d\(x)j j + g„, ( 26 . 57 ) 

■ (n -mb-a) (L (I (" (5®) - 9(i) )) 


•(/ 0 9 1 ) (n) (fi'(^)) • g'{t) ■ K (t, j dtj dX(x)^j . 


Proof. By (26.24) we obtain that 



9(x) 
b — a 


f 

J a 


f(y)dy 


(26.58) 


1 

+ (b-a) 



(f°g ') (fc) ( g(y )) 


( p( x ) \ 


g(y) dy 


(n — !)!(& — a) 


,(x> 

■g'(t) ■ K (t, ) dt, (26.59) 


a.e. on .Y. 

Integrating (26.59) against A we derive (26.58). ■ 

Next we estimate G n , that is we estimate T/(/xi,/i 2 ). 
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Theorem 26.27. All assumptions as in Theorem 26.26. Then 



| ((/ ° 9 1 ) ( ” ) ° 9)' 5 , || 1 } 5 (26.60) 

where V 1 .P 2 > 1. such that — + — — 1. 

Proof. By (26.57), (26.58). ■ 

In the following we apply Theorem 26.27. 

Theorem 26.28. All as in Background 26.25 with f € C"([a, b]),n € N. Then 

[ f{y)dy 
b a J a 
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^(/ o Ino | 


(26.61) 


where pi,p 2 > 1, such that — + — = 1. 

Theorem 26.29. All as in Background 26.25 with a = — ^ +e, 6 = j — e,e > 0 
small. Here f € C n ([-f + e, f - e\),n e N. 

Then 

1 r *~ e 


Tf(p, 1 ,p 2 ) - 


7T — 2s 


/: 


f{y)dy 


n — 2 e 


Y\ [j x »(*) (/_^ (/ ° sin V* 0 ( sin w) 




\ k \ 

sin y 1 dy d\(x] 


< 


(n — 1)!(7t — 2e) 


/v ( t 

' ’ «(*)>/ 


\«(*)/ 

// w U 

j dA(*) j | ^(/ o sin -1 )*"' 1 o sinj • cos 


. / p(*)\ 

sin . ' — sm t 

\q(x)J 


(/x 9W |( sin (i®)'”’ H ) 

|| ^(/o sin -1 )*"* o sin^ • cos|| , 

l* x) ll“" (fS)" Bin( ' ) 


d\(x) 


pi 

n — 1 


• max — a, fe — d\(x)^j ||^(/osin 1 ) <n * o sinj • cos|| j, (26.62) 

where pi,p 2 > 1, smc/i that — + — = 1. 

^ ’ pi pi 

Next we give a very general Griiss type inequality 

Theorem 26.30. Let f,h, f;h',..., f^ n \h ^; g, g' be continuous from [a, b], 
into R, n £ N. Suppose (g ” 1 ) ( - fc \ k = 0, 1,... ,n are continuous. 

Then 

rh)/„ nx)h{x)dx -jbhp{S. f(x)dx ) (/„ hix)dx 

-5(F^F {£ h (f (f N ■ (l “ ’"'‘“w 
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+f(x)-(hog 1 ) tM {g{y)) ■ (g(x) - g(y)) k dy^j dx^ 


(y (j im*)i ■ ((/ ° 9 i ) (n) °fl)-3' 


\2{n-l)\{b-ay \J a \J a L 1 1 liV w y ' y 7 y lloo 
+!/(*)! ■ ll((^°5~ 1 ) (n) °g) • s'llool ■ I g(x) - s(f)n _1 \K(t,x)\dt)dx), 


ll^( a ') dtt) II oo,(x,£)e[a,6] 2 r,|, || || / / n — 1 \(n) \ / 1 | 

- 2(n _ l y ■ [||fe||oo • || ((/°fl 


2(77, — 1)1 ^ii"'ii 00 w\\J j t yy y 11 

+ ll/lloo • ((Aoj _1 ) (n) oj) • g'lli] , 

2(y ,- 1 )!( fo- Q) (i+») [{' ll((/ ° 9 ~ 1)M ° 5) • 

+ ll/ll P ,[a,6] ■ \\((h° g~ 1 ) (n) ° g) ■ g'\\ q , [a ,b]} II (fl(*) - ff(*))” _1 

•*■(*. ^Ika.fc]*]}. (26.63) 


where p,q,r > 1 such that i + 4 + 1 = 1. 


Proof. Here /, h, g are as in Theorem 26.9. 
Therefore by (26.24) we have 


f{x) = ^ J f{y)dy 


+ ( b -a) |X/ h. J ^ ° 9 1 '> {k) ^^'^ g ^~ g ^ y '>'> k(iy ^ 

+ Jn~ TyW - a) S ~ 9 ^ n l ' (f ° fl'~ 1 ) (n) (fi , ( i )) • 9 if) 


•K(t , x)dt, 


(26.64) 


Vie [a, 6]. 

We also have 


h{x ) = T- / Kv)dy 

0 — a J „ 


' (jT-a) / ( /l °^ 1 ) (fc) (p(3/)) - ( 9 (x) - g(y)) k dy 

•(h o g~ 1 ) (n) ( g{t )) • g’(t) ■ K(t, x)dt, 


(26.65) 


Vie [a, 6]. 
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We further have V x £ [a, 6]) that 


f(x)h{x) = 


h(x) 
b — a 


f 


f{y)dy 


+ 


(fr~ a ) | j a h i x )if°9 1 ) ( ' k) (g(.y))-(g(x)~ g{y)) k dy 

+ (n — l)\(b — a) / h{x) {9{X) ~ 1 

•(/ ° fl ,_1 ) (n) (fl , W) • g'(t) ■ K(t,x)dt, 


(26.66) 


and 


f(x)h(x) = 


fix) 

b — a 


f 


h(y)dy 


+ 


{b-a) 


n 1 i nb 

UL 


f( x )(h o g 1 ) {k \g[y)) ■ (p(*) - g{y)) k dy 


+ 


+ (n-mb-a) J a fwtgw-gw 1 - 1 

•(h o g~ 1 ) (n) (g(t)) ■ g'(t) ■ K(t, x)dt. 

Then we integrate to find 

J f(x)h(x)dx = — (/ f(x)dx^j (/ h{x)dx^j 

(b-a) |)I (t i f i^j h (^)U 0 9^ 1 ) m (siv)) ia(^)-s(y}) k dv 

+ (»-!)!(>-.) (/„ l (/.’ Ml) (9<a,) “ 9(,)) ”" 

•(/°fl ,_ 1 ) (n) (fl , W) • g'{f) ■ K(t,x)dtj dx'j , 

J f (x)h{x)dx =^ fi x )dx(J h(x)dx 

(6_ a ) (/ /(«)(^ ° S'” 1 ) (fc) (S'(2/)) • (^(a;) — S r (2/)) fc ^2/ 


(26.67) 


dx 


(26.68) 


and 


+ 


dx 


(n — l)!(fo — a) 


f b ( f fix) (g(x) -5(f))”- 1 

J a \Ja 
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[hog (g(t)) ■ g'{t) • K(t,x)dtj dx) . 
By adding (26.68), (26.69) and dividing by 2(6 — a), we obtain 


(26.69) 


A4/ ’ fe) := jbhr) J a f^ h ^ dx -jbhv (/ fw dx ) (/ h ^ dx ) 
h (f (f N' if °' 

+/(*) ■ (h o 5 _1 ) (k) (g(y))) • (p(x) - fl(j/)) ,s dy) dx) ) 

v/ (/ ' (/°S , "' l ) (,l) (»(*)) 


2 (n — 1)!(6 — a) 2 

+/(*) • (^S" 1 )*”’)^))] • (ff(x) -ff(t))"- 1 ■ g'(t ) • K(t,x)dt) dx') . (26.70) 

Therefore we obtain the estimates 

*) 

1 / fb / rb 

|A„(/,/i)|< 


2(n — 1)!(6 — a) 2 


la (/ ' II ((/ ° ^ V’ 0 °S) VI 

+!/(*) ■ |((^°P _1 ) (n) °s) • s'l J • Is)*) - sWr 1 |A'(t,a;)|df) da:) 


(26.71) 


also we have 
it) 


A / r LM ^ I!®)*) S'(^)lloo,(a;,t)G[a,6]2 rII,, j- — l\(n) \ / 

An (/,/»)!< - 2 ^ n _ - [Halloo • ||((/° 5 ) ° 9 )-g\ 


+ ll/lloo • i( h °g 1 ) (n) °9)-g' l 


(26.72) 


finally, by the generalized Holder inequality, we obtain that 

ai) 


[ [ \{f° 9 ~ 1 ) (n) ( 9 (t))-g'{t)\ q dtdx] 
J a J a / 


dt dx 


1/9 


1/p 


(26.73) 
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(/ / \f( x ^ Pdtdx ^) (/ J \ ( h °9 1 ) ( " ) ' g'(t)\ q dtdx^ 

|| (s(z) - ffW)"" 1 A '( t > a; )|| r .,[a,6]2] 

2(w- DKb-a) 2 [{ (6_a) ^ ' II ((/°<T 1 ) (n) °fl) -s'lkla.fc] 


+ 


1/9 


+(fc-a)p • ||/||p, [o ,(,] ■ (6-a) 9 II ((/log Y”) Ofl) • s'llqjo.b]} (26.74) 
ll(fl(*) -5(i))” _1 • K(t,x) || r>[o , i) ] 2 ] 

(6 — a) 1_ “ 


p,[a,6] 


((/°3 X ) 


-i\ («) 


3 ) ' 3 II 5 , [a,b] T 


2 (n — 1)!(6 — a) 2 

ll/llp,[a,6] • ll((fe°5~ 1 ) (n) °5)-fl , H 9 ,[a,f,]} II (<?(*) — 9{t)) n ~ 1 ' A (^) *)llr,[a,6] 2 ] • 

(26.75) 

That is we derive 


< 


|A„(/,/i)| 


II ((/ ° 3 1 ) (n) °flj ' 3 llq,[a,f>) 


+ ll/lk[a,f>] ■ ll(( fto 3 1 ) (n) °3)-3 , ||q,[a,f>]} ll(3(a:)-3W) n 1 • K(t,x)\\ rAaM 2 ] . 

(26.76) 

The proof of the theorem now is completed. ■ 

Finally we apply last Theorem 26.30 to derive specific Grass type inequalities. 
Theorem 26.31. Let /, h € C n ([a, b]),n € N. 

Then 


( b-a ) 


J f(x)h(x)dx- jpZ~a )2 { f f( x ) dx ^j i^J H x )dx^j 


(b — a) 2 

n— 1 H / /»6 / /»6 


|M/. (/. 


2(6- a) 2 

+f(x) (h o in)^ (e 1 ^ (e 21 — e 1 ')*' dy^j dxj 11 


< min 


2(n — 1)!(6 — 


hr^{J. (/. [i'“Wi|j((/»i») < " , »e<>) 


+|/(a;)|||((6 o ln)^ o e^) ■ e^| 


\e x — e*| n 1 \K(t,x)\dt) dx ), 
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^2(^-1)! ° fa ) (n) ° e( ) ) ' e °ll 1 

+ ||/||oo||((feo ln) (n) oe ( ' ) )-e ( ' ) ||i] , 

2(n _ i )!( fc_ tt )(i+^) [{ l|/t|lp ’ [ °- tlll((/ ° ln)(n) ° e(0) • e( ' )|lq ' [a ’ bl 

+ II/||p,[°,6] II ((h ° ^n) (n) o e (,) ) • p ( ' ) || 9 ,[ a ,6]} ||(e"-e t r- 1 ^(t, a; )|| ri[0i6]2 ]} ) 

(26.77) 

where p,q,r > 1 such that ^ + ^ + £ == 1. 

Theorem 26.32. Let f,h£ C n ([~ f + e, f- — e] ),n £ N, e > 0 small. 

Then 


(n-2e) J_z_ 


I: 


f(x)h(x)dx 


1 


(n — 2e) 2 


2(tt - 2e) 2 


{ 71-1 

£ 

fc=l 


fc! 



h(x)dx\ 


h(x)(fo sin 1 ) a) (sin y) 


+f(x) {h o sin 1 ) tfc) (sini/) (sin x — sin y) k dy^j dx 


< min 


-e / r%-s 


2(n — 1)!(tt — 2e) 2 

[|h(x)| | ((/ ° sin ” 1 ) (n> ° sin(-)) cos( 
h o sin -1 )*"' 1 osin(-)^ cos(-) || j |sin x — sin t|” -1 \K(t,x)\dtj dx'j 


-o +e — -o +e 


(sin(f -£)-sin(-f +e» T 


2(n — 1)! 

+ ll/ll 


Moo ((/ osin 1 ) (n) osin)cos(-) 1 


• — l\(n) 

o sin ) v ’ o sin 


2(n — l)!(7r — 2e) (1+ r) 

| ((/ o sin -1 )*”^ o sin(-)j cos 


p>-f+ £ .i- £ 


<3. - f +e. o -e 


+ ll/ll p ,[_ f+£ , f _ e ] | ((ho sin 1 ) (n) osin(- 


q, - T +e, T -e 
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(sin x — sin t) n 1 K(t,x) 


[r > -f + £ -f- £ l 


(26.78) 


where p,q,r > 1, such that i | + £ = 1. 


Theorem 26.33. Let /, ft. £ C”([e, 7r — e]),n £ N, e > 0 small. Then 


Z~Y J f{x)h(x)dx - ^ f(x)dx' S j h(x)dx^j 

~ 2 {n- 2 e)* ^ (/ (/ ^ (/ ° (C ° S y) 


+/(*) (ft o cos ^ (cos j/)j (cos x — cos y) k dy'j dx^j j I 


(cos e — cos(7r — e)) r ' 


( 2 (n — l)!(7r — 2e) 2 

(/ (/ [|ft(*)| ||((/ocos _1 ) ( ' n) ocos) -sinl^ 

+\f(x)\ | ((ft o cos _1 ) tn) o cos) sin | J |cos x — cos tl”^ 1 |/f(t, *)|<it) dx'j 
(COS £ COs(7T £)) r M , || II///* — 1 \ (n) \ • II 

- 9(// -- [II^IL ||((/ ocos ) 'ocosjsm^ 

+ ll/IL ||((ft°cos" 1 ) tn) ocos) sin11J , 

20-1)10-20'-+*- [{I ( (/ ° C “" )W ° “) HI,.,,,-, 

+ \\f\\p{e,n-e] || ((ft ° COS _1 ) (n) o cos) sin || 9 ,[ EjVr _e] ) 

II(cos x - cos t)” -1 K(t,x )|| rj[£i7r _ £]2 ] } , (26 


lq,[e,7T —e] 


(26.79) 


where p,q,r > 1, sttcft that ^ | + £ = 1. 


Theorem 26.34. Let /, ft. £ C n ([— f + £, f — e]), e > 0 small, n £ N. Tften 

orb) 

(Lj {x)dx ) (LL h{x)dx ) 


wher {g f (/_ 2 f+ l (/l I N (/ ° tan ^ )W (tan y) 
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+/(x) {ho tan L y k> (tan y) (tan x — tan y) k dy^j dx'j j 


< min 


4 -£ / r-^-e 


—-o+e V*' - -o+£ 


2 (n- l)!(7r — 2e) 2 

—1\ ( n ) \ 2II 

> tan ) o tan I sec 

/ 11 OO 

+|/(x) | ^(h o tan -1 )*'”^ o tanj sec 2 1| j |tan x — tan t|” _1 \K(t, x)| dt^j dx'j 

(tan(f-e)-tan(-f+e)) n_1 ( \\ ( _ l(n) ^ \ 2 || 

- 2( n _ 1)! -[ll ft IL||((/ otan ) otanjsec^ 

+ ll/lloo |((h°tan -1 ) (n) o tan) sec 2 ||J , 


2 {n-l)\{n- 2 e)^ LI"' 

| ^(/ o tan -1 )^ o tanj sec 2 ^ 




p ,[_ f+e , f _ e ] | ((/lotan tan) sec 2 1 | 

|| (tan x- tan t^K(t, x)|| r [_ f +e f _ e f] } 


_ T + e ’'2 _e 


( 26 . 80 ) 


where p,q,r > 1 , such that i + i + ^ = 1 . 
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Balanced Fractional Opial Integral 
Inequalities 


Here we study L p , p > 1, fractional Opial integral inequalities subject to high 
order boundary conditions. They engage the right and left Caputo, Riemann- 
Liouville fractional derivatives. These derivatives are mixed together into the 
balanced Caputo, Riemann-Liouville, respectively, fractional derivative. 

We give applications to a special case. This chapter relies on [41]. 


27.1 Background 


This chapter is motivated by the well known theorem of Z. Opial [237], 1960, 
which follows 

Theorem 27.1. Let x(t) G C 1 ([0, h]) be such that £ (0) = x (h) = 0, and 
x (t) > 0 in (0, h). Then 

[ \x(t)x (t)\dt< ^ f (a/ (t)) 2 dt. (27.1) 

Jo 4 Jo 

In (27.1) , the constant j is the best possible. Inequality (27.1) holds as equality 
for the optimal function 


x (t) = 


ct, 0 <t< h/ 2, 
c(h — t) ^ < t < h, 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 423 4-133(1 
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where c > 0 is an arbitrary constant. 

To prove easier Theorem 27.1, Beesack [111] proved the following famous Opial 
type inequality which is used very commonly. 

This is another motivation for this chapter. 

Theorem 27.2. Let x (t) be absolutely continuous in [0, a], and *(0) = 0. 
Then 

f \x (t) x (t)| dt < ^ f [x (t)) 2 dt. (27.2) 

Jo 2 Jo 

Inequality (27.2) is sharp, it is attained by x ( t ) = ct, c > 0 is an arbitrary 
constant. 

Opial type inequalities are used a lot in proving uniqueness of solutions to 
differential equations, also to give upper bounds to their solutions. 

By themselves have made a great subject of intensive research and there exists 
a great literature about them. 

Typical and great sources on them are the monographs [5], [42]. 

We need (see also [44], [155], [160], [179], [259]) 

Definition 27.3. Let / £ AC" 1 ([a, 6]) (space of functions from [a, b] into R 
with m — 1 derivative absolutely continuous function on [a,b]), m £ N, where 
m=[a],a>0([-] the ceiling of the number). 

We define the right Caputo fractional derivative of order a > 0, by 

Db-f (x) = r {~ 1)m , [ 6 (C - *) m "“- 1 / (m) (C) dC (27.3) 

r (m-a) J x 

We set D°_f (x) = f (x) , V* £ [a, b]. 

Note 27.4. Let / £ AC" 1 ([a,, t>]) , m = [a] , with a > 0, then £ 

AC ([a, 6]) , which implies that /("d exists a.e. on [a, b] and that £ L\ ([a, 6]). 

Consequently if / £ AC" 1 ([a,b\), then D£_f (x) exists a.e. on [a,b] and 
D£_f £ Li ([a,6]), see [44], 

Observe that when a = m £ N, then 

DT-f (X) = (-1 r / (m) (*), V* £ [a, b}. (27.4) 


We continue with the right Caputo fractional Taylor formula with integral 
remainder, see [44]. 

Theorem 27.5. Let f £ AC m ([a, b]) , * £ [a, b] , a > 0, m = [a] . Then 

m ~ 1 Ak) (h \ 1 r t> 

f^=J2 o L -kr 1 ^-^ k +r^J (C - as)*— 1 £>?_/ (C) dC- (27.5) 
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We need also (see [145], p.38) 

Definition 27.6. Let / £ AC m ([a, b]) , m € N, where m = [a] , a > 0. We 
define the left Caputo fractional derivative of order a > 0, by 

D* a f (x) = —— -- [ (x- t) m ~ a ~ 1 f (m) (t) dt, (27.6) 

r [rn - a) J a 

Vx € [a, 6]. We set D° a f ( x ) = / (x ), Vx € [a, b]. 

Again here D“ a / exists a.e. on [a, 6] and D* a f £ L\ ([a, 6]), see [145], pp.13. 
When a = m £ N, then 

DTaf (x) = / (m) (x) , V* € [a, b] . (27.7) 


We continue with the left Caputo fractional Taylor formula with integral re¬ 
mainder, see [145], p.40. 

Theorem 27.7. Let f £ AC m ([a,6]), m £ N, where m = [a] , a > 0, 
x £ [a, 6] . Then 

ra— 1 r{k) / \ i rx 

f{x)=J2 ' k \ ( x ~ a ) fc + fTT / - T )“ _1 D *af (t) dr. (27.8) 

Above r is the gamma function, 

poo 

r (a) = / e~ t t a ~ 1 dt, a > 0. 

Jo 


We introduce the following balanced Caputo fractional derivative 
Definition 27.8. Let / £ AC" 1 ([a, b]) ,m £ N, m = [a] , a > 0, x £ [a, 6]. 
We define 


D a f(x) : = 


< x < b, 


for 

for a < x < 


i-\-b 

2 


(27.9) 


Db-f i x ) , 

D*af (x) , 

In this chapter we establish L p , p > 1, Opial type inequalities involving the 
balanced Caputo fractional derivative subject to high order boundary conditions, 
more precisely by assuming that 


/M (a) = / (fc > (b) = 0, k = 0,1,..., m - 1. (27.10) 


We extend these results to Riemann-Liouville fractional derivatives. 
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27.2 Results 


We present the main result 

Theorem 27.9. Let f £ AC m ([a, b]) , m £ N, m = [a] , a > 0. Suppose 

f (k) (a) = f (k) {b) = 0, k = 0,1,..., m - 1; 

p, q> 1 : — + - = 1, and a> 

p q q 

(i) Case of 1 < q < 2. Then 


I” 1/ (w)| \D a f (w)| dw < 

J a 

2~( a+ p) (b- q)( P< °~r 1)+2 ) 

F(«) [(p (a — 1) + 1) (p (a — 1) + 2)] 1//p ' 


rV/Hr 

J a 


(ii) Case of q > 2. TTien 


J a 


(27.11) 


2 -(“+7j (ft- a ) 


F (a) [(p (a- l) + l)(p (a-l) + 2)] 1/p ’ 


/>/(«)!' 

J a 


(in) When p = q = 2, a > tften 


J a 

2-( a+ i) (b-a) a 
T (a) [V2a (2a - 1)] ' 

(D a f {u)) 2 du?J . 


(27.12) 


(27.13) 


Remark 27.10. Let us say that a = 1, then by (27.13) we derive 
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/ l/M||/'(w)|dw< 

J a 

(£(/' (a;)) 2 dcu) , (27.14) 

that is reproving and recovering Opial’s inequality (27.1) , see [237], see also 
Olech’s result [236]. 

Proof of Theorem 27.9. Let x £ [a, b] . We have by assumption /^ (a) = 0, 
k = 0,1,..., to — 1 and Theorem 27.7 that 

nx) = fJa)J 0 E -' r )“~ 1 D *af{ T )dT, (27.15) 

and by assumption (b) = 0, k = 0,1,..., m — 1 and Theorem 27.5 that 

/ (*) = TT-t [ ( T ~ x ) a ~ 1 Db-f(r)dT. (27.16) 

r («) Jx 

Using Holder’s inequality on (27.15) we obtain 

1/ (z)l < Try—- [ {x~ r)“ _1 \D? a f (r)| dr 

r («) Ja 


< 


r( 


1 / rx \ 1/P / rx \ 1/q 

MU ( ( ^ r) “" )Pdr ) (/ |D *“ /(T)l<idr ) 


1 (x — a) 


p(a-l) + l 


T (a) (p (a — 1) + l) 1/,p 


fl^a/Wr 

J a 


dr 


1/9 


Put 

Then 

and 


•(*> == / 

J a 


D* a f(T)\ q dT, (z(a) = 0). 

s' (aOHW (*)!'> 


|^?o/(®)| = («' (*)) 1/9 ; all a < x < b. 
Therefore by (27.17) we have 

1 


I/HI l-CC/MI < 


L(a) 


p(Q-l) + l 

(w — a) p 


(p (a - 1) + 1) 


I7?(*( w )*' H) 


1/9 


(27.17) 


(27.18) 
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all a < u) < x. 

Next working similarly with (27.16) we derive 


\f(x)\ < 


F(a) 


/• 


(t — x) a 1 \Dt-f (r)|dr 


^((r-xrTrfr) /P (J*\BS_f(r)\*dT 


< 


r(c 


1/9 


1 (b — x) 


p(ct-l) + l 


r ( a ) (p (a — 1) + l) 1 ^ 


\ 1/9 


(27.19) 


Put 

Then 

and 


-L 


r 


A (*):=/ |T , ?-/(r)|' 3 dr = - / |.D“_/(t)!® dr, (A (6) = 0). 


A' (*) = -|D?_/( a: )|« 


|Z)“_/ (a;)| = (—A 7 (a:)) 1 ^, all a < x < b. 
Therefore by (27.19) we have 

1 


I/HI l^b-ZMI < 


r(c 


p(a-l) + l 

(b — U>) P 


(-AM A' M) 1/9 , 


(p (a — 1) + l) 1/p 

all x < u> < b. 

Next we integrate (27.18) over [o, x] to get 


F 

J a 


I/Ml |-D“a/MI < 


rx 

/ (“ 
«/ a 


p(<*-l) + l 


T (a) (p (a — 1) + l) 1/p 


— a) p (2 (a;) z (a;)) q duj < 

_1_ 

F (a) (p (a — 1) + 1) 1/p 


(w - a) p( ““ 1)+1 duj 

1 


l/p / /-a: \ 1/9 

2 (w) a 7 M du I 

p(a-l)+2 . 

(x — a) p z (xF 9 


r (a) (p (a - 1) + l) 1/p (p (a - 1) + 2) 1/p 2 1 / 1 


(27.20) 
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_ 2 1,q {x-a) P< ' p >+ _ / r x | a , .\ 2/q 

T(a)[(p(a-l) + l)(p(a-l) + 2)] 1/p \J a *“ 7 


So we have established 


i-i/g 


(x — a) 


[ X 1/ ( a, )l \D*af Ml du> < 

J a 

P( a - l) + 2 


r (a) [(p (a - 1) + 1) (p (a - 1) + 2)] 1/p VA 
for all a < x < b. 

By (27.22) we derive 


\D* a f (u)\ q duj\ 


2/q 


< 


[ 2 |/M| \D? a f(u>)\dw 

J a 

(p(<*-l) + 2 ) r (p(tt-l)+ 2 ) 1 ] 

(b — a ) p 2 1 p 


T(a) [(p (a — 1) + 1) (p (a — 1) + 2)] 1 ^ p 

. a+b \ 2/q 


iD? a /Mr^j 


Similarly we integrate (27.20) over [ x , 6] to get 
[ b \f(u)\\DZ_f(u)\du 

J X 


< 


r (a)(p(a- 1) + 1) 


i/p 


f 

j X 


p(<*-l) + l 


(b — lu) p (—A (cj) (a;)) q dcu < 

1 


T (a) (p (a — 1) + 1) 1/p 

b \ 1 /P / rh \ !/« 

(6 — a ,) p (“M+ 1 du ) ( / — A (w) A 7 M du ) 




i 


( b-x)~ 


p(a-l) + 2 




T (a) (p (a - 1) + l) 1/p (p (a - 1) + 2) 1/p 2 1 /? 

We have proved that 


ri/Mii^-/Hi^ 

J x 


< 


(27.21) 


(27.22) 


(27.23) 


(27.24) 
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p(a-l)+2 

2- 1/q (b-x) -5- 


r» [(p(a-l) + l) (P(a-l) + 2)] 1/p 


b \D?_f(u)\*du) 


2/q 


(27.25) 


for all a < x < b. 

By (27.25) we obtain 


i: 


I/HI \Db-f {u!)\du < 


(p(<*-l) + 2) r (p(a-D+2) , ll 

(b-a) - p - 2 I p + «J 


F(a) [(p(a-l) + l)(p(a-l) + 2)] 1/p 

2/q 


\D^_f{u)\ q du 


(27.26) 


Adding (27.23) and (27.26) we obtain 

f b 1/ (HI \D a f (HI du < 

J a 

2~i a+ p) ( 6 - a )(*^) 


r(a) [(p(a-l) + l)(p(a-l) + 2)] 1/p 


\ 


2/q 


\ 


2/q 


\D*af (Hl ? duj + y J^ b \Db-f (u)\ q duj 


=: (*) (27.27) 


Suppose 1 < q < 2, then - > 1. 


Therefore we get 


(*)< 


2"(“ + p) (b-a)( 


p(a,-l)+2\ 


r(a) l(p(a- 1) + 1) (p(a-l) + 2 )] 1/p 


/; 


2/q 


' du + f b \Db-f {u)\ q du 

J a + b 

= 

(27.28) 

§) {b - a) ( p -^) 


(27.29) 

-l) + l)(p(a-l) + 2)] 1/p 



\ 2/q 

| D a f(u)\ q duj . 


So for 1 < q < 2 we have proved (27.11) . 
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Assume now q > 2, then 0 < | < 1. 
Therefore we derive 


(*)< 


2"(“ + r) (6 — a)( P(a p 1)+2 ) 2 1_ f 



D“ a f HI 9 dw + 


f b h W_f Mr 

J a±b 



2~( a+ t) (6- o)( P( ° p 1)+2 ) 

T («) [(p (a — 1) + 1) (p (a — 1) + 2)] 1 / p 

(y j \D a f (uj)\ q du 



(27.30) 


So when q > 2 we have established (27.12) . 

(in) The case of p = q = 2, see (27.13), is obvious, it derives from (27.11) 
immediately. ■ 


We need (see [44], [155], [160], [145], p.22) 

Definition 27.11. Let a > 0, m = [a] , / £ AC m ([a, b\). We define the right 
Riemann-Liouvillc fractional derivative by 


©“-/(*) == 


(-i r 


d 


n: 


(t-xr -*- 1 f(t)dt, 


r {m — a) \dx y 

T>°_f (x) := I ( x ) (the identity operator). 

We also define the left Riemann-Liouville fractional derivative by 




dt. 


V° a+ f(x) :=/(*). 


(27.31) 


(27.32) 


We further define the new balanced Riemann-Liouville fractional derivative 


V a f (*) := 


£>?-/(*), for *¥<x<b, 
Z>?+/( x), iora<x<^. 


(27.33) 


Remark 27.12. Let now / £ C m ([a, b]) , m = [a] , a > 0. In [43] we have 
proved that D£_f (x) , Df a f (x) are continuous functions in a: £ [a, b] . Of course 
C m ([a, b}) C AC m ([a, b\) , so that / £ AC m ([a, 6]). 
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Thus by Theorem 9 of [44], we obtain that also ( x ) exists and continuous 

for every x £ [a, 6]. Furthermore if /^ (b) = 0, k = 0,1,..., m — 1 we get 


K_f(x) = D?_f(x), (27.34) 


V* £ [a, b]. 

Similarly, by [145], p.39, we obtain that T>“ + / (x) exists and continuous in 
x £ [a, 6]. Furthermore if /^ (a) = 0, k = 0,1,..., m — 1 we have 

V: + f(x) = D:j(x), (27.35) 


V* £ [a, &]. 

So if (a) = (6) = 0, fc = 0,1,..., m — 1 we get that 

7?“/ Or) = D“/ (*), (27.36) 


V* £ [a, 6]. 


So by Theorem 27.9 we obtain the corresponding results for the balanced 
Riemann-Liouvillc fractional derivative 

Theorem 27.13. Let f £ C m ([a, &]), m £ N, m = [a] , a > 0. Suppose 
f (k) (a) = f {k) (6) = 0, k = 0,1,...,m — 1; p, q > 1 : F + F = 1, and a > F. 

(i) Case of 1 < q < 2. TTien 


/ 6 |/H||D“/H|du, 

J a 

2~(“ + r) (6 — a)( 


< 


P(°-D+2\ 


F (a) [(p(a-l) + l)(p(a-l) + 2)] 1/p 


rV/Hr 

J a 


duj 


2/q 


(ii) Case of q > 2. TTien 


f 


\f (u])\\D a f (u)\duj < 

p(a-l) + 2 '' 


2 -(.“+7j (6-a 


F (a) [(p(a-l) + l)(p(a-l) + 2)] 1/p 


(m) IT/ien p — q = 2, a > F, I/jen 


J a 

F, I/jen 

f b 1/ ( w )l 1®“/ (w)| du 

J a 


< 


(27.37) 


(27.38) 
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2~( a +;) (b- g) a 
r (a) y/2a(2a—l) 


(/: 


(D“/ H ) 2 dw 


(27.39) 


Conclusion 27.14. According to the monographs [5], [42], the presented 
method of involving balanced fractional derivatives into Opial type inequalities, 
subject to boundary conditions, could be expanded to all possible directions, by 
producing interesting results and applications. Especially all these results proved 
here, and similar that can be proved, are expected to have wide applications to 
fractional differential equations. 
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Montgomery Identities for Fractional 
Integrals and Fractional Inequalities 


In this chapter we develop some integral identities and inequalities for the frac¬ 
tional integral. We obtain Montgomery identities for fractional integrals and a 
generalization for double fractional integrals. We also give Ostrowski and Griiss 
inequalities for fractional integrals. This chapter is based on [80]. 


28.1 Introduction 

Let / : [a, 6] —> R be differentiable on [a, 6], and /' : [a, 6] —> R be integrable on 
[a, 6], then the following Montgomery identity holds [230]: 



(28.1) 


where Pi(x,t) is the Peano kernel 



a <t < x, 


(28.2) 


x < t < b, 


Assume now that w : [a, 6] —> [0, oo) is some probability density function, 
i.e. is a positive integrable function satisfying f b w(t) dt = 1, and W(t) 
= j* w(x) dx for t £ [a, b], W(t) = 0 for t < a and W(t) = 1 for t > b. The 
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following identity (given by Pecaric in [241]) is the weighted generalization of the 
Montgomery identity: 


f(x)= f w(t)f(t)dt + j P w {x,t)f'{t) dt, 

J a J a 


where the weighted Peano kernel is 


P w (x,t) = 


W(t), 
W(t) - 1, 


a <t < x, 
x < t < b. 


(28.3) 


In [107], [148], the authors obtain two identities which generalized (28.1) for 
functions of two variables. In fact, for function / : [a, b] x [c, d] —> R such that 
the partial derivatives 9 ^ < gf t ' > and 9 gjgf* all exist and are continuous on 

[a, 6] x [c,d], so for all ( x,y ) € [a, b] x [c, d] we have: 


(d — c)(b — a)f(x,y) = 




f(s, t) ds dt + 


where 


P(x,s) = 


s — b, 


n b 

. 


ds 


p(x , s) ds dt 


r b r d df(s,t) 

J a J c 

rd rb pfi 

J c J a 


dt 
d 2 f(s,t) 
dsdt 


q(y,t) dt ds 
p(x,s)q(y,t) ds dt, 


x < s < b, 


and q(y,t) = 


t — c, 
t — d, 


(28.4) 


c<t<y, 
y < t < d. 

(28.5) 


28.2 Fractional Calculus 

We give some necessary definitions and mathematical preliminaries of the frac¬ 
tional calculus theory which are used further in this chapter. 

Definition 28.1. The Riemann-Liouville integral operator of order a > 0 
with a > 0 is defined as 

Jaf{x) = — ^ [ {x — f)“ _1 /(f) dt, (28.6) 

r («) J a 

J°f{x) = f{x). 

Properties of the operator can be found in [228]. In case of a = 1, the fractional 
integral reduces to the classical integral. 
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28.3 Montgomery Identities for Fractional Integrals 


Montgomery identities can be generalized in the fractional integrals forms. The 
main results of generalization are given in the following lemmas. 


Lemma 28.2. Let / : [a, 6] —+ R be differentiable on [a, b], and f' : [a, 6] —> R 
be integrable on [. a,b ], then the following Montgomery identity for fractional 
integrals holds: 


m = l^(b-x) i - a j:f(b)-jr 1 (P2(x,b)f(b))+j:(p 2 (x,b)f(b)), 

where P 2 (x,t) is the fractional Peano kernel is defined: 

f t—— (6 — *) 1_c T(a), a<t<x, 

P 2 (x,t) = { \~_l 

- - (b — x) 1 “F(a), x<t<b. 

( b — a 


a > 1, 
(28.7) 


(28.8) 


Proof. In order to prove Montgomery identity for fractional integrals in relation 
(28.7), by using the properties of fractional integrations and relation (28.8), we 
have 


r(a)J“(P 1 (a:, 6 )/ , ( 6 )) = / {b-t) a ~ 1 P 1 (x,t)f'(t)dt 

J a 

+1 

= [* (b - t)*- 1 f (t) dt 

J a 

~bh,J a (b~trf{t)dt. 

Next, by integration by parts and using (28.9), we get 

r(a) Ja (Pi{x, b)f'(b)) 

= (b-xr-^w-^rwjzm 

+(«-!) [\b-t) a - 2 f{t)dt 

J a 

= (b - xT^fix) - ^T(a) J?f(b) 
+T(a)jr 1 (Pi(x,b)f(b)), 


(28.9) 


(28.10) 
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finally, from (28.10) for a > 1, we obtain 


fix) = 


r(q) 

b — a 


{b-xf-'jzm - jr\P2(x,b)f(b)) + j “( p 2 (*, &)/'(&)), 


and the proof is completed. ■ 

Remark 28.3. Let a = 1 then formula (28.7) reduces to the classic Mont¬ 
gomery identity (28.1). 

Lemma 28.4. Let w : [a, 6] —> [0, oo) be a probability density function, i.e. 
fa w(t) dt = 1, and set W ( t ) = ff w(x) dx for a < t < b, W(t) = 0 for t < a and 
W{t) = 1 for t > b, a > 1, then the generalization of the weighted Montgomery 
identity for fractional integrals is in the following form: 


fix) = (b — x) 1 ~ a V(a)Ja(w(b)f(b)) - J^iQ^Mfib)) + •£(<?»(*, &)/'(&))■ 

(28.11) 


Where the weighted fractional Peano kernel is 


/ (6 — x) 1 ~ a r(a)W(t) 

\ (b — a:) 1_ “r(a)(lF(t) — 1), 


a <t < x, 
x < t < b. 


(28.12) 


Proof. From the fractional calculus and relation (28.12), we have 

JaiQwix,b)f'{b)) = —[ (b — t) a ~ 1 Q w (x, t)f'(t) dt 
r («) Ja 

= (i b-x) 1 ~ a (J (6-t)“ _1 IU(t)/'(t)dt (28.13) 

- ( b (b-tr~ i f{t)dt). 

j X ' 

Using integration by parts in (28.13) and W(a) = 0, W{b) = 1, we get 


fib - tr^WW'tt) dt= - F(a) j:(w(b)f(b)) 

J a 


■ L 


+(«-!) / ib~t) a W(t)f(t)dt , 


(28.14) 


and 


[\b-t) a ~ 1 f'(t)dt= -(b-x) a - 1 f(x) + (a- 1) f(b-t) a - 2 f(t)dt. (28.15) 

J X J X 
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We apply (28.14) and (28.15) in to (28.13), to obtain 
Ja(Qw(x,b)f'(b)) = (6-a0 1_ “[—r(a)J“(w(6)/(fe)) 

— (a-1) f {b-t) a ~ 2 f(t)dt + (6 - *)“ _1 /(a;) 

J X 

+(a-l) f\b-t) a - 2 W(t)f(t)dt] 

J a J 

= fix) - r (a){b - x) 1 ~ a Ja{w(b)f(b)) + (b - x) 1 ~ a {a - 1) 

x[ j X {b-t) a - 2 W{t)f(t)dt 

'-J a 

+ [\b-t) a - 2 (W(t)-l)f(t)dt\ 

J x J 

= fix) - r (a)(b - x) 1 -* J2(w(b)f(b)) (28.16) 

+J:~\Q w ix, b)f(b)). 

Finally, we derive that 

fix) = ib-x) 1 ~ a ria)Jaiwib)f(b))-Ja~ 1 iQ w ix,b)fib)) + JaiQwix,b)f'ib)), 

(28.17) 

proving the claim. ■ 

Remark 28.5. Let a = 1 then the weighted generalization of the Montgomery 
identity for fractional integrals in (28.11) reduces to the weighted generalization 
of the Montgomery identity for integrals in (28.3). 

Lemma 28.6. Let function / : [a, 6] x [c, d\ —> R have continuous partial 
derivatives 9 ^g S s ’ t ^ , d ^g’ t ’ t ^ and 8 gjff^ on [a, 6] x [c, d\, for all (a:, y) € [a, b) x [c, d] 
and a, (3 > 2, then the following two variables Montgomery identity for fractional 
integrals holds: 

id- c) ib — a) fix, y}= (6 - a:) 1_ “(d - j/) 1_/3 r(a)r(/3) d) ^/(6,d)j 

, t/3 ,a ( tn. n , ,• u\ d f( b , d ) , ( m ^ ^ f i b , d )\ 

+Jc,a I fib, d) + pix, b) ——-1- p(x, b) q(y, d) —— 1 

-Jcja -1 (pix, b) fib, d) + pix, b) q(y, d) ^ j 

(qiv, d ) fi b , d ) + Pix, b) qiy, d) ^ j 

+Je,ff 1 ’ a ~ 1 ( Pix, b) qiy, d) fib, «*))], 

where 

Jcfafix,y) = J J ix-s) a ~ 1 iy-t) ,3 ~ 1 fis,t)dsdt, 
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also, p(x,s) and q(y,t) are defined by (28.5). 

Proof. Plug into (28.4), instead of / the function g(x,y ) = f(x,y)(b — 
X ) a -\d-yf-\ ■ 


28.4 An Ostrowski Type Fractional Inequality 

In 1938, Ostrowski proved the following interesting integral inequality [238]: 

i /w ~A/Anq f< 28 - is > 

where / : [a, b] —► R is a differentiable function such that |/'(a;)| < M, for every 
x £ [a, b\. Now we extend it to fractional integrals. 

Theorem 28.7. Let f : [a, b] —> R be a differentiable on [a, 6] and \f'(x)\ < M, 
for every x £ [a, 6] and a > 1. Then the following Ostrowski fractional inequality 
holds: 


f(x) ~ (6 - *) 1_ “ J“/(6) + jr 1 P 2 (x,b)f(b) 


b — a 


(28.19) 


< 


M 


a(a + 1) 

Proof. From Lemma 28.2 we have 


|(6 — x)(2a ^— a — 1 'j + (b — a) a (b — a;) 1 “j. 


\f( X )-^-(b-x) i - a j:f(b)+jr 1 (P2(x,b)m)\ = \j:(p 2 (x,b)f(b))\. 

I b — a II 

Therefore, from (28.20) and (28.6) and \f(x)\ < M, we obtain 


(28.20) 


| J 1 P 2 {x,t)f'(t)dt\ < (b-t) a 1 \ p 2 (x,t)\\f'(t)\ 

A/F C b 

~ Y\a) j (b-t) a ~ 1 \P 2 (x,t)\dt 


dt 


< M 


{b~x) 


1 — a , (• x 


b — a 
M 


a(a + 1) 

The last proves inequality (28.19). 


(j (b — f)“ 1 (t — a) dt + j (b — t) a dt) 

'J a J x ' 

[(& — *)^2a ^— a — lj + (6 — a)“(6 — a:) 1_Q J. 
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28.5 A Griiss Type Fractional Inequality 

In 1935, Griiss proved one of the most celebrated integral inequalities [180], which 
can be stated as follows 

I bhl fixMx)dx -jbhri f{x) dx J g{x ) dx | < i(M — m)(N — ri), 

(28.21) 

provided that / and g are two integrable functions on [a, b] and satisfy the con¬ 
ditions 

m < f(x) < M, n < g(x) < N, 

for all x G [a, b ], where m, M, n, N are given real constants. 

We give 

Proposition 28.8. Provided that f(x) and g(x) are two integrable functions 
for all x £ [a, 6], and satisfy the conditions 

m < (6 — x)“ _1 f{x) < M, n < (b — *)“ _1 g(x) < N, 

where a > 1/2, and m, M, n, N are real constants. Then the following Griiss 
fractional inequality holds 

(28.22) 

Proof. If replace h(x) = (b — *)“ _1 f(x) and k(x) = (b — x) a ~ 1 g(x) in (28.21), 
we will get (28.22). ■ 

In [42] are contained many related fractional inequalities. 
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29 

Representations for (Co) 
m —Parameter Operator Semigroups 


In this chapter some general representation formulae for (Co) m -parameter oper¬ 
ator semigroups with rates of convergence are given by the probabilistic approach 
and multiplier enlargement method. These cover all known representation formu¬ 
lae for (Co) one-and m -parameter operator semigroups as special cases. When 
we consider special semigroups well-known convergence theorems for multivariate 
approximation operators are regained. This chapter is based on [92]. 


29.1 History 

Recently the study of representation formulae for (Co) operator semigroups 
has attracted much attention (Shaw [260], [261], Butzer-Hahn [123], Pfeifer 
[243]-[245] and Chen-Zhou [130]). They gave some general formulae that 
include earlier (Post Widder, Hille-Phillips [188] and Chung [135]) concrete 
representation formulae. But most of the work done so far is confined 
to one-parameter case, while Shaw’s method for multi-parameter case is 
not an easy one to get new formulae and the results are without rates of 
convergence. In this chapter we try to give some general representation 
formulae for (Co) m-parameter operator semigroups. The main idea is the use of 
probabilistic setting in the representation of operator semigroups, 
initiated by Chung [135] and developed by Butzer-Hahn [123] and Pfeifer [243], 
and so-called multiplier enlargement method by Hsu-Wang [190], [278] and 
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Shaw [260], [261]. At the same time by introducing a modified second modulus 
of continuity of operator semigroup and a Steklov-type element we prove quan¬ 
titative estimates of the obtained formulae. 

All existent representation formulae of (Co) one-and multi-parameter operator 
semigroups are special cases of our results. In particular Shaw’s formulae [260], 
[261] for m-parameter operator semigroups are special cases of our results when 
specifying the random vectors considered. Also with our method it is easier to 
obtain new formulae. 

We finish with examples to show the application of the results in multivariate 
operator approximation theory when we consider particular operator semigroups. 


29.2 Background 

Let A be a Banach space with elements /, g ,..., having norm ||/|| , ||g|| ,..., and 
£(A)bethe Banach algebra of endomorphism of X. IfT £ £{X), ||T|| also denotes 
the norm of T. Let 1Z m be the m-dimensional Euclidean space supplied with the 
usual definition of arithmetical operations and metric. We write t = (ti,...,t m ) £ 
1Z m , t = ti + ... + t m , |t| = |ti| + ... + \tm\ and denote the unit vectors by ei, ...e m , 
where eu = (0, ...1,..., 0) with 1 in the fc-th place and 0 elsewhere. Further, let 

1Z+ = {t £ TZ m \ tk > 0, k = 1,..., m}, 

the first closed 2 m -ant in TZ m . Z+ denotes the set of all non-negative integers and 

Z+ = {n = (m, ..., rim); nk £ Z+, k = 1,..., m}, 

while A f is the set of all positive integers. 

A family of bounded linear operators {T(t);t £ 7?.+ } on X is called a (Co) 
m-parameter operator semigroup in £{X) when the following three conditions 
are satisfied: 


i) T{t + s) = T(t)T(s), t,s£Tl+; (29.1) 

ii) T( 0) = I (identity operator); (29.2) 

Hi) s - ts JP t ^ 0 T (9/ = /. feX- (29.3) 

It is known that {T(t);t £ 7?.+ } is the direct product of m(Co) one-parameter 
operator semigroups in £(X) : 

n lTL _ 

k= J fc(tfc), (29.4) 

where Tk(tk ) = T{tkek). The operators {Tk{tk )\0 < tk < oo} (k = 1 ,...,m) 
commute with each other. 
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Let Ak be the infinitesimal generator of {Tk(tk);0 < tk < 00 } with domain 
D(Ak), k = 1, Then if / £ D(Ak) so does T(t)f for each t £ 1Z + and 

AkT(t)f = T(t)Akf. 

Further if / £ D(Aj) and / G D(AjAk) then / G D(AkAj) and AkAjf = AjAkf, 
( j,k = 1, ..., m). In the following we use the notation 

m 

D 2 -.= f| D(AkAj). 

k,j=i 


D 2 is a linear subspace of X. 

To each k = 1, m, there correspond two numbers Mk > 1 and i>Jk > 0 such 
that 

||Tfc(ffc)|| < 0 < t k < 00 . 

Thus we have the inequality 

||T(t)|| < Mexp(w(t 1 + ... +t m )) = Me" 1 , t G TZ+ , (29.5) 

where M = Mi...AL m and ui = ma x{u>k, 1 < k < m}. 

In the following we always mean {T(t);t G 7V+} satisfies (29.5), unless other¬ 
wise specified. 

For the above definition and properties about operator semigroup we refer to 
Butzer-Berens [122], Hillc-Phillips [188] or W, Kohnen [210]. 

Let (12, A , P) be a probability space. For every real-valued random variable 
X defined on (12,^4^), E(X) denotes its expectation. If £ = E(X) exists then 
a 2 = a 2 (X) = E[(X —£) 2 ] is called the variance of A'. Let further 'F 3 ,( 11 ) = E(u x ), 
u > 0 and Vl/]x(w) = E(e n ), u G 1Z denote the probability-generating function 
and the moment-generating function of X respectively. 

We need to consider m-dimensional random vectors, also denoted by X , Y, ..., 
on (12, A , P). For m-dimensional random vector X = (A' 01 , •••, A'om), we also use 
E(X) to denote its expectation: 

E(X) := (E(X 01 ),...,E(X 0 m)) 


and denote 

a 2 (X) := a 2 (X 0i ). 

It is not difficult to extend the integration theory about extended-Pettis integral 
developed in [243] to mutivariate case. 

Let {T(t);t G TZ+} be as above and X is a Allf-valued random vector such 
that 

<00, X = X 01 + ... + Xom, 

then for every / G X define 

E[T(X)f\ := / T(X)fdP, 

JCL 
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which exists in the Bochner sense in X by the strong continuity of (T(t); t £ 1Z™} 
and (29.5). Moreover, the map E[T(X)\ : f —> E(T(X)f] on X defines a bounded 
linear operator E(T(X)\ £ £(X) with 

\\E(T(X)]\\<M**x(u,). 

E[T(X)\ is called the expectation of T(X) and is understood as an extended 
Pettis integral following [243]. 

If A', Y are are independent Allf-valued random vectors such that 4'^(cu) < oo, 
^(w) < oo then E[T(X)\, E[T{Y)} and E[T(X + Y)] exist in £(X ) and there 
holds 

E[T(X) o T(Y)] = E[T{X + V')] = E[T( A)] o E[T(Y)}, 
where “o” denotes composition. 

For the above please read [243], [244], [245] and the references cited there. 


29.3 Basic Results 


We need a Taylor’s expansion integral formula for (Co) m-parameter operator 
semigroups. 


Lemma 29.1. Suppose {T(t);t £ 7?.+ } is a (Co) m-parameter operator semi¬ 
group satisfying (29.5). Then for every g £ D 2 and s,t £ 1Z+, there holds 


T(t)g-T(s)g 

=T(s)[(ti - si)Aig + ... + ( t m - Sm)A m g] 

+ [ (1 - u)T(s + u(t - s))((tl - Sl)Al + ... + (tm 

Jo 


(29.6) 


Sm )A m f gdu. 


Proof. Let G(u ) = T(s + u(t — s))g £ X, u £ [0,1], then 


G\u) := 


dG{u) 

du 


= T(s + u(t 




Sl)Ai + ... + (tm — Sm)Am\g. 


and 

G"(m) = T(s + u(t - s))[(tl - Sl)Al + ... + (tm - Sm)Am] 2 g- 

Now (29.6) follows from the Taylor formula with integral remainder for Banach 
space valued functions (see, e.g., [146], Theorem 8.14.[130]). 

For our purpose we need a second modulus of continuity ui 2 (Tf, 5) and the 
Steklov operator Jh(f)(h > 0)for (Co) m-parameter operator semigroup {T(t);t £ 
11^} and f £ X. a 
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Definition 29.2. 

w 2 {Tf, 5) — sup {||(T(f) - if /|| , \\(Ti(ti) - 7) (Tjitj) - I) /||} . 

t —(ti 
0<ti,tj<6 

When S —> 0, by the strong continuity of (T(t); t G 77.+ }, ui2{Tf,5) —► 0. 


Definition 29.3. 

O /-h/2 /-h/2 

A(/)=(^) 2m y ...j mz 1 + m,...,u+v m ) 

s v ✓ 

2m 

- T(2£i + 2^i,..., 2£ m + 2r]m)]fd£, 1 dri 1 ...d£ m dri rn . 

The integral may be considered as multi-T-valued Riemann integral. 
We have following 


Lemma 29.4. 


t) A(/) 6 £> 2 , for all / G AT; 

«) II/- Mf)\\ <£ 2 (T/, ft); 

in) \\AiAjJ h (f)\\ < 9Me 2 ^ m_1 ^"cu2(T/, h)/h 2 , 1 < i, j < m. 


Proof, i) Let 


Ji = 


rh/2 ph/2 
= ... , 
Jo Jo 


T (£i + 771, ...,£ m + T] m )fd^idT]i...d^ m di]r, 


(29.7) 


h /2 /-fc /2 


J 2 = 


/■fl /2 j- 

Jo Jo 


T(2£i + 2771,..., 2£ m + 2r] m )fd£idr]i...d£mdi]r, 


(^) 2m J -j T(t 1 +rn,...,tm + Vm)fdtidr)i...d£ m drim. (29.8) 
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It is not difficult to show that Ji £ D 2 , J 2 G D 2 (cf.[122, p.10]) and hence (i) 
holds. 


«) \\f-Mf)\\ 

rh/2 rh/2 

= \\(2/hf m ... [/-2T(6+ffi,...,U + »?m) 

Jo_ Jo 

2m 

+ T( 2£i + 2 rji ,..., 2£ m + 2r] m )]fd^idr]idr]i...d^mdr] m \\ 

rh/2 rh/2 

11(2 /h) 2m ... [T^ 1+rll ,...,U + Vm)-I} 2 f 

Jo Jo 

2m 

x d£idrt 1 ...d£ m drim\\ 

rh/2 rh/2 

<{2/h) 2m ... || [T(£i + r/i,..., + r/m) — I} 2 f\\ 

Jo _ Jo 

2m 

x d£idin...d£mdr]m 

< 0,2 (T/, h ). 


in) When i ^ j, similar to one parameter operator semigroup case (ibid.), we 
can show 


fh /2 fh/2 

AiAjJi = ... Q T k (£ k + Vk)Ti(r]i)Tj (rjj) 

ft . Jo ^ i.i 

2m —2 

x (Ti(h/2) - I)(Tj(h/2) - I)f Q d£ >k dr) k dr) i dr)j 


and 


AiAjJi =(l/2) 2 



II + ^TiMTjiVj) 


x (Ti(h) - I)(Tj(h) - I)f |Q d£ k dr) k dr)idr]j. 

k^i,j 
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Therefore 


AiAjJhif) || = ||(2//i) 2m [2^Ji - A i A j J 2 ]\\ 

c\ /*fo/2 /*fo/2 

<(£) 2 -{2 ... n M k e Wk{Ck+rik) M i e Uim M j e u ^ 

c£ . _ 

2m —2 


— I)f 


fj d&drikdriidrij 
k^i,j 



2m — 2 


M k e Wk{ik+Vk) M ie Ui Vi Mj e w s v * 


x ||(Ti(ft) - J)(Tj(fc) - /)/|| f] defcdjjkdjjid^-} 

< (2//i) 2m M{2e (2m_2)w,l/2 (ft/2) 2m_2 + (l/2) 2m e (2m “ 2)u,h ft 2m “ 2 } 
x wa(T/, ft) 

<Me (2m_2 ) “ t {2(^)” 2 + ^}ca 2 (T/, ft) 

= 9Me 2(m_1) "' l W2(T/, ft)/ft 2 . 


When j = j, the same estimate holds. ■ 

Lemma 29.5. For any ^If-valued random vector Y - = (Yoi,..., Yom) with 
E(Y) = x = (xi, ...,Xm) and f € X there holds. 

j|B[T(y)]/ - T(®)/|| = II E[T(Y)f\ - T(x)/|| 

<Mu> 2 (Tf, h){2E(e“ V ) (29.9) 

+ |mMe 2 “V (m " 1),l “ 

m 

x [s ( ^)] 1 /‘>E(s((yoi - x i ) 2 «)) 1/ «]/ft 2 }, 


where p > 1, q > 1, 1/p + 1/q = 1, ft > 0. 

If w = 0, we have 

_ n /T m 

\\E[T(Y)]f - T(x)f || < 2Mu> 2(Tf, h)[ 1 + ^5- £ u 2 (y 0i )] (29.10) 

i=l 


Proof. It holds 


||I?[T(y)]/ - T(x)f II = ||B[T(y)/] - T(x)f II 

< ||S[T(y)/] - E[T(Y)J n f ]|| + ||S[T(y)J n /] - T(*)J„/|| 

+ ||T(x) J„/ - 3»/|| (29.11) 

:=/i + / 2 + ^3- 
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h < E[\\T(Y)(J n f - f )||] < E[Me“ Y || J n f - /||] < M£(e“ Y ) W! (r/, ft) 


by Lemma 29.4. 


Is < Me“ x U 2 (Tf, h ) < ME{e" Y )uj 2 {Tf, h) 


(29.12) 

(29.13) 


by Jensen’s inequality. 

Note that g := Jh{f ) £ D 2 , by Lemma 29.4. Apply Lemma 29.1, we get 


h = 


E{T(x)[(Y 0 l - Xl)As + ... + (Y 0 m - Xm)Am}g + f (1-u) 

Jo 

xT(x + u(Y - z))[(Y 0 i - *i)Ai + ... + (Y 0 m - x m )A m ] 2 gdu}\\ 

E{[ (1 - u)T{x + u(Y - ®))[(Y 0 i - Xl )At + ... 

Jo 

+ (*0m — Xm)A m ] 2 gdu} || 

<E{[\ 1-t*) II T(x + u(Y-x))W 
J 0 

x II [(*01 - *i)Ai + ... + (Y 0 m - x m )A m } 2 g\\ du} 

<ME{ f (1 — u) exp(w(a; + u(Y — x)) 

Jo 

x ||[(Yoi - *i)Ai + ... + (Y 0 m - x m )A m } 2 g\\ du} 


m m 


<-Me 2ulx E{ 11^' -xMAiArtW} 

i=l j= 1 

1 _ m m 1 

</e 2 “E{e“ y E 2 [(y0i " Xi) * + ^ ~ x ^ 9Me 

i =1 3 = 1 

xui 2 (Tf, h)/h 2 (by Lemma 29.4, Hi 

— 9 H/T 2 *, 2 wW - 2 (m-l)hu> 


2(m — 1) Ziu; 


71 ZLUX 

= —M e e 


9 


< -mM 2 e 2ulx e 2( ' rn ~ 1)hul ^ l ‘- pulY ^ 1/p 


E £ - *0 2 ] wa(T/, h)/ft 2 

i= 1 

m 

[E(e p “ Y )] 1 ' p [J2mYoi- X i) 2q )) 1/q ] 


x ui 2 (Tf, h) /ft 2 


(29.14) 


by Holder’s inequality. 

Therefore by (29.11)-(29.14) we get (29.9). 

If w = 0 we have h < Mu> 2 (Tf, h), Is < Mu> 2 (Tf, h) and /2 < §A/ 2 m 
x XI” i u 2 (Yoi)w 2 (T/, /i)//i 2 so (29.10) follows. ■ 
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29.4 Main Results 


Here comes the first main result 

Theorem 29.6. Let X = (A'oi,..., An m ) be an 7?.™-valued random vector 
with E(X) = x = (xi,Xm) and there exists a <5 > 0 such that < oo. 

Then for any (Co) m -parameter operator semigroup satisfying (29.5), there holds 
for all n > max(pcu/<5, 1/5 2 ) that 


\\{E[T(X/n)]} n f — T(x)f\\ 
<2Mu>2(Tf, If \fn){e UJX exp[ 


2 mo 2 


e 2 (nS — u)) 


r^x(<5)] 


+ 2 1/g 9A/^ye 3 ""e 2(m ^ 1) " /v ^exp[( 9/ 2 " ptJ “ 

^ e z [no—puj) z 


e 

2 ne s * 

+ ~ ~ ^ — **(*)]} 


e 2 q(S^/n — l) 2 

where p, q > 1, 1/p + 1/q = 1 is an arbitrary conjugate pair. 
When ui = 0 


(29.15) 


\\{E[T(X/n)]} n f - T(x)f\\ < 2 Mu 2 {Tf, -L)[l + -mM^a 2 {X oi )]. (29.16) 

Jn 4 ' 

i=i 

Note. All the right hand sides of (29.15) and (29.16) are finite. 

Proof of Theorem 29.6 : Let Xk be a sequence of independent random vectors 
identically distributed as A', and Y = ^ X]fe=i ^fc> then 


E(Y) =-VE( X k )=x, 

U k =1 

S[T(y)/] = {£[T(A/n)]} n /- 


For u > 0 we get 

>Ly(u) = £(e" 


S fc = i X k\ _ 


) = (S(e« x ))" 

2 y2 


<(1 + ^ ( A) + S (^e^ )r 


. u _ u , 
- {1+ n X+ 2^ { 5-u/n 


2 \2 —2 t - t / SXs^n 

) e E(e )) 


< e“"exp[ 


2 nu 


e 2 (nS — u) 2 


nm, 


when n/n < <5. 

Above we made use of the inequalities (see also Pfeifer[244, p.275]) 

r a e T,r < (——— ) a e~ a e Sr (when q < 6, r > 0, a > 0) (29.17) 

o — q 
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and 


(1 + r) n < e‘ 


(29.18) 


So when n > pui/5 > uj/5, 


E(e^) < e“ 


: exp{ 


2 nor 


e 2 (nS — to)' 


r**(*)} 


and 


0 puY^i/p ^ j 0 pux ovn[ _ 2n P v _ r 4'*Y(<5)]} 1/p 


[. E(e puY )] 1/p < {e p “"exp[ 


e 2 (nS — pui) 2 


cux r 

= e exp[ 


2npco 2 


e 2 (nS — put) 2 


**(*)]■ 


Observe that for Y = (Yoi, •••, Ybm) we obtain 


E((Yoi - Xif q ) = E((- V X ki - Xi ) 2q ) 

n z ' 

k=l 

< (^L^e^Efe^ Ii2i? = i^i-^i|) by (29.17)) 

V n 

< (^) 2 9 e " 29 [£'(e^ Eg = l(Xfei_a:i) ) + E(e^ T ‘*= liXi ~ Xki) )} 

\fn 

< (^L) 2q e- 2q 2ex_p[E(l ; (Xoi - Xi ) 2 e^' Xoi - Xil )\ 

Vn 2 


(by Taylor’s expansion and (29.18)) 

2 q x2 a -1 n„ r, 2 

7 n 


< (-2T.) 2<? e- 2<3 2 exp[( 


s-i/^ 2 ^ 0 ^ 


(by (29.17) when 1 /y/n < 5) 

< i^L) 2 i e ~ 2c i2ex nf_—_ 


e 2 e 5x '$!*x(5)\, 1 < i < m. 


Hence we proved that 


[E((Y 0i - Xi ) 2q )] 1/q < lH_ e - 2 2 1/9 exp[ 


2 n 


q(Sy/n- l) 2 


e- 2 e^^(5)]. 
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Now apply Lemma 29.5 and take h = l/\/n : 


\\{E[T(X/ri)]} n f - T{x)f || = || E[T(Y)]J - T(x)f\\ 


<Mu> 2 (Tf, 1 /y/n){2e ulx exp[ 


2 nui 2 


e 2 (n8 — u>) 2 




2npui 2 


. y 71 r 2 LUX 2(m— 1) UJX [ ,t»* /C-\l 

+ —mMe e V*e expt ^ _ pu})2 (*)] 

x rn^-e~ 2 2 1/q ex p[ ^ — e~ 2 e Sx ^*x{5)]n} 


qtS'/n- l) 2 


=2Mlu 2 {T f, 1 /'Jn){e ulx exp[ 


2nu 


e 2 (n5 — ui) 2 


**(*)] 


+ 2 1/9 9M^y e 3 ""e 2(m ~ 1) " /v ^exp[( ^ 

~ e 2 (no — pu)) 2 


2 ne 


e* 

Sx 


e 2 q(5^/n — l) 2 


**(*)]}■ 


When lo = 0, noting that a 2 (Yoi) = <r 2 (Xoi)/n by (29.10), we get (29.16). 

A ramification of Theorem 29.6 follows 

Theorem 29.7. Let N be a 2J+-valued random variable with E(N) = rj, q 
0, and let Y = (Yoi, •••, Ybm) be an 7?.+ -valued random vector independent of 
with E(Y ) = 7 = ( 71 , ..., 7 m ). Suppose that there exists 5 > 0 such that 


'f'jv('J/y( 5 )) < 00. 


Then when n > max(puj/5, l/<5 2 ) there holds 


\\{^ N [E(T(Y/n))]} n f-T(m)f\\ 


<2Mlu 2 {T f, 1 /^Aj'){e “’ ,7 exp[ 


2nui 


e 2 (nS — ui) 2 


»»(«?(«))] 


+ 2 1/g 9M^y e 3 ^e 2(m ~ 1)u,/v ^exp[( _. 2 ? ph;2 ,, 

e 2 (no—puj) z 


e* 
2ne 5 ^ 


e 2 q(S^/n — l) 2 




where p, q > 1, 1 /p + 1/q = 1 is an arbitrary conjugate pair. 
If ui = 0, there holds 


(29.19) 


\\* N [E(T(Y/n))}} n f -T(m)f\\ 

m 

< 2 Mu a (Tf, l/y/n){l + -mM^^thii) + a 2 (N) 7 ?]}. (29.20) 
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Proof. Consider Y k 1 Y, which are also independent of N. In Theorem 29.6, 
take A' = Y2k =l Y k ( as usua l, an empty sum equals 0), then 

1 JV oo l 

E[T(-X)} = E[T(— J2 Y k )\ = £ P( N = l)E[T(— £ Y k )} 

71 k =1 1=0 U k=1 

oo 

= E p ( N = imn-Y))] 1 = t> N (E(T(-Y))), 

1=0 

oo Z 

E(X) = £ P(N = l)E[J2 Y k ] = E(N)E(Y) = m■ 

1=0 k=l 


Also 


tf*(<5) = E{e sX ) = E(e s Yk=i Y *) = ST P(N = l)E{e s Yi=xY k>) 

1=0 

oo 

= Y J P{N = l)(E(e s Y)) 1 = 

1=0 

By X = (Aqi, Xom) we get 


No o Z 

u 2 (A' 0 i) = a 2 (^ Vfci) =J2P(N = l)E((J 2 Ykif) - r ? 2 7j 2 

fc=l Z=0 fc=l 

oo 

= J2P(N = 1){IE0&) + 1(1 - 1 ) 7 2 ) - Vli 

Z=0 

= V a2 {Yoi) + o- 2 (N)^i. 

Then (29.19), (29.20) follow by (29.15). (29.16). ■ 

An application of Lemma 29.5 comes next 

Theorem 29.8. For each positive real number r, let N r be a .Z+-valued 
random variable with E(N r ) = rr/, where 7 £ 1Z+ is fixed. Let A' be a 1Z™- 
valued random vector with E(X) = 7 = (71,-..,7m), independent of N r . Assume 
that there exists a <5 > 0 such that Vl/y (<5) < 00 and further there are p > 1 , q > 1 
with l/p + l/q = l such that 

lirn sup ^jv t ('L^( —)) = di < 00 , (29.21) 

T—>00 T 

lim suprl-E^iiVT — rj) 2q ]} 1 ^ q = (fe < 00 (29.22) 

T—>00 X 

and 

lim supT)V T ( 2 , Jl -rr^e 57 ’I'3f(5)) = d 3 < 00 . (29.23) 

r *00 e J (vro — 1 )^ 
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Then for r > l/<5 2 there holds 


\\9 Nr (E(T(X/T)])f -T(m)f\\ 

<Mu> 2 (Tf, l/x/r){2di (29.24) 

0 rn 

+ 9mMe 2w ^e 2(m - 1)u,/ ' /? dJ /p [m2 1/9 (^) 2 d3 /9 + d 2 E 7 2 ]}- 


If u> = 0, then 


\\<if NT (E[T(X/r)})f -T(m)f\\ 

q m I 

< 2 Mua{Tf, l/y/7){l + 7 mM V[r?a 2 (X 0i ) + 7 ?-a 2 (JV T )]}. (29.25) 

4 z ' T 


Proof. Let the random vectors X k X, which are also independent of N T . 
Consider Y r = \Ylk=i X k, where F T = (T 01 , Yom), then apply Lemma 29.5 
with h = 1/y/r. We derive 


OO l 

E[T(Y T )]f = E P(Nr = l)E[T(— X k )]f = 4/jv t (E[T(X/r)]f), 

1=0 k= 1 

°° 1 1 1 

E{Yr) = P( N r = l)-E($2 x k) = -E(N r )E(X) = r? 7 , 

1=0 k=1 

E(e^ p < E(e pw ^) = (**(—)) < di. 

r 


Furthermore, 


£((Yw - V7i) 2q )) 1/q 

\ Nt 1 1 

= {£([- E - -^r7< + -JVt 7< - ^7i] 29 )} 1/,? 

T z ' T T 

fc=l 

1 Nt 1 

< 2 m± - t 0) 29 )] 1/9 + 27 ?m±N T - 

T k= 1 T 

= : 2/i + 2 / 2 . 
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We notice that 

1 Nt 

If = E[(-J2( x ki-7i)) 2q ] 

' k = 1 

< (^) 2 « e - 29 B[e^l E "= l(X ' ti “ 7i) l] (by (29.17)) 

v r 

< (-^) 29 {£[e^ E ^= l(Xfci_7i) ] + £[e7? E "= 

eyr 

< (^) 2,J {£;[(£(e7? (Xoi “ 7i) )) JVT ] +S[(£;(e7? (7i " Xoi) )) ArT ]} 

eyT 

< (^f«{E[(E( 1 + -4= (A'oi - 7i) + (A'o; - 7i ) 2 e^ |X ° i ' 7il )) ArT ] 

ev'r V r 2r 

+ E[(E( 1 + -J=( 7i - X W ) + ^(X 0i - 7l ) 2 e^ |Xoi_7il )) JVT ]} 

< 2(^=) 2 ^{(exp[S(X 0i - 7< ) 2 e^ |Xoi - 7il ])^ /2 "}(4= < 5) 

eyr V T 

< 2 (^=) 2 ^{(exp[( 2 ) 2 e- 2 £(e* |x °*- 7 *')])^/ 27 } 

eyr d - 1/yT 

< 2 A 2 ^{(exp[( y 1 . ) 2 e^^ffl]) iV - /2 -} 
eyr e(VTo —1) 

< 2(^) 2q d 3 . 

ey/T 


So that 



and 


h = yUm-Nr - v) 2q )) 1/q < 1 U 2 /T. 

T 

Therefore by Lemma 29.5, inequality (29.9), for Y = Y T and h = l/-y/r, we obtain 


\\* NT [E(T(X/T))\f-T(m)f\\ 

<Mu} 2 (Tf , l/-\fr){2di + ^mMe 2 ^ e 2{m ~ 1)ul/ ^ d\ /p 

m a 2 2 

x2^[2 1/9 (^f-4 /9 ) + <fe^]r} 

z ' e t t 

i=l 

=Mu 2 (Tf, l v / r){2di + 9mMe 2w ’ ?7 e 2(m_1) “ / ' /7 dJ /p 

m 

x [m2 1/<3 (—) 2 4 /,J + rf 2 ^ 7 , 2 ]}. 

e i=i 


J^iLfLCL 7fco£4cMia£icaZ P/tyliel 



29.4 Main Results 


457 


If ui = 0, we apply Lemma 29.5, inequality (29.10). Observe that 

1 N t ^ oo l 

a 2 (Y 0t ) Xki) = P ( N * = Z )^((E Xfci ) 2 ) " ^ 

y k=1 1=0 k= 1 

1 °° 

= ^7 E P ( N - = l )( lE ( X oi) + Kl ~ 1)7?) - 7 2 7? 

1=0 

= ^E(N r )E(XSi) + ^(E(N 2 )) 7 2 - ±(E(N t )) 7 2 - V 2 rf 
= ~[r)<J 2 (X 0 i) + ji-a 2 (N T )\. 

T T 

By (29.10), when h = 1 -y/r, we obtain (29.25). 

Another generalization of Theorem 29.6 is presented next. ■ 

Theorem 29.9. Let n = (Ni,N m ) be a .Z™-valued random vector with 
E(N) = p = (771, For each i (1 < i < m), let {Yki)kLi be a sequence of 

i.i.d. real-valued random variables distributed as Y a fixed random variable with 
E(Y) = 7 . N and Y k i are assumed to be independent. Also suppose that there 
exists a <5 > 0 such that 

'l'iv('I'vW) < 00 ■ 

Then for n > max(pw/5,1 /5 2 ) there holds 


JVl . N m 

{ E [T(J2 /W,-, E -X^mWf-T^f 

k\ = \ k rn = 1 


(29.26) 


< 2 Mw 2 (T/,l/ v ^){e“ 7i ’ 
x e 3«,-yfi e 2( m -i)u/VX exp ^ 


exp[ 


2 T]UJ 2 


e 2 (nS — to) 2 


^N(^Y(S))]+2 1/q 9M^- 


V 

2 


2 npu 2 


2 ne 5 ™ 


e 2 (nS — pu>) 2 e 2 q{8y/n— l ) 2 




where p, q > 1 , 1 /p + 1/q ssT is an arbitrary conjugate pair. 
If u> = 0, there holds 


JVi . N m 

{£[T(E ~Y kl 1,-, E -X^mWf-T^f 

f -—' n , z ' n 

k\ — 1 fem — 1 

Q m 

< 2Mw 2 (T/,1/V^){1 + ^mME[v 2 (^) + a- 2 (ATi)7 2 ]}. (29.27) 


Proof. In Theorem 29.6, take X := (J2i^=i Y kl 1> • SfeEi Yk m m) and let 
X k iA ~- X then 


N 1 


£(X) = (£[E Y kll ],...,E{ E n m m]) = {EN 1 EY,...,EN n EY)=n- 
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We derive 

1^(<5) = E(e aji ) = E(e {E ”i= lYkll+ -'' + ^*™=* Ykmm) ) 

OO OO 111 

= p (Np= {li,...J m ))E(e S ^ kl i= lYkll+ ''' +S ^ k ™= lYkmm ) 

h= 0 lm= 0 

OO OO ^ I 

= Y,-J2 P( N = {h,-;lm))E(e T ' kl i= lYk i 1 )...E(e ST "‘™=i Yk ™ m ) 

h= 0 lm= 0 

OO OO 

= E - E P ( N = (h,:,lm))(E(e iY )) , 1 ...(E(e' Y )) ,m 

h= 0 lm= 0 

OO OO 

= P ( N = ( Jl > -> lm)){E(e SY )) h+ - +lm 

h= 0 lm= 0 

= E{{E(e SY )) Nl+ - +Nm ) 

= ^ N (^ Y (S)). 


Then (29.26) is implied by (29.15). 

If u) = 0 we see that 

Ah 

a 2 (X 0i ) = a 2 (J 2 Vfc.i) = Vi° 2 {Y) + a 2 (Ni ) 7 2 . 

fc i= l 

similarly established as the fact at the end of the proof of Theorem 29.7. Then 
(29.27) is implied by (29.16). ■ 


29.5 Further Results: Multiplier Enlargement 
Formulae 

In this section we modify the formulae obtained in the previous section by so- 
called multiplier enlargement method (see [154]) initiated by Hsu-Wang [190], 
[278] in 60’s and also used by Shaw [260], [261] in the representation of operator 
semigroups. The modified representation formulae have a larger of applications 
and when we specify the random vectors (variables) considered, the representa¬ 
tion formulae for m-parameter operator semigroups of Shaw [261] are reobtained. 
For simplicity we only consider equibounded operator semigroups i.e. 

||T(t)|| < M, all t € TZ+. 

Here we only need to give two versions related to Theorems 29.6 and 29.9. Others 
can be similarly obtained. 
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Theorem 29.10. Assume ||T(t)|| < M, all t £ 72+, and a n is a sequence of 
positive real numbers with lim^^oo inf a n > 0. For each n £ A/” let X(n) be a 72+- 
valued random vector with E[X(n)] = x/a n . Assume lim^^tx, sup a n cr 2 ( X (n)) < 
oo, i = 1,..., m. Then there holds 

\\{E[T(^X(n))]} n f-T(x)f\\ 

Q m 

< 2 Mu»(Tf, (a„/n) 1/2 )( 1 + -mMa n ^ a 2 (X(n))[. (29.28) 

i =i 

Proof. For each fixed n, let Xk ' X(n), k = 1, ...,n, and consider 

1 ” 

Y :=-Ya n X k . 

fc =i 

Then 

1 n 

E(y) = £(- V a n X k ) = a„E(X(n)) = a n x/a n = x 

n *■—' 

fc=i 

and 

1 n 

E[T(Y)}f = E[T(- J2 «» X k )]f = {E[T{^X{n)Wf. 

U k= 1 

Furthermore 

1 n 2 2 
<Ji(Y) = <r 2 (- V a n X k ) = ^naUx(n)) = ^<r 2 (X(n)). 
n n z n 

k =1 

Now take h = (an/n) 1 / 2 , then by (29.10), we get (29.28). ■ 

Theorem 29.11. Let a n be a sequence of positive real numbers, satisfying 

lim a-n/n = 0 and lim inf a n > 0 . 

n —»oo n —»oo 

For each n £ N , let N(n) := ( N\(n ),..., 7V m (n)) be a +L+“-valued random vector 
with E(N(n)) = (l/a n )rj = (l/a„)(??i,..., rj m ) and 

lim sup a 7 i<r 2 (TV(n)) < oo, all i = 1, ...,m. 

n—>oo 

For each j (1 < i < m), {Tfci(n )}^_ 1 is a sequence of i.i.d. random variables, 
distributed as Y(n), where Y(n) is a hxed real-valued random variable for each 
n £ Af and E(Y(n)) = a„ 7 . Assume that Yoi(n) (i — 1, ...,m), N(n) are alto¬ 
gether independent. Suppose also that 

lim sup<r 2 (y(n ))/« 2 < 00 . 

n —»oo 

Consider the equibounded operator semigroup {T(t);t £ 72.+ } with 

||T(t)|| < M, all t £ 72+. 
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Then there holds 


-Ni(ji) JV m (n) 

{E[ T(J2 J2 —Yk m m(n))]} n f — T(^rf)f 

k\ =1 k m = 1 


(29.29) 


< 2 Muj 2 {Tf, (a n /n) 1/2 ){ 1 + jmM^[^-a 2 (T(n)) + 7 2 a„o- 2 (iV(n))]}. 


HL - 2 / 
0-2 


Proof. We want to apply Lemma 29.5. Let 


and 


N i (n) N m (n) 

AT *-y- X := ( £ y fcll (n),..., X) y ^m(n)) 

ifi=i fc m =i 


Then 


And 


y = - Vat. 

n. ^ 


Ni(n) iV m (n) 

E(Y) = E(X) = (£( £ y fcll (n)),...,£;( £ y fcmm (n))) 


fcl =1 


km — 1 


= (—r?ia„7,..., —?? m a„7) = (7171,..., ??m7) = 7 »?- 

Q(ri Q^n 


iVi(n) 


N m 


E[T(Y)]f = {E[T(J2 yY kll (n),-, £ ^n m 4»))]}7. 

fcl = l k m = 1 

Furthermore 

. n 1 Wi(n) 

a 2 (y) = <r 2 (- V A fc ) = -a 2 ( V Y k i(n)) 

n z —' n z —' 

fc=i fc j=1 

= i[£(W(n))a 2 (yoi(n)) + a 2 (W(n))(£(y 0 i (w))) 2 ] 


n a n 


Choose 


r/ia 2 (Y (n)) + a 2 (W(n))a 2 7 2 ]. 


h := (a„/n) 1/2 
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then by (29.10) of Lemma 29.5 we obtain 

Ni(n) N m (n) 

{E[T(Y -Ykilin),..., Y - Y k m m(n))]} n f -T(n)f 

ki = 1 k rn = 1 

<2Muj 2 (Tf, (a n /n) 1/2 ){ 1 + -[-^(^(n)) 

4 f n a n 

%=i 

+ a 2 (A r i(n))a^7 2 ]} 

Q m 

<2Mcu 2 (Tf, (a n /n) 1/2 ){ 1 + -mM^[-^<r 2 (Y(n)) 

j=i Q ” 

+ 7 2 a„a 2 (Af(n))]}. 


29.6 Applications 

In this section we specify the random vectors (variables) and a n of Theorems 
29.6-29.11 to derive some concrete representation formulae for (Co) m-parameter 
operator semigroups. We also illustrate how to get the results on multivariate 
approximation operators from the corresponding ones on operator semigroups. 
Unless otherwise mentioned all (Co) m -parameter operator semigroups considered 
satisfy (29.5). 

Example 29.12. Take A' = (Aoi,..., Xo m ) that follows the multi-point dis¬ 
tribution EX = x = (xi, ... ,x m ) : 


P(X = ei) = Xi (a = (0,..., 1,..., 0)) 

and 

P(X = 0) = 1 — x, where 0 < x < 1 (x == Xi + ... + Xm )■ 

Then 

^(i5) = E(e sX ) = P(X = 0) + P(X = l)e 5 = 1 - x + xe < oo. 
Furthermore we have 


E[T(X/n)\ = 1 + Y Xi(Ti(l/n) - I). 

i=l 

Hence by Theorem 29.6 there is a constant K = K(u>, M, x, 5, m) such that 

m 

(I + YMm/n)-I)) n f-T(x)f 

i= 1 

< Kuj 2 (Tf, 1/y/n) ^ 0 (n —* oo). (29.30) 
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From the above result on operator semigroups we are able recover the approxi¬ 
mation theorem for multivariate Bernstein operators as follows. Choose 

X -.= BUC(TZ m ) 

:= {/; / is a bounded uniformly continuous function from lZ m into 1Z} 


and define 

T(t)f(x) ■— f(x + t) = f(x 1 + + t m ) 

for each / £ X and x £ lZ m , then {T(t); t £ 1Z +} is a (Co) m-parameter operator 
semigroup in £ (X). 

Now let x = 0, t = (ii,..., t m ), 0 < t < 1, 0 < U < 1, i = 1,..., m. Then 


{/+^>[T i (l/n)-/]r/(0) 


= V f(ki/n,...,k m /n )- r -— j — - r - -—-r 

ki\...k m (n - ki - ... - k m )\ 

,k<n 






where is m-variate Bernstein operator over a simplex (cf. [216]). So 

by (29.30), we derive that 

lim B^(ti ,..., tm) = T(t)f{ 0) = f(ti ,..., tm), uniformly. 


Remark 29.13. The fact that the approximation theorem for Bernstein op¬ 
erator can be derived from simple operator semigroup consideration has been 
observed by many authors, see, e.g., [122, p.28], [207] and [244]. When consider 
other representation formulae for m-parameter operator semigroups in the follow¬ 
ing examples we may derive other known convergence theorems for multivariate 
approximation operators, but we avoid to go into detail here. 

Example 29.14. Let a n be a sequence of positive real numbers with lim, l ^ 00 
inf an >0 and lim n _ >00 a n /n = 0. For each n£N take X(n) = (A'oi (n),..., Xom(n)) 
to be modified multi-point distribution: 

P(X(n) = ei) = Xi/a n , 1 < i < m, 

P(X(n) = 0) = 1 — x/ain, (0 < x/a n < 1 and Xi >0). 


Then 

E[X(n)\ = —, (x = (xi ,...,Xm)) 

Oin 
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and 

aUx(n)) = E(Xf(n )) - (. E(Xi(n ))) 2 = — - 4 - 

On a; 

For equibounded (Co) m-parameter operator semigroup { T(t)\ t G 7?.+ } with 
||T(t)|| < M, all t G 7Z+, we have 


£[ T (^X(n))] = T(0)P(X(n) = 0) + £ T(^ ei )P(X(n) 


= / + E 


— (Tj(—) — 7). 
«» n 


ei) 


Thus by Theorem 29.10, we derive 

m 

{/ + £ 2El(T,(^) - 7)}"/ - T(a:)/ 

— CKn n 
1=1 

q m 2 

<2 Muj 2 (Tf, (a„/ti) 1/2 )[l+-m¥a„V(--4)] (29.31) 

4 a« a„ 

1=1 

Q m 2 

= 2 Muj 2 (Tf, (ci„/») 1/2 )[l 1 -mM V (ii -—)]-• 0 (n —> oo). 

4 z —' a n 


Remark 29.15. (29.30) is the special case of (29.31) when a n = 1, but 

(29.30) is true for arbitrary (Co) m- parameter operator semigroup. 

Inequalities (29.31) and the following (29.32)-(29.34) are Shaw’s formulae 
[260], [261] supplied with rates of convergence. 


Example 29.16. Assume a n as in Example 29.14. For each n, (X(n) := (Aoi 
(n ),..., Xom(n)) follows the negative multi-point distribution: 


P(X(n) = (fei,...,fc m )) 


1 m 

(i+— ric 


Xi 


a„ + x 


for all k = (k\,...,km) G -Z+ = {(m,..., n m ), n* G .2+, 1 < * < m}, where 
x = (xi, ...Xm) £ 7V+ , fixed; and 


/ n\ n(n — l)...(n — k + 1) 
\k) ~ kil...k m \ 


Then 

P(X 0i (n) = h) = (1 + — Xi)- 1 ) Xi ) k \ 

OLn OL n + Xi 

(see [159, p.165 (8.4)]) 

E(Xoi(n)) = V fc(l + — —T—) fci = 

r—On On + Xi 
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and 


?(*(»)) = % + 

ai a n 


For equibounded (Co) m-parameter operator semigroup {T(t); t £ 72-Ip} with 
||T(t)|| < M, all t £ 1Z™, we have 


E[T(^X(n))} 


oo oo / T \ m 

= V ... V T( — (ki,k m )) ( f ] (1 + —®) _1 TT( —^—) ki 

n W t\ a -+ x 


All —0 ^ 771 —0 


= E~E (!!)<' +^r'n 


- XiTi (o^n / 
a n + x 


1 lr r X\T\ ((Xn I Tl^ H - ... + XmTrni^Otn / Tl) ■i —1 

= C 1 + — ;x ) l 1 - - - -J 

CX-n CXn i X 


= {I + —x- —Ti (a n /n) -—^(ctn/n)}- 1 

OLn CX-n CXn 

m 

1 CXn 


By Theorem 29.10 we get 

m 

U - E ^-m(a„/n) - /)}-"/ - T(aO/ 

q m 2 

< 2Mwa(T/, (a„/n) 1/2 )[l + + %] (29.32) 

4 “ On Ore 

1=1 

Q m 2 

= 2Mu} 2 {Tf, (a„/n) 1/2 )[l + -mil^(z; + —)] —► 0 (n —► oo). 

4 Q(n 


Example 29.17. In Theorem 29.11 take N(n) that follows the multi-point 
distribution: 


P(N(n) = a) = Xi/an: 1 < i < m, 

P(N(n) = 0) = 1 — x/a n , where x = (xi, ...,x m ) G TZ+, fixed. 

Here a n is as in Example 29.14. Let Yoi(n), 1 < i < m, be exponentially dis¬ 
tributed with density , v £ 1Z+. Then 

E(N(n)) = —x = {—xi, ..., —Xm), E(Y 0 i(n)) = a n , 

OLn OL n Ot-n 

a 2 (Ni(n)) = — - and a 2 (Y 0 i(n)) = a 2 . 
a n a„ 
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Also 

1 r°° 1 rv 

E[Ti(-Y 0i (n))} = / Ti(y/n) — e ~ vloin dv = (I - —A^ 1 

71 J q Ot-n 71 

(cf.[188, p.360] and [261, p.226, -3 lines]). 

Furthermore we derive 


JVi(ji) N m (n) 

E[T(J2 E - Y *mm{n))} 

n ktii n 


: T(0)P(N{n) = 0) + E E[Ti(-Y ki (n))]P(N(n) = e<) 

i=l 

m 


By (29.29) of Theorem 29.11 for equibounded (Co) m-parameter operator semi¬ 
group {T(t);t £ E™} with ||T(t)|| < M, all t £ 1Z + , we obtain 


{/ + E(^/«n)[(7 - ^A;)- 1 - /]}”/ - T(x)f 

i= 1 


<2 Mua{Tf, (a„/n) 1/2 ){l + —mM E 


2 . , 

+ On I - 


Olri 


= 2Mio 2 {Tf , (a n /n) 1/2 )[l + -raM^(2x; - x 2 /a n )] —► 0 



(29.33) 


(n —> oo). 


Example 29.18. Take a„, Yoi(n) as in Example 29.17. Let IV(n) be the 
negative multi-point distribution: 


' T\ 1 


for all l = (h, Im ) £ Z+, where x = (xi ,..., x m ) £ 1Z+ , fixed. Then 


E(N(n)) = —a; = (— xi, ..., — x m ), E(Y 0 i(n)) = a„, 

Oin OL n 


a 2 (Ni(n)) = —— and a 2 (T 0i (n)) = a 2 . 

a„ 
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Furthermore we notice that 

Ni(n) N m (n) 




fcl =1 


km — 1 
^1 


^1 Lm 

= E ^(A r (n) = Z) J B[T(E -n i i(n)),...,r(E -n ra m(n))I 

Z —' z —' n z —' n 


iez” 


= E (^(1 + —s)- 1 ^( ^ l^i(y/rt)] ■ 

^-'' ' 7 ' a n «„ + i 


= {/ + — xJ - E — ^[^(y/n )]}- 1 


= { / + — xi - E — (i - — A i )■E 1 

a n a n n 

i=i 

m 

= < / -E?[( / - 


Thus by (29.29) of Theorem 29.11, for equibounded (Co) m-parameter operator 
semigroups (T(f); f £ 7?.+ } with ||T(t)|| < M, all f £ 7Z+, there holds 

m 

u - E - v ^)' 1 - kr n f - n*)f 

OLn Ti 

z=l 

q m 2 

< 2Mw 2 (T/, (a„/n) 1/2 ){l + -mME[^'+«„(^ + —)]} (29.34) 

4 ■“ o„ an 

1=1 

q m 2 

= 2 Mui 2 {Tf, (a„/n) 1/2 )[ 1 + -milE^ 2 *’ + —)] —> 0 (n —> oo). 

4 CKri 


Example 29.19. Take N to be the non-negative integer-valued random vari¬ 
able that follows the geometric distribution over Z+ : 


P(N = k ) 


1 ( 'n )k 

l+r, [ l+ V ’ ’ 


for all k £ Z +, where rj > 0 is a parameter. 


Let also Y = (xi, € 1Z+. Then 


E(N) = T) > 0, EY = (xi,..., x m ) = x. 


Furthermore, 

^n{^*x(S)) = E(e s< ' Xl+ - +Xm)N ) 


_1_ 

1 -|- jj — g<5(aii + .-.+aim)7y 


< oo, 
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for 5 < i ln(l + 1 /tj). 

So by Theorem 29.7, there is a constant K — K(M,u,5,r),x) such that for 
sufficiently large n 

\\{* N (E[T(Y/n)])} n f -T(r,x)f\\ 

||{J + t?[7 - T(xi/n ,..., x m /n)]}~ n f - T(rjx)f\\ (29.35) 

< Ku> 2 (T /, 1 s/n) —> 0 (n —> oo). 


Example 29.20. In Theorem 29.8, take p = q = 2, and N T to be the Poisson 
process (r € 77+) : 

_ (ut)^ 

P(N t = k) = e VT v / , for all k € Z\ 7*, where p > 0 is a parameter, 

fc! 

Consider A' = (xi, ... ,x m ) = x € 77+. Then 

E(N V ) = pr, Tjv T (s) = e ( ' s ~ 1 ' >r ‘ T , and ^-(d) = e 15 * < oo. 
Furthermore note that 


di 


lim sup ( —)) = lirn supexp[(e r ^ — 1 ) 777 -] 


< 


2 u _ 2w 
lim supexp[ryr —xe T 

T —>00 X 


< 00 , 


(fe = lim sup r{E[(—N T — rj ) 4 ]} 1 ^ 2 = lim supr(3^r + < oo 

t —> 00 T r—>00 7 "^ 


and 


d 3 = lim sup^^ T ( ^ ——e^H^)) 

r *00 e z (^/rd — 

2 

= lim sup exp{(exp[ -—e Ma: ] - 1 ) 771 -} 

r *00 e Z {y/T0 ~ 

< T lim supexpl^^ _ i)2e ^ ex p[ e2( ^_ i)2 e^]77r} < 00 . 

So by (29.24) of Theorem 29.8 there exists a constant A' = K(5, M, u, di, d, 2 , (I 3 ) 
such that for sufficiently large n we have 

||^ T (E(T(A/r)))/-T(77*)/|| 

= ||exp[? 7 T(T(®i/r,..., x m /r) - I)]f - T{px)f\\ (29.36) 

<KiX 2 {Tf, 1 \/r) —7 0 (r —> 00). 
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30 


Simultaneous Approximation Using 
the Feller Probabilistic Operator 


In this chapter a quantitative estimate for the simultaneous approximation of 
a function and its derivatives by the Feller probabilistic operator is given using 
probabilistic approach. This covers the cases of some classical approximation 
operators such as the Bernstein, Szasz, Baskakov and Gamma operator. This 
chapter relies on [91]. 


30.1 Basics 

For a sequence of i.i.d. non-negative r.v.’s Xi, X 2 ,..., with E[Xi] = x, the Feller 
operator (cf. [158, p.218],) is defined by 



(30.1) 


where S„ = YH=i X-%, P (^S n <t) is the distribution function of ^ S n and / is 
a continuous function. 

The Feller operator F n contains some well-known classical operators such as 
Bernstein, Szasz, Baskakov and Gamma operator as special cases, and has been 
studied by many authors about various approximation properties (see, e.g. [182], 
[204], [205], [272], [285], and their citations.) 

The purpose here is to investigate the simultaneous approximation of a 
function and its derivatives by the Feller operator. A quantitative estimate 
is obtained by using probabilistic methods. The general setting allows us 
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to prove results similar to already known ones for the above mentioned specific 
classical operators, as well as to produce another different related result. This is 
demonstrated in the last Section 30.4. 


30.2 The Main Result 

Let be a probability space and X(x) be a stochastic process defined 

on (Q,E,P) with E[X(x)] = x > 0. The variance and the moment generating 
function of X(x) will be denoted by a 2 (x) := E[{X(x) — x) 2 ] and 4 > x(a:)(0 : = 
F?[exp(fX(:r))], respectively. For each fixed x, let X n = X n (x), n = 1,2,..., 
be a sequence of independent r.v.’s identically distributed as X(x). Define the 
corresponding Feller operator F n (f,x) as in (30.1). Denote by Z+ the set of all 
non-negative integers, D := and u;a(/, 5) the first modulus of continuity of 
function / in the interval [0, A]: 

uj A (f, 5) ~ sup{|/(w) - f(v) | ; u, v £ [0, A], \u - v\ < 6}. 

The main result follows. 

Theorem 30.1. Let r £ Z+ and A > 0 be fixed. Suppose for each fixed t that 

P(X(x) > t) £ <r((0, A)) (30.2) 

and there exist two positive constants M and a such that 

\D k P(X{x) > f)| < Me~ at (30.3) 

uniformly for all 0 < k < r and 0 < x < A. 

Suppose further that / £ C r ([0, oo)) and 

|/ (fc) (t)| < Ke pt , 0 <k<r, (30.4) 

for some constants /3 and K > 0. 

Then for each x £ (0, A) there holds for large n that 

\D r F n (f, x)~f (r \x )I < ^(1 + a(x))u, A (f ir \^=) 

I I a r yn 

+ {r! Ke^Y kM k (-) k+1 + r ±^±Ke pA + l}i 
t— 1 a 2 n 

k =1 

(30.5) 

Comment. By assumption (30.3) it is easy to see that 'I') f ( a .)(a/2) < oo and 
consequently cr(x ) < oo. So the l.h.s of (30.5) is finite and tends to 0 as n —> oo. 
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30.3 Proof of Theorem 30.1 

To prove the Theorem 30.1 we need the following two lemmas. 

Lemma 30.2. Under the hypotheses of Theorem 30.1, there holds for large n 
that 

D r E [f(M^l)\ 

-J o f (k) ( ti+ ~ n +tn ) ark nL du n ; fc+1 ap &w ^ **)> 

n 

(30.6) 

where (n)k := n...(n — k + 1) and a r k = a r k(x, ti, ..., tk, Xi,Xk)’s satisfy the 
recurrence relation 

a r k = Da r - 1} k + a r -i,k-iDP(Xk(x) > tk), (r > 0) (30.7) 

with initial condition aoo = 1 and the conventions ato = 0 for k > 0 and dk,~i = 
a,k,k +1 = 0 for k > 0. 

Furthermore we have, 



f oo 

fOO 

_ k f 

/ 

1 CLrk 1 

I dti = \ 

Jo 

Jo 



1, if k — r, 

0, if 0 < k < r, 


(30.8) 


and 


j M r e _ “ (tl+ '" +tr) , k = r, 

1ark1 - \ r \M k e- a(tl+ - +tk) , 0 < k < r. 


(30.9) 


Proof. Consider the general function a(y) = a(y,ti,...,tk) satisfying a(y ) £ 
<73(0, A)) and 


\DMV)\ < Me~ a(tl+ - +tk) 
for i = 0, 1 and for all y £ (0, A). If k < r put 


(30.10) 


I{V):= L "L + "n +t " )a(y) IlL dti Ulk + , dP ( X iW ^ T 
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then 


DI(x) = lirri 


v—>* y ~ x 


(Hv) - /(*)) 


i im r.../> ) ( ti+ - +t " ) a(y) - aW n fc / t >n” 

y—> x Jo Jo n y — x AJ -i=i 


+ lim r ... /•°° / W( fl + - +f " )a(x ) n fc ^ 

y - x j 0 J Q n 

n 

>< [nj =fc+1 < *i) - n; =fc+1 


=:D i + Z?2. 


(30.11) 


We see that when n > — 

Oi 

< Ken (tl+ - +tn) Me~°‘ ( ' tl+ - +tk) 

< MKe~^ i ' tl+ "' +tk ' > e^ ( ' tk+1+ " +tn \ 


/(^) ) Da (x) 

n 


and 


f OO /* OO _I _ 

lim f ... / e -f (*i+--+‘O e §(t*+i+...+t») JJ dti H dP(Xj(y) < tj) 
y^ x J o Jo 1—1 j— ac+i 

n 

= (-)*(*W^)f- fc < (50, 
a 2 


by Lcbesgue convergence theorem and using the condition (30.3). 
New Proposition 11.18 of [258, p.270] implies that 


D i = 



r (k)f tl + + U 

n 


)Da(x) nL dti U _ k+1 dPiXjix) < t 


(30.12) 

Note 30.3. We encounter several integral operations such as changing integral 
with limit or changing integration orders. The conditions (30.2)-(30.4) and the 
exponential bounds of the integral functions will guarantee the validity of those 
operations, which can be taken care of similar to the above we will not go into 
further details each time. 
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Back to (30.11) we get 


Z>2 = lim 


j=k+ 1 ‘ 



e(k) / tl + + tn 

n 


n /c 

dti 

i= 1 


X [IT dPtMi,) < t„) n” dP(X„(x)<t„) 

- n;:l +1 < u u =J < m] 


n 


= E 

j=k +1 


lim 

y—*x 



n—1 


X r f (k H tl + ^ + tn )d[P(X j (y) < tj) - P{Xj{x) < tj)] 

Jo n 

x iT , dti IT'L dP(.X^y) < t„) n" , A1 dP(X v {x) < U). 


(30.13) 


Notice that 

f W ( tl + "' +tn )d[P(X j (y) < tj) - P(Xj(x) < tj)) 

Jo n 

= f (k \ tl + "' +tn )d[-P(X J (y) > tj) + P{Xj(x) > tj)] 

Jo n 

=f (k) ( tl + - n + tn )[-P( X j(y) > + P(Xj(x) > tj)} | £ J ~ 

+ r y ik+i H ti+ '" +tn )[P(Xj(y) > ^ ~ p(Xj( X ) > tj)]dtj 

J 0 n n 

=r y (k+i) ( ti+ "' +tn )i p ( x ^y) > ^ - p&iW > tj)]dtj. 

Jo n n 

(30.14) 
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Using (30.14) in (30.13) we obtain 


Do = 




a{x) 


j=k +1 

x [PjXM > tj) - P(Xj(x) > U)] 
y-x 

r 1 


dti 


<n ., *<n' dp ( x ^<un . +1 m 

E -f - r/fc+ V 1 + - + ^ n) )a(x)DP(Xj(x) > ti)dti n', 

_L,1 */0 n 1-1 


j=fc+l 


iri, < */*) n = .., < m 


n-k r °° r °° 


V=j + 1 


[ ••• / / (fc+1) ( fl + — + t " )a(x)DP(.Y t+ i(x) > tk+i) 

Jo Jo n 


n', 1 dp n dPix^Ktii 

-*-1=1 i = k-\-2 


(30.15) 


the last step being true due to the fact that Xj’s are identically distributed. 
Combining (30.11), (30.12) and (30.15) we derive 


poo p oo 

D ... / (fc) ( 

Jo Jo 


1 1 + ... + tn 


i x ) ri- du nLfc-M dp ( x i (*) - 


*-j=k -fl 



/W( t i+ .„ + t„ )J>a(a;) <«. n; fc+1 dp (- Y i(*) < ti 


n — k 


r ... f^ k+1) J——————)a{x)DP(Xk +1 {x) > tk+i) 

Jo Jo n 


Itll dt ^ dp ( x ^)< 


tn). 


(30.16) 


Now we are ready to start the proof of (30.6). It is easy to prove that 

S[/ (^M) ]= r ... r / ( fi +-+ f " )n n 

n Jo Jo n 
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In (30.16) take k = 0, a(x) = ooo = 1 we obtain 

DE [f(^l)] 

= r ... r f( tl + '" +tn )DP(X 1 (x) > ti)dti n" dP{Xj{x) < tj). 

Jo Jo 71 

n 


So (30.6) (with (30.7)) is true for r = 0,1. 
Assume (30.6) is true for r — 1, i.e. 


D r- l E[f {—^)] 


{n)k f°° f°° f(k) , ti + ... + tr, 

ho nk Jo Jo n 


n k ■ ■ 77- _ 

dti TT dP(Xj (x) < t 

i= 1 -*-■*-j=k-\-l 


Substitute a(x) in (30.16) for each a r -i t k we obtain 


D r E [f(^^l)\ 


h 0 . n Jo J o . 


yi {nhn_k P° 

h n k n Jo '"Jo 


(30.17) 

ti + ... + tn ^ TT fc dt .TJ n dP(Xj(x).<tj) 

71. X A.A.j = k-\- 1 


’ jfc + l) ^l + + tn 


)a r -i,kDP(X k +i(x) > tk+ i) 


x n , du n d p ( x i(. x )<ti) 

■*■■*■1=1 -*-- a -j = fe+2 


■[ f {k) h + + tn )[Dar-l,k + ar-l,k-lDP(Xk(x) > tk)] 

fc=0 Jo Jo . n 


x n fc *‘lX dPiXjix) < tj) 

and (30.6) follows for r. 

To prove (30.8) we need the following facts. Because 

f oo p oo 

x= tdP{X(x) <t)= td(—P(X(x) > t), 
Jo Jo 

integration by parts yields 

POO 

x= P(X(x)>t)dt. 

Jo 


~Puyuc. P/tyliel 



476 30. Simultaneous Approximation Using the Feller Probabilistic Operator 


Thus 


and 


POO 

1 = / DP(X(x) > t)dt 

Jo 

(■ oo 

0 = / D i P(X{x) > t)dt for 2 < i 

Jo 


< r. 


(30.18) 


(30.19) 


By introduction on r it is not difficult to show that a r k is the sum of the terms 
of the form D n P(Xi (x) > ti)...D Xk P(Xk(x) > tk) with ii + ... + ik = r > 0. If 
k < r then at least one of ij ’s is greater than 1, so by (30.19) 

roo 1*00 k 

/ ... / D n P(X i(a:) > ti)...D Xk P(Xk(x) > 4 )TT _ dU 

Jo Jo x ~ 1 

k 

k C 00 

= TT / D^P{Xj{x) > tj)dti = 0. (30.20) 

1 =1 Jo 

If k = r we notice that 

CLrr — Dar —l,r* “l - Ut*— 1,7*—lPF(Hf (x) ^ tr) — ttr — l.r — lPF(Hr (*^) ^ It*) — " " " 

= DP(X\(x) > ti) ■ ■ ■ DP(X r (x) > t r ) (30.21) 

and so 

/■oo r oo r r r oo 

/ / arr-TT dti = TT / DP(Xi(x) > U)dti = 1 (30.22) 

Jo Jo - l - l 7=1 ■ LA *=lJo 


by (30.19). Now (30.20) and (30.22) prove (30.8). 

Finally we come to (30.9). Denote d r k the number of terms of the form 
D ll P(Xi(x) > t)...{D lk P(Xk(x) > tk) in a r k when a r k is decomposed as the 
sum of such terms. 

Let 

d r = max{d r fc; 0 < k < r}, 

then Da r -i,k counts at most kd r - i < (r — l)d r -i such terms, and a r -i,k-iDP 
(Xk(x) > tk) gives no more than d r -i terms. By (30.7) we find that 

dr < (r — l)d r _i + d ,—i = rd, —i. 

Note that di = 1 we get 

d r < r\. (30.23) 

Moreover by condition (30.2) of Theorem 30.1 

|l>* 1 P(A'i (x) > t 1 )...D ik P(X k (x) > 4)| < M k e~ a{tl+ -- +tk) . 

Together we have for k < r that 

|a r fc| < r \M k e~ a(tl+ - +tk) 
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and by (30.21) |a rr | < M r e ~“ ( ‘ 1+ - +t -\ therefore (30.9) holds. Q.E.D. ■ 

Lemma 30.4. Under the hypotheses of Theorem 30.1, there holds for large n 
that 




/(*) 


< (1 + a(*K(/, -L) + 2Ke l3A (p A (x)r, 


where (p A (x)) 2 = inf t >o E[e^ x ^ A - ) ] < 1. 

Proof. We get 


(30.24) 


Elfi&M)] _ /(*) 

< [ A 1/(0 - m I dP( Jsn(0 <t)+ \f(t) - f(x)\dP(±-Sn(x) < t ) 

Jo n J A n 

:=Ri + R2 , (30.25) 

Ai</ WA(/,|l-*|)dP(is n ( ; r)<t) 

Jo n 

<tu A (f, A=) [ (1 + Vn\t - x\)dP(—S„(x) < t) 
v n j 0 n 

< uj A (f, -2=)( 1 + y/n(S[(i5„(a;) - ®) 2 ]) 1/2 ) 
yn n 

= (1 + <7(se) W/, 2=) (30.26) 


and 


/*°° i 

i? 2 < 2K / e pt cLP(-S n {x) < t) 

J A n 

< 2K{E[e^ Sn(x) }) 1/2 {P(-S n (x) > A)) 1/2 . 

n 

Furthermore, Theorem 1 of [132] (see also [205, Lemma 3]) leads to 
P(is„0r) > A) < (p A (x)) 2n , 


where p A (x) is as in (30.24). At the same time Theorem 3.1 of [244] implies that 
2/3 „ , . oa 2 < 2 B) 2 ' 5 /* x( ^(a/ 2 ) 

S * PX ^ e LZ/ 2)-W >» (n > 4/3/q) ' (3 °- 27) 

Note here (cn/2) < 00 due to (30.2), and thus when 
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n > max{64/3'I'+. I .)(a/2)/e 2 a: 2 (A — x), 8 (3/a} we have 

E[e^ Sn(x) ] < e 20A . (30.28) 

Hence there holds for large n that 

R .2 < 2Ke 0A (p A {x)) n . (30.29) 

Now (30.24) follows from (30.25), (30.26) and (30.29) ■ 

The proof of Theorem 30.1 

In the case of r = 0 inequality (30.5) can be easily derived from Lemma 30.4. 
We thus suppose r > 1 in the following. 

By (30.6) of Lemma 30.2 there hold 


D r F n (f, x) - f M (x) 


D r E[f{ ^M )] _ f (r) {x) 


. (n)r 


[ ■■■ [ f (r) ( tl + "' + tn )arr . 1 dP ( X j( x ) < tj) - f (r) (x) 

Jo Jo n AAi =i 


£ r~ /°°/ (fc) (^±^)a rfc n fe ^ir d p ( x A-)< tj ) 

+ 0 n Jo Jo n li '=i ±±j=k+ 1 


+ 



f (r \x) 


■—It + I2 + Is- 


(30.30) 


First we treat 


h = 


( n)r 


J 0 - j 0 /M( 1 n r+ n t )° rr II i=1 d ^ ( 30 - :U ) 


r+1 


XdP( - Sn-r(x) <t)~ f {r \x) 

n — r 


(308) (n) r 
n r 


[ ... [ (/ W ( - + "' tr + - f M {x))a r rYT_ dti 

Jo Jo n n z — 1 


r+1 


XdP{ - S n - r (x) < 1) 

n — r 
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( 30 . 9 ) r°° 

< / .. 

poo 

Jo 

f(r) ti + ...t r + n r {r) 

Jo 


n n 




r+1 

X dP( - -- S n -r(x) < t) 

n — r 


oo p oo 


to JO 
l 


/ w ( 


s n — r 


t)~f 


( r) 


M r e 


1 n rr r — 1 — as i 

Ms e as 


nLx du 


(r- 1)! 


x dP( - Sn-r(x) < t ), (let ti + ... + t r = s and U = U for i < r) 

n — r 

A-\-x (A — x)n A-\-x 

r—t~ r — 2 — r—t~ r°° /°° r°° 

= / / • + / / • + / / . =: 7n + 7i2 + 7 13 . 

Jo Jo Jo J (A-x\n_ J A±x_ J 0 


We obtain 

7ii <c^(/ w ,X) 

1 


oo poo 


{! + ^ ^ 

<o Jo Ann (r — 1 )! 


X dsdP( - Sn-r(x) < t), (X > 0) 

n — r 


= ^4(/ (r \x){l + i£[ 


X 


1 + 


■E[\ 

\n — r 

_A 



S n -r{ X) - X 


1 ^ 

Xn \na 


y/n a^/n 


^ 2A7 r ^ (,.) 1 ^ 

< ——(! + v{x))u A {f K - r ), 

a r yjn 

for n > (2r*) 2 + (2r/a) 2 + 4r/3. Furthermore 


(30.32) 


7l2 < 

A+x 

f K (e^ +I3t + e Px )i 

'(A-x)n U 

2 

7o j 

< 

2 

p oo 

M r Ke 0A / s r_1 e _ 

1 (A-x)n 

J 2 

(r- 1)! 


. M r s r 1 e aB dsdP {—-— S n -r(x) < t) 

(r — 1)! n — r 

s, (n > 2/3/a). (30.33) 


Using inequality (see (3.6) of [244]) 


« r -! < ( 4(r 1) ) r ~ 1 e fs , (s > 0 ) 

ea 


it is straight forward to show that 


7i2 < Cpl, 

where C = 8M r Ke l3A (4:(r — l)/ea) r_1 / Q ( r — 1)! and pi = g-™^-*)/ 8 < 1. Thus 
when n is large enough there holds 

7i2 < ^-. (30.34) 
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Also it holds 


/13 < [ [ 2Ke^ +0t . 1 -,, M r s r - 1 e- as dsdP {—— S n - r (x) < t) 

Ja±lJ o (r-l)! n-r 


<-. — —T 77 KM r f s r 1 e 2S ds f e f3t dP( —-— S n - r {x)<t), (n > —) 

(r-1)! J 0 Ja±x n-r a 

< T+lKMr (E[e^ s ^»])h(P(^—S n - r (x) > ^)) i 


„ 2 r+1 KM r PA , 

< -e l/u+. (x)) 

a r 


when n is sufficiently large, which can be proved similarly as (30.29). Thus when 
n is large enough there holds 

7i a < Z- (30.35) 


2 n 


In summary we have for large n that 

9 A/f r 1 

7r<—(l+a(x)W/ W ,^) + -. 


(30.36) 


Next we are going to estimate 72. By (30.9) of Lemma 30.2 we have for k < r 
that 


p oo /* oo 

/ .../ / (fc) ( 

JO JO 


^ + "’ +f " Kt n fc i* ir l. ,, dp ( x A x ) < tj) 


p OO poo 1 

/ .../ (/ w (- 

JO JO 


r °° ■Ji + ... + *, + »^ t )_ /W (»^ 1 )) apfc 


fc+1 


x a_i dtidp ( , s n ~k{x) < t) 



f w { 


,ti + ... + tk , n — k , 


t)~ 


n — k 


n 


r\M e 




x J7 _ 1 dtidP ( —— Sn-k(x ) < t) 
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n c 

. 


j( fc )(£-_ Ilf) — (V 1 ^ 


t) 


r\M k 

W ^)I 


k — 1 — as 

s e 


x dsdP( - -S n -k(x) < t ) 

n — k 


< 


(by mean value theorem and (30.4)) 

< -KM k kr\(-) k+1 E[e^ Sn ~ k(x) ] < r\Ke l3A kM k (~) k+1 


when n > (32/3\P^ :( - a ,)(^)/Q 2 e 2 (A — x)) + (4f3/a) + r, similarly shown as (30.28). 
Therefore when n large enough there holds 


T — ]_ 

h < r\Ke f3A J2 k M k (-) k+1 ~. (30.37) 

k= 1 a 71 

Finally (cf. [208, p.27]), 

Is < r ±^±\f^( x )\ < r ±^Ke^ A . (30.38) 

In I I 2n 

Now (30.5) follows from (30.30) and (30.36)-(30.38). ■ 


30.4 Applications 

When specifying the underlying r.v.’s, the Feller operator (30.1) collapses to 
various concrete operators. We discuss four such operators in this section to 
demonstrate the applications of the general results. 

Example 30.5. (Bernstein operator) Let X(x) have the Bernoulli distribu¬ 
tion: 

P(X(x) = 1) = x, P( X(x) = 0) == 1 — x (0 < x < 1), 
then (30.1) becomes the Bernstein operator: 

s «(/> *)= it, /(^) (Y) ^4 - x y~ k - 

Furthermore for 0 < x < 1 

r i, t < o, 

P(X(x) > t) = < *, 0 < t < 1 

{ 0 , t > 1 , 

( 0, t < 0, 

DP(X(x) > t) = < 1, 0 < t < 1, 

I 0, t > 1, 
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and D'P(X(x) > t) = 0 (j > 2). By (30.6) of Lemma 30.2 we have 
I D r B n {f, x)-f {r) ‘ 


< 


(n)r 




X n r , dti n" dP ( x i( x ) ^ tj) - / W ( a 0 l+l ~~r - 1 / (r) 

J- -Lj =r -\-l 77/ 


<- 




/W (fl +...+ U) ,(r),x 

Jo 

Jo 

n 




+ 


r ( r - 1) y.(r) 


2 n 

(n)r f 1 f 1 f 1 
n r Jo '"Jo Jo 


/(r)( ti+ +t- + n-_r t) _ f(r){x) 


< 


xTT dudP {—— s/^Or) < t) + r(r 0 |/ (r) 

J -i=i n — r Zn I 


ti + ... + tr , n —r 

-1-1 — a: 


X IT r ,Sn-r(a!) < t) + r(7 l ^ |/ W 

AA i=i n — r 2n I 

.(n) 


<^ l( / (r) ,X) { l + ^ + £ + ±m^- r s^r{x) - *) 2 D 1/2 } 


+ 


r(r ~ 1 ) j,( r) 


2n 


.(n) 




r(l + x) yz(l - x)y/n 


\/n — r 


} 


r {r - 1) ^(r) 


2n 


(X = ^=) 


=(1 + + an)cJi(/ (r) ,^=) + ^ f (r \x) , 


where 


(n) r „ , (n) r \pn r-r--r (n) r r(l + x) „ , 

:= - 1 + v = - lWa:(l - *) + _ 1 -» 0, (n -> oo). 

n r v n r ^J n — - > V V I ^ v ’ 


rv \ n 
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I.e. 

I D r B„(f, x ) - / (r) (a:)| < (l + y/x(l - a:) + a„)wi(/ (r) , |/ (r) (*)| . 

I I yj Tl Zn I I 

For the simultaneous approximation by the Bernstein operator B n see [174], [208] 
and [222]. 


Example 30.6. (Szasz operator) Let X(x) follow the Poisson distribution: 


P(X(x) = k) = e ~ x —, (k = 0,1,2,...) 


then (30.1) becomes the Szasz operator: 


S n (f, *) = e— 


n k\ 


Furthermore we derive 

o° fc 

P(X(x)>t) = l-P(X(x)<t)=e~* Y, 

k=[t] + l 


and DP(X(x) > t) = x . From now on ‘[ ]’ will denote the integer part 

function. So by Leibniz’s formula we get 


D P(X(x) >t) = x 


ft] —a 

— J e 


E 

j=0 


k-A (- 1 )' 


I - J)! 


Now by Stirling’s formula we can find constants M and a > 0 such that (30.3) 
holds. 

Therefore by Theorem 30.1 we have 

I D r Sn(f, x) - f (r \x) I = 0(wa(/ W , -^=) + -), (n -> 00) 

I I V n 71 

for x and / in Theorem 30.1. 

The simultaneous approximation of the Szasz operator has been studied by 
many authors. One can find related expositions in [6], [121], [209], and the papers 
cited there. 


Example 30.7. (Baskakov operator) Let X(x) have the geometric distribu¬ 
tion: 


p ™ = fe ) = rb ( IT^’ (fc = 0 - 1 > 2 >- ) 
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then (30.1) becomes the (special) Baskakov operator (cf. [205] or [285]): 


K(f, *) = (i + z)“ n E /(£) (” + 1 1 

n=0 \ ) 


We have for 0 < x < A that 


OO 1 

k —[i] + l 


Also it holds 


\D k P(X{x) >t)\ = 


i =o 


E( fe )(^ [tl+i )^'(i+^- (Itl+1) 


3=0 


< E * (M + - 3 + 2 )x lt]+1 - j ([t] + l)...([t] + k - j)( 1 + *) 


— ([*]+!—j)— fc 


^ ( w + g (J) 

< 2 r ([t] + r) r ( ^ f° r a ll k <r. 


Now it is clear that there exist M and a > 0 such that (30.3) holds. By Theorem 
30.1, we have 

\D r B*(f, x) - f (r \x )| = 0(u} A (f (r \ -fe) + i), (n -> oo) 
for a: and / as in Theorem 30.1. 

Note that the simultaneous approximation of general Baskakov operators has 
been studied in [209]. 


Example 30.8. (Gamma operator) Let X(x) follow the exponential distribu¬ 
tion with density: 

g{v,x) = x~ 1 e~ v ^ x , v > 0, 0<a<a:<6<oo, 
then (30.1) becomes the Gamma operator: 

GM, X) -= ^ l fC-^e-^dv. 

Now 

r oo I 

P(X{x) >t) = -e~ v/x dv = e~ t,x 

Jt X 
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and it is easy to show that for k < r there exist bkj ’s such that 


D k P{X(x) > t ) 


< 


±- k «-'■ 

(r + l)max(|6fcj| ;k < r,j < fc)(max(6, l)) r r _i t 
(min (a, 1))^ e 


Thus we can find M and a > 0 satisfying (30.3) and by Theorem 30.1 there holds 

I D r G n (f, x ) - f (r \x) I = 0(uj A (f (r \ ~^=) + -), (n -> oo) 

I I yjn n 

for x and / as in Theorem 30.1. 
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31 

Global Smoothness Preservation and 
Uniform Convergence of Singular 
Integral Operators in the Fuzzy Sense 


In this chapter, we study the fuzzy global smoothness and fuzzy uniform con¬ 
vergence of fuzzy Picard, Gauss- Weierstrass and Poisson- Cauchy singular fuzzy 
integral operators to the fuzzy unit operator. These are given with rates involving 
the fuzzy modulus of continuity of a fuzzy derivative of the involved function. 
The established fuzzy Jackson type inequalities are tight, containing elegant con¬ 
stants, and they reflect the order of the fuzzy differentiability of the involved 
fuzzy function. This chapter is based on [55]. 


31.1 Fuzzy Real Analysis Background 

We use the following background 

Definition 31.1 (see [283]) Let p : R — > [0,1] with the following properties 

(i) is normal, i.e., 3a;o £ R; p{xo) = 1. 

(ii) p(Xx + (1 — A )y) > vam{p(x) p{y)} , Va;,t/ £ R, VA £ [0,1] (p is called a 
convex fuzzy subset). 

(iii) p is upper semicontinuous on R, i.e. \/xo £ R and Ve > 0, 3 neighborhood 
V(xo) ■ p{x) < n(xo) + e, Vx £ V(xo). 

(iv) The set supp(p) is compact in R (where supp(p) := {x £ R : p(x) > 0}). 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 487 1 oO l] 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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We call fi a fuzzy real number. Denote the set of all /r with Rjr. 

E.g., X{x 0 } ^ R.f, for any xo £ R, where X-{> 0 } is the characteristic function 
at xo- 

For 0 < r < 1 and /r £ R^r define 

[n] r := {x £ R : n(x) > r} 

and 

[p]° := {* £ R : fj,(x) > 0}. 

Then it is well known that for each r £ [0, 1], [/r] r is a closed and bounded 
interval of R ([172]). 

For u, v £ Rjr and A £ R, we define uniquely the sum u © v and the product 
A © u by 


[u ® v] r = [u] r + [u] r , [A © u] r = A[u] r , Vr € [0,1], 

where 

• [w] r + [v] r means the usual addition of two integrals (as subsets of R) and 

• A[u] r means the usual product between a scalar and a subset of R (see, e.g., 
[283]). 

Notice 1 © u = u and it holds 

u($v = v(Bu, A© u = uQ A. 

If 0 < n < V 2 < 1 then 


[wf 2 C [up. 

Actually [u] r = [m^T\ u+'], where u ^ < u+\ u^\ £ R, Vr £ [0,1]. 

For A > 0 one has \u± = (A © u)^ , respectively. 

Define D : R^r x Rjf —> R + by 


where 


D(u, v) 


f i ( r ) 
sup maxl|u_ 

re[o,i] *• 


,,Hi 




„(r)i 


[u] 7 = [w^, u^]; u, v £ Rjr. 

We have that D is a metric on R^r. 

Then (R t,D) is a complete metric space, see [283], [284]. 
Let /, <? : R —> Rjf. We define the distance 
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D*(f,g ) := sup D(f(x), g(x)). 

aiGR 

Here S* stands for fuzzy summation and 0 := X{o} £ Rjf is the neutral element 
with respect to ©, i.e., 


m©0 = 0©u = m, V-u £ Rjf. 

We need 

Remark 31.2 ([29]). Here r £ [0,1] x\ r \y^ £ R,i = 1,.... ? m £ N. Assume 
that 

sup max € R for i = 1,, m. 

r-e [o,i] ' ' 

Then one sees easily that 

( m m \ m 

*i r) .Evi r) ) ^ sup max ■ 

tl 7=1 J lo.i] v / 

Definition 31.3. Let / : R —> R^r, we define the fuzzy modulus of continuity 
of / by 


w[ :F) (f,8)= sup D(f(x), f(y)), 8 > 0. 

x,y£ R, \x — 

Note 31.4. For / : R — > Rjf, we use 

[fY = [/i°, /j r) ], 

where f±^ : R —> R, Vr £ [0,1]. 

Let g : R —> R, define 

wi(g,8)= sup \g(x) - g(y)\, 5 > 0. 

ce,i/£R, |ce—i/|<<5 

We need 

Proposition 31.5. Let / : R —> Rjr. Suppose that w[' F \f,S ), 
wi(f+\8) are finite for any 5 > 0, r £ [0,1]. 

Then 


«’X ) (/>< 5 )= SU P max{wi(/i r) ,<5), wi(/| r) ,5)}. 

re[0,l] 

Proof. By Proposition 1 of [37]. ■ 

We define by C^(R), the space of fuzzy uniformly continuous functions from 
R —> R^r, also Cjf(R) is the space of fuzzy continuous functions on R. 

We mention 
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Proposition 31.6([37]) Let / £ C7^(R). Then w[' F \f,5) < oo, for any 5 > 0. 

Proposition 31.7([37]) It holds 

lim w^ ) (/,<5) = w[ T \f, 0) = 0, 

o —>0 

iff /ec£(R). 

Proposition 31.8([37]) Let / £ Cjf(R). Then are equicontinuous with 
respect to r £ [0,1] over R, respectively in ±. 

Note 31.9 It is clear by Propositions 31.5, 31.7, that if / £ C7^(R), then 
£ Cxr(R) (uniformly continuous on R). 

We need 

Definition 31.10. Let x, y £ R^. If there exists z £ Rjf : x = y © z, then we 
call z the H-difference on x and y, denoted x — y. 

Definition 31.11([283]) Let T := \xo, xo + (3\ C R, with f3 > 0. A function 
f : T —* Rjr is H-differentiable at x £ T if there exists an f'{x) £ R^ such that 
the limits (with respect to D) 

lim fix + h)~ f(x) nm f(x) - f{x - h) 
h —► 0 -|- h h —► 0 -|- h 

exist and are equal to f'(x). 

We call f the H-derivative or fuzzy derivative of / at x. 

Above is supposed that the H-differences f(x + h) — f(x), f(x) — f(x — h) 
exist in R^r in an neighborhood of x. 

Definition 31.12. We denote by Cjf( R), N £ N, the space of all IV-times 
fuzzy continuously differentiable functions from R into R^f. 

Here higher order fuzzy derivatives are defined via Definition 31.11 in the 
obvious way, as in the ordinary real case. 

We mention 

Theorem 31.13 ([202]) Let / : [a, b] C R —> R^r be H-fuzzy differentiable, 
0 < r < 1, t £ [a, 6]. Clearly 

mr = m ( :\ m ?] c r. 

Then (/)£> are differentiable and 

if'itw = um^y, 

That is 

(f)¥ = ifi r) Y, Vr£ [0,1], 

Remark 31.14 ([35]) Let / £ C^(R), N > 1. Then by Theorem 31.13 we 
obtain £ C JV (R) and 

i/ (i) wr = [(/(i) w ) (,) , (/(f)V r) ) w i, 
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for i =t 0,l,2 ... ,N, and in particular we have 

(/«)« = (/«)«, 

for any r £ [0, 1]. 

For the definition of general fuzzy integral we follow [10] next. 

Definition 31.15. Let (O, E, /x) be a complete a-finite measure space. We call 
F : Q —> measurable iff V closed BCR the function F~ 1 (B) : Q —> [0,1] 

defined by 


F 1 (B)(w) := sup F(w)(x), all w £ S2 

x£B 


is measurable, see [206]. 

Theorem 31.16 ([206]) For F : fi —> Rjr, 


F{w ) = {(-F M (w)_, B| r '- ) (u;))j0 < r < 1}, 
the following are equivalent 

(1) F is measurable, 

(2) Vr € [0,1], F^\ F^ are measurable. 

Following [206], given that for each r £ [0,1], F^\ F^ are integrable we 
have that the parametrized representation 



is a fuzzy real number for each A £ E. 

The last fact leads to 

Definition 31.17 ([206]) A measurable function F : Q. —> 


R^, 


F(w) = {(B M ( w)-, f| r ^(ui))|0 < r < 1} 

is integrable if for each r £ [0, 1], F±^ are integrable, or equivalently, if F±^ are 
integrable. 

In this case, the fuzzy integral of F over A £ E is defined by 


J Bd M :=| (^J F^dfi, J 0<r<l|. 

By [206] F is integrable iff w —> ||B(io)||jf is real-valued integrable. 
Here 


||u||;f := D(u, 0), Vu € R^. 

We need also 

Theorem 31.18 ([206]) Let F,G : fi —> R^ be integrable. Then 
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(1) Let a, b € R, then aF + bG is integrable and for each A £ E, 


I, 


(aF + bG)dfj, = a f Fdfi + b f Gd+i; 

i J a JA 

(2) D(F, G ) is a real- valued integrable function and for each A £ E, 

d(^J Fd/i, J Gd/ij < J D(F,G)dfi. 


In particular, 


f Fdfi < [ \\F\\rd^. 
J A _ J A 


Above fM could be the Lebesgue measure, with all the basic properties valid 
here too. 

Remark 31.19. Basically here we have 


[ Fd/i 

ii 

i- 

£+ 

i 

P 3 

J A 

1 

L j A JA | 

(/ 

\ 

Fdfj, 

(r) 

) = [ F^dfi, 

\ J A 

/ 

"5 

3H 


Vr £ [0,1], respectively. 

Notation 31.20. In this chapter we define the fuzzy singular integral opera¬ 
tors: Picard P$, Gauss- Weierstrass , and the Poisson- Cauchy M{, f; > 0. 

Their real analogs are defined and denoted exactly the same way in [33], [81], 
[82], and we are motivated from there. 

Here their fuzzy or real versions for convenience are denoted with the same 
symbols P£, W£, M£, respectively. According to the context we understand if 
the operator on hand is fuzzy or real one. 

Related work was done in [31], 


31.2 Main Results 

Let / : R —> R^r be a fuzzy measurable function and consider the fuzzy 
Lebesgue integrals, 

1 _ M 

P$(f, x) := —Q J f(x + t)Qe e dt, (31.1) 
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£ > 0, x £ R, also consider 

:= —f= © f°° f( X + t)Qe~Tdt, 
\Ar? 4-00 


(31.2) 


MM '> " r(|)r°ri) 0 C /( * +1) 0 < 3L3 > 

a€N, /?> i. 

Here the gamma function is 

POO 

r(/3) = / e~V _1 df, p > 0. 

Jo 

We present the global smoothness preservation property 

Theorem 31.21. Let h > 0. Suppose w[' F \f,h) < oo; P^(f,x), W^(f,x), 


M((f,x) £ Rjf, then 



(i) 

w[ T) {Pif,h) < w[ r \f, h ) 

(31.4) 

(ii) 

h) < w[ T \f,h) 

(31.5) 

(iii) 

w[^{M e f,h) < w[ T) {f,h) 

(31.6) 

Proof, (i) Notice that 



D(F£(f,x),P£(f,y)) = 

1 ( (^ , 1*1 

2?^ V./ /( a: + t ) 0e S dt ’ J 

1 f(y + t)Qe e dt) 

— OO / 


-f 

2 £ J- 


D(f(x + t),f(y + t))e Tdt< 


^wf\f,\x - y\) J e l e'dt = u£ F) (/, |*- 2 /|), 


taking the supremum over all y : |® — j/| < h we prove the claim. 

Properties (ii), (iii) follow similarly. ■ 

Remark 31.22. We observe that (r € [0,1]) 


mf,x)Y = 


2£ 


/: 


f{x + t) © e T dt 


2C 


(/: 


L*/ — oo 

, x _i*i > (r) 
/(x + t) © e T" dt 


(/: 


. i*j 


/(x + t)0e « dt 


M 
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f_\x + t)e T dt, f f+\x + t)e T dt 

J — OO 

= [p^\x),paf ( +\x)]. 

I.e. we proved 

(P 5 (/,x))« = P € (/£ r) .*). (31-7) 

Vr € [0,1], Vx £ R. 

Similarly are valid 

(^(/))i r) = We(/£ r) ), (3i.8) 

(M ? (/))W = A/ 5 (/i r) ), (31.9) 

Vr £ [0,1]. 

Assumption 31.23. From now we suppose / £ C(f(R), with w[' F \f < - n \h) < 
oo, h > 0, n £ N. 

Assume further that P£(/, x), W£(f, x), Af£(/, x) £ R^, > 0, Vx £ R, 

w i t h /? > adZ. 

Here [-J denotes the integral part of the number. 

We give the following convergence results. 

Theorem 31.24. It holds 

(i) 



D(P^f,x),f(x)) < 


Ln/2j 

E D(/( 2m >(x), 0)e m 

m=l 


xeRi ?>0 . 

o 

(31.10) 


(ii) Assumin g P*(/ (2m) , 0) < oo, m = 1,..., L n /2J , we obtain 

[n/2j 

D*(p ( fj)< E D*(/ (2m) ,o^ 2m + ^rwr ) (/ (n) ,o, c>o. (3i.il) 


cm) 


D(Wdf,x),f(x))< E 


L ^ J D(d 2m \0) /A m 2e (n “ 1)/2 


(n - 1)!^ 


€ 


2(n + 1) 8 


I-V-J - 1 

n 

s=0 


(n - 2 - 2s) 


Mn — l + ““ Jf 
271 » = 0 


VT ^ Vr (n - 1 - 2s) 


(31.12) 
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\/x £ R, £ > 0. 
Here 


j, n — odd 


M„ = < n — even, 


(31.13) 


for n = 1, we put 


L«/2J-i 

n 


Assuming that D*(f^ 2rn \ 0) < oo, m = 1,..., \n/ 2J, we obtain 


ri* (II. , ,, , V 1 D (/ <2m, .°) 

( </,/) - £r, ml UJ + MV? 


2(n + 1) 8 




tn+I) n 


(n — 2 — 2s) 


(31.14) 


1 n' »r (/<■>,«), 


ve > o. 


D(f^(x), o) r (22±i)r(/3- 2 f± i ) i 


( 2 ™) ! r(i)r(/3-i) 


(n-l)!r(A.)r(/3- A.) (n + l)n ^2aj V 2a ) + 


_L r ( !i±I^ r (V H+I^ +1 r (-H 

2 n 2 a V 2a 8 V2o 




V* G R, £ > 0. 

Assuming that D*(f^ 2rn \ 0) <oo, m = 1,..., |n/2j, we get 


(31.15) 


D*(M ( fj)< y 


D (f (2m) , o) r(M)r(/?-M) 


r (^) r (/3-^) 


Pitfie 7fco£4cMia£icaZ P/tyliel 



496 31. Fuzzy Global Smoothness and Uniform Convergence 


— r 

2 n 


ve > o. 


(n-l)!F(£)r (/?-£) 

n + 1 


(n + l)n 


2 a 


F B 


- + I r ( — 

2a 8 V 2a 


n + 2 
2 a 

t(b- 


r B- 


n + 2 
2 a 


(»-s) 


«^(/ (n) ,o 

(31.16) 


Proof, (i) We notice that 


D(Pdf, *)>/(*)) = |upmax{| (A(/.a:))- ) -/- ) (®) |, | (Pdf,x)) ( +-f +’(*)|} 

= sup max 11 (/i r) , a) - /i r) (x) |, | P ( (/j r) , x) - /| r) (x) 1} 

(by Proposition 1 of [33], see there (51)) 



E ^ 2m s yP i] max 11 (/ (2m) (*)) ( _ } |, | (7 (2m) (x)) ^ 5 11 

+ y C sup^j max ^ wi ((/ (n) )L r) , c) ,®i ((/ (n) )+ ) -C) j = 

L n/2J _ ,q 

m=l 

proving the claim. 

(iii) Proved as in (i) now using Proposition 1 of [81], see there (52). 

(v) Proved as in (i) by using Proposition 1 of [82], see there (62). ■ 
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Remark 31.25. As £ —> 0 from (i), (iii), (v) we derive that 


D(P£(f,x),f(x))^0, n€ N; 
D(Waf,x),f(x))^ 0, d£N - {1}; 
D{MZ{f,x),f(x))^ 0, n€ N. 

Also by assuming D* 0) < oo, m = 1,..., \n/2\ we obtain 


D* (P£f, f) —> 0, neN; 

D*(WU,f)^ 0, neN-{l}; 

0, neN. 

We give 

Corollary 31.26. (n = 2 case) 

It holds 

(i) 

D(Ps(f,x),f(x))<e ^D(f'(x),0) + fw[ :F \f",0^ , (31.17) 

ieR, £ > o. 

(ii) when D*(f", 0) < oo, we get 

D*(Pef,f)<? (z)*(/",0) + y W r ) (/",o) , £>0. (31.18) 

(iii) 


D(W e (f,x),f(x)) < D(f"(x), 0) (0 + W r ) (/",0 



ieR, £ > o. 

(iv) when 0) < oo, we find 



(31.19) 


(W € />/) < £>*(/", 0) 




5>0. 

(31.20) 
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(v) 


*),/(»)) < 


r (*) r (/3-*) 


0) / 3 




- r r (0 - +- r (—) r (0 - — ) +- r ^ r (0 - - ' 

6 \aj \ a 4 \ 2 a V 2a I 8 \aj \ 


Mx £ R, VC > 0. 

(vi) when D*(f"(x), 0) < oo, we get 


(31.21) 


D* < 


r(*)r<„- *)1 ^ T 0d r ("- £) * 


1 r (1) r 1) + 1 r (±) r („-±) + i r (i) r („- i'; 

o V a / \ 


a / 4 V 2a 


VC > 0. 

Corollary 31.27. (n = 1 case) 

It holds 


2a / 8 \a 


(31.22) 


(i) 

(ii) 

(ill) 


D(P e (f,x),f(x))<f(wF>(f',(), Vx £ R, VC > 0. 


D* (Pef,f)<Y CwJ’V.O. ve>0. 


(31.23) 

(31.24) 


D(Wdf,x),f(x))<w[ T \f',0 


(iv) 


1 1 t 

4 + 8 i + 2 V ^ 


i + s) + W! 


V* G R, VC > 0. 

(31.25) 


D* {W^f,f)<w ( f\f,0 

If f' £ C'^(R), then as C ~> 0, we obtain 

D m(f, x)J(x)) -> 0, D * (IRC/, /) - 0. 


VC > 0. (31.26) 
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( v ) 

rM.W.*)./(.»< r(A)r ^_ A) 



v* e R, vc > o. 




AT) 




(31.27) 


(Vi) 



vc > o. 


D(Ucf-f)< 


e 



( 1 1 

i ( 1 M 

r — 

r (/3- 

V 2a; 

V 2a, / 


AT) 




(31.28) 


Next we cover case of n = 0. 
We make 

Remark 31.28. 

We have 


_L f°° 

2Ci-oo 

i r° 

0Fc./v 


e Tdt 


'^Tdt 


1, 

= 1 , 


and 

r(/3) a C 2 ^' 1 /'°° dt 

r(^)r(/3- £) (i 2 “ + C 2 “)' 3 

a <= N, /3 > 2^-; C > 0. 

Put 


(31.29) 


1 1*1 

*i,e(t) : =^ e " x - 

l t 2 

^2, € (*) :=^=e-X, 

. rQ9) a C 2 ^- 1 1 , pR ni o m 

3,? ' r (£) r (/? - £) ' (t 2 “ + c 2 “)^ ’ ( } 

Here let / £ Ccf(R) which is fuzzy bounded. 

Set 

£i,{ = ^2,? = He, 1-3,e = Ale: C > 0. (31.31) 
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So we have the fuzzy Lebesgue integrals 


iAf’ x ) = J 


f(x + f) © K j}( (t)dt, 


(31.32) 


with the real integrals 


Kj^(t)dt = 1, all j = 1, 2, 3, V* € R. 


Notice that (r £ [0,1]) 


If (AY = [f(x)Y\ /(*)«] 


/ oo /* oo 

(f(x))- ] Kj^(t)dt, / (/(*))« K j:( (t)dt 

-OO -J — oo 

/ ” oo /* oo 

(/(*)© dt, / (f{x)QK jt( (t))^ ) dt 

-OO J — oo 

■ f' oo 1 r 

= / /(*) © Kj^(t)dt . 

.J —oo 


Therefore 


Hence we have 


/ OO 

/(*) © Kj^(t)dt. 

-OO 


(31.33) 


a oo /* OO \ 

f(x + t)QK j}i (t)dt, / f(x)QK j}( (t)dt) < 

-oo «/ — oo / 

/ oo /* oo 

D (f(x + t),f(x)) K j}( (t)dt < / |*|) K j}( (t)dt = 

-oo J —oo 


(for j = 1,3 we have next) 


J w[ T> K jti (t)dt< 


(by [37], Proposition 2-(3)) 


^(fA) J (i + y) K iAt) dt = w[ T \f,0 1 + j j |t| Kj,({t)dt . 


We have proved so far that 


D ( L i,i (/.*)./(*))< 4 ’(/. 


4 +tr 


t Kj^{t)dt 


(31.34) 
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for j = 1,3. 

Similarly one establishes that 


D (L 2 ^(f,x),f(x)) < w[ r) (f, VC) 
We see that 


1 + 


v? 


f 


t K 2 ^(t)dt 


5 

2 

7! 


t K\^{t)dt = 1, 


f 

poo 

/ t K 2 ,z(t)dt = 

Jo 


1 


2 r 

do 


1 , r(i)r(/i-i) 

t KsAOdt = Tv P > -> « e N. 


1 


We have proved 

Theorem 31.29. Let / £ Cjf(R) which is fuzzy bounded. Then (£ > 0) 


(31.35) 

(31.36) 

(31.37) 

(31.38) 


(i) 

(ii) 

(in) 


D*(P ( f,f)<2w[ :F \f,0, (31-39) 

D * (W ( fJ) < (l + 7=) w[ T \f, V~0, (31-40) 


D* < ( 1 + /? > i a £ N. 

(31.41) 

Given that also / £ C7^(R), as £ —> 0, we get D* (P^f, f) —> 0, D* (Wj/, /) —> 
0 and D* f) —* 0, with rates. 
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32 

Real Approximations Transferred to 
Vectorial and Fuzzy Setting 


Here we transfer basic real approximations to corresponding vectorial and fuzzy 
setting of: Bernstein polynomials, Bernstein-Durrmeyer operators, genuine 
Bernstein-Durrmeyer operators, Stancu type operators and special Stancu op¬ 
erators. These are convergences to the unit operator with rates. We also give the 
convergence with rates to zero of the difference of genuine Bernstein-Durrmeyer 
and special Stancu operators. All approximations involve Jackson type inequali¬ 
ties and moduli of smoothness of various orders. In order to transfer we develop 
basic and important general results at the vectorial and fuzzy level. Our tech¬ 
nique goes from real to vectorial and then to fuzzy setting. This chapter is based 
on [58]. 


32.1 Results 

Let (X, |[-||) be a normed vector space over K, where K = R. or K = C. Similar 
to the real case we give the following 

Definition 32.1. (see also [166]) For / : [0,1] — > X we define the first 
modulus of continuity 

wi (f,S) = sup{||/(v) - /(u)||; u,v £ [0,1], |v-u|<<5}, (32.1) 

and the second Ditzian-Totik modulus of smoothness 

CM) = sup{sup{||/(x + /i<p (x)) - 2/ (x) + f(x - hep 0))|| ; 
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x£l 2 , h }, h£[0,S]}, (32.2) 

where I 2 ,h = j^\ > T (*) = V* (1 - *), 0 < <5 < 1. 

We need 

Theorem 32.2. ([232], [166]) Let (AT, ||• ||) be a normed space over K , where 
K = R or C and denote by X* = { x* : A' —> K\ x* is linear and continuous} . 
Here |||**||| = sup{|** (*)| : ||*|| = 1} . 

||a;|| = sup{|** (*)| ; ** £ A*, |||**||| < 1} • (32.3) 


We need 

Definition 32.3. Let continuous function / : [0, 1] —♦ A'. The vectorial 
Bernstein-Durrmeyer operators are defined by 

n 

Dn if, *) g= (n + 1) ^ Pn,k {x) / f(t)p n ,k(t)dt, (32.4) 

k =0 1 '° 

0 < k < n, Pn,k (x) = ^ ^ x k (1 - x) n ~ k , x £ [0, 1] . 

Here the integral g ( t ) dt ( g : [0,1] —> A') is defined as the limit for m —> 

m 

oo in the norm ||-|| of all (usual) Riemann sums JO (*i+ 1 — *0 f (CO • 

Put ll/lloo = SU P (11/ (*)ll ; * e [0,1]} - 
We present 

Theorem 32.4. Let f : [0,1] —> X continuous. Then there are universal 
constants ci, c 2 > 0 such that 

a (" ? ( / ’0r) + "‘ (/0)) 

< im - /IL < c 2 (W (/, + u,i (/, £)) . (32.5) 

Proof. By [177], [178], we have for g £ C([0, 1]) that 

C1 ( W "( 5 ’^) +Wl ( S ’n))- 
II A, ( g ) - 9 \L < C2 (u;? (<?, ^=) + 0,1 ( 5 , i)) , 

here is the real Bernstein-Durrmeyer operators (when A' = R). 
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Let x* £ A'* be fixed with ||x*|| < 1. Then g = x* o f : [0,1] —» R is 
continuous. 

Therefore 


Cl ( ( x* o /, ) + Wl ( x* o /, - ) ) < 


II D n (X* O f)-X* O fW^ < C2 ^X* O /, -Lj + Wi ^X* O /, . 

Because x* is linear and continuous, it commutes with and integral f, and 
therefore 

D n (x* o /) (x) - x* o f (x) = x* (Dnf (x) - / (x)). 

Also, since 

wi = sup{|x* (f(v) - /(«))|; v,u£ [0,1], 


\v~ u\ < - < sup {|||x*|| | ■ ||/ (v) -/(w)||; 


v, u £ [0,1], |v - w| < - \ < UJI /, - 


that is 

1 


wi I g, - ) < wi I /, 


Also we have 


^2 ( 9, ) = sup {sup {|x* (/ (x + V 0)) - 2/ (x) + f(x-h<fi (x)))| ; 


x £ I 2 ,/i} , h £ 


o,- 


< sup {sup {| ||x* III ■ 11/(x + %>(x)) - 2/ (x) 


+/ (x - hip (x)) || ; x £ I 2 ,h} , h £ 


°’ 


< W 2 ( /, -7= ) • 


I.e. 


wH S) < utf /, -H . 


Therefore 


|x* (T>n (/) (x)-/(x))| <c 2 fu>% +tJ i (/. ^)) > 
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hence 

sup^ \x* (££ (/)(*)- f{x ))| <c 2 + ^i (/>^)) i 

llf** € |N<i 


and by Theorem 32.2 we obtain 

\\ D n (.f) (x) ~ f {x)\\ < c 2 + w i (/. ^)) . 

V* € [0,1], that is 

\\Dl </)- /|U <«(“?(/• + *» (/•;))■ 

We also have 

C1 (^(^°/^)+- 1 


sup {|a;* (£>" (/) (a:) - / (*))|; a: € [0,1]} < 
sup {|||a;* || | ■ \\D”(f)(x) - f (x)\\ ; *€ [0,1]} 

<1 \D v n (/)-/IL- 


Next, for any x G J 2 ,h, h G |^0, G [0,1] with |v — u\ < we have 

Cl \x* (/ (x + hip (x)) - 2/ (*) + 
f (x — hp (*))| + \x* {f (v) - f («))|) < 
ci (u]% (x* o f, +wi (x* o /, < ||D” (/) - f\\ x . 

Therefore 

ci sup {\x* (f (x +h<p(x))-2f (x) + f (x-hip(x)))\} 
x*ex* 

| 11 X * 11 | < 1 

<\\D V n (/)-/|U, 

also it holds 


ci sup (I** (/ (v) - f (it))|> < ||T>n (/) - /IIoo ■ 
:r*eX* 
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Consequently by Theorem 32.2 we derive 

ci || f(x + hip (a:)) - 2/ (x) + f (x - hip (*))|| 

< Pn/-/IL» 

and 

Cl IIJ»-/(u)|| < |Pn/-/lloc- 

The last imply 

T +UJl (/’n)) ~ 

finishing the proof of the theorem. ■ 

We make 

Remark 32.5. Let us recall a few facts concerning fuzzy-number valued 
functions. 

Given a set X ^ 0, a fuzzy subset of A' is a mapping u : X —> [0, 1] and 
obviously any classical subset A of A' can be considered as a fuzzy subset of A' 
defined by Xa : A — ♦ [0,1], Xa (x) = 1, if x € A, Xa (x) = 0 if x £ A\A (see 
e.g. [287]). 

Let us denote by R;f the class of fuzzy subsets of real axis R (i.e. u : R —> 
[0,1]), satisfying the following properties: 

(i) Vu £ Rjr, u is normal i.e. 3x u £ R with u (x u ) = 1; 

(ii) Vm £ Rjr, u is convex fuzzy set (i.e. u (tx + (1 — t) y) > min {m (x) , u (y)} , 
Vt € [0,1], x,y £ R); 

(iii) Vm £ R^, u is upper semi-continuous on R; 

(iv) {x £ R : u (a:) > 0} is compact, where A denotes the closure of A. 

Then R^r is called the space of fuzzy real numbers (see e.g. [149]). 

Obviously R C Rj^, because any real number xo £ R, can be described as the 

fuzzy number whose value is 1 for x = xo and 0 otherwise. 

For 0 < r < 1 and u £ R^ define [u] r = {* £ R; u (*) > r} and [m]° = 
{x £ R; u (x) > 0}. 

Then it is well known that for each r £ [0,1], [-u] r is a bounded closed interval. 
For m, v £ R^ and A £ R, we have the sum u © v and the product A © u defined 
by [it © v] r = [ u] r + [M] r , [A © u] r = A [ u] r , Vr £ [0,1], where [it] r + [u] r means 
the usual addition of two intervals (as subsets of R) and A [it] r means the usual 
product between a scalar and a subset of R (see e.g. [149], [283]). 

Define D : Rjr x R^r —> R + U {0} by 

D(u,v)= sup max{|u!) — vli|, |wlj_ — v+|} , (32.6) 

r€[0,l] 

where [u\ r = [u r _,u 7 + .\ , [«]’’ = [v r _,v r + \. 

The following properties are known ([149]): 
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D (u © w, v © w) = D ( u , v), Vu, v, w £ 

D (k © u, k © v) = |fc| D ( u , v), Vm, v £ Rjf, Vfc € R; 

D (u © v, w © e) < D (u,w) + D ( v , e), Vm, v, w, e £ R^ and (Rjr, D) is a com¬ 
plete metric space. 

Also, we need the following Riemann integral, as particular case of the Hen- 
stock integral introduced by [283]. 

A function / : [a, b] —> R^, [a, 6] C R is called Riemann integrable on [a, 6], 
if there exists I £ R;f, with the property: Ve > 0, 3<5 > 0, such that for any 
division of [a, 6], d : a = xo < ■ ■ ■ < x„ = b of norm v ( d ) < 8, and for any points 
& £ [xi, Xi+ 1 ], i = 0, n — 1, we have 

D ^ f (&) 0 ( Xi + 1 “ *0 > < e - 

where ^2* means sum with respect to ©. Then we denote 7 = (FR) j^ f ( x) dx. 


An important result for our reasonings will be the following known result. 

Theorem 32.6. (see e.g. [283]) R^, can be embedded in B = C ([0,1]) x 
C([0,1]), where (7 ([0,1]) is the class of all real valued bounded functions f : 
[0,1] —> R such that f is left continuous for any x £ (0, 1] , / has right 
limit for any x £ [0,1) and f is right continuous at 0. With the norm ||-|| = 
sup^gp y |/ (a;)|, C ([0,1[) is a Banach space. Denote ||• || s the usual product norm 
i.e. ||(/,g)||g = max{||/|| , ||<j||}. Let us denote the embedding by j : R^r —> B, 
j (m) = (m_,m+) . Then j (R^) is a closed convex cone in B and j satisfies the 
following properties: 

(i) j (s © m © t © v) = s ■ j (m) + t ■ j (v) for all u,v £ R^, and s, t > 0 (here 
and ”+” denote the scalar multiplication and addition in 9); 

(ii) D (u,v) = || j (m) — j (u)|| B (i.e. j embeds R^ in B isometrically and iso- 
morphically). 

Let f : [0,1] —> R^ fuzzy continuous, we define the fuzzy Bernstein-Durrmeyer 
operators as 


n -! 

F>n if,x) = (n + 1) ^ p n ,fc (x) © (FR) / f (t) Q p n ,k (t) dt, (32.7) 

k=0 0 

the integral {FR) f ( t ) dt is defined as the limit for m —» oo in the distance 

m 

D, of all the usual fuzzy Riemann sums * {xi+i — Xi) © / (£;) (here the sums 

i =o 

are with respect to operation ®). 

Also, let us define the following fuzzy moduli of continuity of f : 

u[ T) (/, S) = sup {D (/ (x + h),f (x )); 
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x, x + he [0,1], 0<h<6}, (32.8) 

and 

J 2 r)v (/, 5) = sup {D (/ (x + hip (x)) ®f(x- hip (x)) ,2 © / (x)); 

x, x ± hip (x) € [0,1]} , ip (x) = \Jx (1 — x). (32.9) 

We give 

Theorem 32.7. Let f : [0,1] —> be fuzzy continuous. Then there exist 

universal constants ci, C 2 > 0 such that Vn £ N we have 

sup | D (/) (x), f (x)'j ; x € [0,1] j < 

M (“ rv ( / '^) + " r ’( / ^)) (32 ' 10) 

Proof. Define g : [0,1] —♦ X by g (x) = j (/ (x)) , x € [0,1], where i is 
given by Theorem 32.6 and X = C ([0,1]) x C ([0,1]) endowed with the norm in 
Theorem 32.6, denoted by ||-|| B . By Theorem 32.6, (ii), we see that 

\\g {x + h) - g (x)\\ = \\j{f{x + h))-j (/(x)) || 

= D(f(x + h),f(x)), 

also 

\\g (x + hip (x)) +g{x-hp (x)) - 2 g (x)|| = 

Hi (/ (* + hip (x)) ®f(x-hip (x))) - j (2 © / (x))|| 

= D (f (x + hip (x)) © f (x-hip (x)) ,20/ (x)), 

which imply 

wi (g,S) = uj ( { F) ( f,6 ), 

and 

^2 (flS <5) = (/, <5), V<5 > 0. 

Because j is linear over the positive scalars and j commutes with the fuzzy 
integral, we get 

D n id) (x) = j (-Dn (/) (x) j , 

and furthermore 

\\ D n{g) {x) — g (x)|| = ||i (d$ {f) (x)) -i(/(x))|| s 
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= d((d* (/)) (*),/(*)). 

Since / and j are continuous we get that g is continuous. 

Hence by Theorem 32.4 we have 

C1 ( W "( 5 ’^) +Wl ( 5 ’n))- 

\\D v n g-g\L <02^(9,-^+^ (<?,£)), 
the last proves the theorem. ■ 

We use 

Definition 32.8. Let / £ C ([0,1]), we define 

UJ 2 (/, ft) = sup 11 / (m) - 2/ (yy) +f(v )| , (32.11) 

u, v £ [ 0 , 1] , |u — v| < 2 h} , h > 0 . 

Let / € C ([0,1] , X), (A', ||-ID normed vector space, we also define 

^2 (f,h) = sup 11|/ (u) - 2/ (yy) + /(v)|| , (32.12) 

u, v £ [0, 1] , \u — v| < 2 h} , h > 0. 

Let / € C ([0,1] , R;f) , we further define 

W 2 70 (/, ft) = sup |l> (/ (m) ® / (v ), 2 © / (yy )) > 

u,»€[0,l], |u-v| <2ft}, /i>0. (32.13) 


We make 

Remark 32.9. Let / £ C ([0, 1] , A), ** € A'*, with |||a;*||| < 1, then g = 
x* o f : [0,1] —» R is continuous. 

We observe 

^2 {g, ft) = u >2 (x* o /, h) = 
sup j]®* (/(u) - 2/ (yy) + / 0’)) | > 
u, v £ [0,1], \u — v\ < 2h} < 
sup 11II®* II ■ ||/(w) - 2 / (-y—) +/(u)|| , 
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u, v € [0,1], |« — u| < 2 h} < 
sup{||/(u) -2/ (yy) +/(«)||, 
u, v £ [0, 1] , | u- v| < 2 h} = u >2 (/, h). 

That is, we got that 

u >2 (x* of,h) < 0L>2 (/, h) , h > 0. (32.14) 

Next, let X = C ([0, l]) 2 and j as in Theorem 32.6. 

Let / € C ([0,1] , Rjr), and consider g (x) = j (/ (x )), x £ [0,1] , i.e. g £ 
C([0,1],X). 

By Theorem 32.6, (ii), we observe that 

||s («) - 2 g (yy) + 9 (w)| = 

||i (/(m) ©/(«)) -j ( 20 / (yy))|| B = 

I) (/(«) 3/(r):2f/(^)). 

which implies 

wa U ° /> h) m (/, h),h> 0. (32.15) 

We use 

Definition 32.10. Let f £ C([0,1]), we define the Bernstein polynomial 
operators, 

Bn (/, x) = ^2 p n ,k (x)f(-j, *€[0,1], (32.16) 

k =0 \ n J 

where 

£ j x k (1 - x) n ~ k , n£ N. 

Let f £ C ([0,1] , X ), (X, H'll) normed vector space. We define also the vectorial 
Bernstein operators, 

Bn (f,x) = ^2p n ,k (*)/(“)> * € [0, !], n£ N. (32.17) 

k =0 \ n J 

Let / € C([0,1] , Rjf), we define further the fuzzy Bernstein operators 

Bn if, x) = *Pn,fc (*)©/(-) j * G [0,1], n £ N. (32.18) 

\ n J 


Pn,k (*) = 


J^iLfLCL P/tyliel 




512 32. Real Approximations Transferred to Vectorial and Fuzzy Setting 


We make 

Remark 32.11. Let x* £ A'*, f £ C ([0,1] , X) . 
Then 


Bn (x* O /) ( X ) -x* O f(x) = x* (Bl (/) (x) - f (*)). (32.19) 

Let j as in Theorem 32.6 and f £ C ([0,1], R^). 

Then 

II(-Bn (*) - (j°f) (*)ll = \\j [ B n T) (/) (*)) ~j (/(*))||^ = 

(32.20) 


We mention the celebrated major result 

Theorem 32.12. ([239], p.97) For f £ C ([0,1]) , n £ N, we have 

l|S„(/)-/|| 00 < W2 (/,-^) , (32.21) 

a sharp inequality. 


We present 

Theorem 32.13. For f £ C ([0,1], X ), (A, ||-||) a normed vector space, n £ N, 
we have 

sup \\(BZf) (x) - f {x)\\ < U 2 (f, ~^=] ■ (32.22) 

are [0,1] V V n / 

Proof. Let x* £ X* be fixed with |||a;*||| < 1. Then x* o f £ C([0,1]) and by 
(32.21) and (32.14) we have 


II B n (X* O f) -X* O f <U2\X*of 




That is 


Thus 


\x* ((Blf ) (x) - f (z))| < ( /, -7= ) , v* 6 [0,1] . 


sup \x* ((B„f) (x) - f (*))| < ^2 /, —j= , V* € [0,1] . 
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By Theorem 32.2 we derive 

II (Kf) (*) - /(*)|| < ^2 (/, , 

Vx £ [0,1] , proving the claim. ■ 

Next we give 

Theorem 32.14. For f £ C ([0,1], Rr), n £ N, we have 

sup D ( (bZ /) (*), / (*)) < Jp (/, . (32.23) 


Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.13 and (32.15) 
we obtain 

sup ||(K (, j o /)) (x) - ( j o /) (a:)|| < u >2 (j o f, -2=) 

are[0,l] V V n / 

= < 32 - 24 > 

Clearly from (32.20) and (32.24) we get (32.23). ■ 


We need 

Definition 32.15. ([239], p.151) Let f £ C ([0,1]) , n £ N. We define the 
Durrmeyer type operators (the genuine Bernstein-Durrmeyer operators) 

M- 1 ’" 1 (/, x) = f (0) (1 - x) n + / (1) x n + 


(n 


«-! r 1 

l)y2p n ,k(x) f {t) Pn-2,k-l (t) dt. 

u-i JO 


(32.25) 


Similarly we define 

Definition 32.16. Let / € C ([0, 1],A”), where (X, ||-||) a normed vector 
space. 

We define 

(/, x) = f (0) (1 -x) n + f (1) x n + 

n-l .! 

(n - 1) Pn,k (x) / f (t) p n - 2 t k-i (t) dt. (32.26) 

Jo 


Definition 32.17. Let f £ C ([0,1], R^). 
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We define 




(/, x) = f (0) © (1 - x) n ® / (1) © x" 


" — 1 r 1 

(n-l)©y] *Pn,k ( x ) 0 (FR) I f (t) © p n -2,k-i (t) dt. (32.27) 

k =i Jo 


We use 

Theorem 32.18. ([239], p.155) For f £ C ([0,1]) , n £ N, we have 


\M~ 




. 5 

< -u 2 


f, 


\7nTT 


(32.28) 


We make 

Remark 32.19. Let x* £ A'*, f £ C ([0,1] , X) . 

Then 

(x* o /) (x) - x* o f (x) = x* ("If' 1 ' 1 (/) (x) - / (x)) . (32.29) 

Let j as in Theorem 32.6 and f £ C ([0,1], R^). 

Then 

|| ("M„ _lrl ( j o /)) (x) - ( j o f) (x)|| = 

| j ’ _1 (/) (x)) - j (/ (*))|| e = 

D ( («A/" 1 '- 1 (/)) (x), / (x)) . (32.30) 

We present 

Theorem 32.20. For f £ C ([0, 1], X ), (A, ||-||) a normed vector space, n £ N, 
we have 

sup \\( v M- 1 ’- 1 f) (x) - f (x)\\ < ju >2 (f , J-— ) • (32.31) 

*6(0,1] 4 V V«+l/ 


Proof. Let x* £ A'* be fixed with |||x*||| < 1. Then x* o f £ C ([0,1]) and by 
(32.28) and (32.14) we have 


\M~ 


(X* 0 f )- X *0 f || < T^2 x* ° / 


Vn+ 1 


< /, 


y/n + 1 
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That is 

k* (/)) (x) - /(x)| < (/, > 

Vx £ [0,1] . 

Thus 

BUP. k* CM- 1 ’- 1 (/)) (x) - / (x)| < (f, -J=f) > 


Vx € [0,1] . 

By Theorem 32.2 we derive 

II (X lr1 /) (*)-/(*)|| < |wa (/>y=j=) - 
Vx £ [0,1] , proving the claim. ■ 

Next we present 

Theorem 32.21. For f £ C ([0,1] , Rjf) , n £ N, we have 

sup D ((^M" 1 '- 1 /) (x), / (x)) < (/, —==) • (32.32) 


Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.20 and (32.15) 
we obtain 

sup IK' A/„ i '" 1 (j o /)) (x) - (j o f) (x)|| < 


x6[0,l] 


5 v (■ t 1 \ o (jt) 

I“( W '^?(^v^TT 


1 


(32.33) 


Clearly from (32.30) and (32.33) we get (32.32). 


We need 

Definition 32.22. ([175]) For f £ C ([0,1 ]) , m £ N, and 0 < (3 < 7 , we define 
the Stancu-type positive linear operators 

£ 7> /) (x) = X) / ( (x), (32.34) 

\ / fc=0 + 7 / 


x G [0,1], (x) = 


x fc (1 — x) r ‘ 


We also give 
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Definition 32.23. For / £ C ([0,1] , A), (A', ||-||) a normed vector space, 
m £ N, and 0 < /? < 7 , we define 

m , . „ v 

(" i !o 7> /) (*) = !]/ Prn - k ^ > (32 - 35) 

* £ [ 0 , 1 ] . 

Definition 32.24. Let / £ C ([0,1], R^), m £ N, 0 < (3 < 7 , we define 

( ?i m0 7> /) (®) = Y^*f ®Pm,k{x) i (32.36) 

fc =0 ' 

a: £ [ 0 , 1 ] . 


We use 

Theorem 32.25. (Gonska and Meier [175]) For f £ (7 ([0,1]), h > 0, 0 < 
(3 < 7 , m £ N, and x £ [0,1] it ZioMs 

|( L m0 7> /) (*)-/(*) | < 


3 + max {h 2 ,1} 


(( 7 s — m) a : 2 + mx + f3 2 ) 

(m + 7) 2 


w 2 (/, h) 


+ 2 J^ max {/i \ 1 } wi (/, ft.) ■ 

(m + 7 ) 


(32.37) 


We obtain 

Corollary 32.26. For N 9m > [ 7 s ] ([•] is the ceiling), / £ C ([0,1]) we 
obtain 


■ (0/37> 


/-/ < 


3 + 


(m 3 + 4m /? 2 (m — 7 2 )) 


4 (m — 7 2 ) (m + 7 ) 


Ct^2 



2(0 + 7) ^m 

(m + 7 ) 1 



(32.38) 


Proof. Choose h = -)= into (32.37) and maximize the right hand side of 
(32.37). ■ 

We make 

Remark 32.27. Let / £ C ([0,1] , X) , x* £ A'*, with | ||x* || | < 1, and x* of £ 
C ([0,1]) we easily get 

W 1 (x* of,5)< CO! (/, 5), (5 > 0. (32.39) 
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Also see that 

L m0 7> (*’ ° /) ( X ) ~X*of(x) = 
x * (” i m 0 7> (/) (*) - / (*)) • 

Let j as in Theorem 32.6 and / £ C ([0, 1], R^). 

Then 

|| ("ilT* u ° /)) oo - O' ° /) oo|| = 
||j ( fi !o 7> (/) oo) - i (/ oo)|| B = 

(/)) (*),/(*)). 


(32.40) 


(32.41) 


We give 

Theorem 32.28. Tor / £ C ([0,1] , A), (A', ||-||) a normed vector space, m £ 
N, m > |" 7 2 ] ,we get : 


3 + 


|U(P || (“ £ !o 7> /) ( x ) - f O0| 

(m 3 + 4 m(3 2 (rn — 7 2 )) 

4 (m — 7 2 ) (m + 7) 2 
2(0 + 7 ) Qrn 


< 


U V 2 f, -j= 

m 


+ 


(m + 7 ) 


wi /, 


(32.42) 


Proof. Let £ A'* be fixed with |||a;*||| < 1. Then x* o f £ C ([0,1]) and by 
(32.38) and (32.14), (32.39), we have 


L { T ] {x*of)-x*of < 


That is 


3 + 


m 3 + Amp 2 (m — 7 2 ) 
4 (m — 7 2 ) (m + 7) 2 


U>2\X* O /, —= + 


3 + 


3 + 


2 (0 + 7) Vm . 

(m + 7 ) 

m 3 + 4m0 2 (m — 7 2 ) 

4 (m — 7 2 ) (m + 7) 2 

, 2 (0 + 7)0™.. (0 

+ (m + 7) + 

|**("+” 7 l <fl( 1 )-/w) 

m 3 + 4m0 2 (m — 7 2 ) 

4 (m — 7 2 ) (m + 7) 2 


^1 0 /, —f= < 


w2 /, 


< 


^ /, 
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Thus 


2 (/j + 7) s/ m 

(m + 7 ) 

SU p t I®* (^mO 71 (/) 0) - / (*)) 


Wl ' f ’ 7m 1 ’ v * € [0,1] • 


< 


x*ex 


3 + 


m 3 + 4m/3 2 (m — 7 2 ) 
4 (m — 7 2 ) (m + 7 ) 2 


^ /, 


| 2(/3 + 7 ) 
(m + 7 ) 

By Theorem 32.2 we derive 


wi ( /, -^= ) , V* € [0,1] . 


3 + 


(/)) (*)-/(*) | 

(m 3 + 4m/J 2 (m — 7 s )) 


< 


4 (m — 7 2 ) (m + 7 ) 


^2 /, -f= 


+ 


2(/3 + 7 ) 
(m + 7 ) 


wi /, -p= , V* € [0,1] . 


proving the claim. 


We present 

Theorem 32.29. For f € C ([0,1] , R;f) , m £ N : m > [ 7 s ] , we obtain 


sup D ^ ? h^o 7> /) ( x ) j / (*)) 


< 


3 + 


£C€[0,1] 

m 3 + 4m/3 2 (m — 7 s ) 

4 (m — 7 2 ) (m. + 7) 2 
2 (^ + 7) V™. ,{T) ( t 1 


m 


+ 


(m + 7 ) 


/, 


(32.43) 


Proof. Consider j. X as in Theorem 32.6. Then by Theorem 32.28 and (32.15), 
and 

wi (j o f, 5) = (/, 5), 5 > 0, 

we get 


sup II (" L ™o 7> 0 ( x ) ~ (•? 0 /) (*) 

m 3 + 4mf3 2 (m — 7 2 ) 


< 


ase [0,1] 

3 + 


4 (m — 7 2 ) (m + 7 ) 


w 2 jo /, -p= 
m 
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, 2 (/3 + 7) Vm ' ( . _ f 1 , 

H- 7 -;— 7 —wi [jof —= — 

(m + 7 ) V vm/ 


3 + 


m 3 + 4m/3 2 (rn — 7 2 ) 




m 


4 (m — 7 2 ) (m + 7) 2 

2 (/3 + 7 ) yfm (T) ( r 1 \ ~ t\t . r 2 1 

H- - -—w) /, —== , m £ N : m > 7 . 

(m + 7 ) V y/m J 

for clearly from (32.41) and (32.44) we get (32.43). 


(32.44) 


We use 

Definition 32.30. Let f £ C ([0,1]), and x € [0,1] such that x + 4h £ [0,1] , 
where ft > 0. We define the modulus of smoothness of order 4 as, 

0 J 4 (/, <5) = sup {|(/ (x) + f (x + 4h) + 6 / (x + 2 ft)) 

-4 (f(x + h)+f(x + 3ft)) | : 

x, x + 4ft € [0,1], 0 < ft < 5} , S > 0. (32.45) 

Clearly 04 (/, •) is a non-decreasing function, and UI 4 (/, 5) —> 0, as 5 —> 0. 

Definition 32.31. Let / € <17 ([0, 1], A'), (A, ||-||) a normed vector space. 

We also define 

^4 (/, <5) = sup {|| (/ (x) + / (x + 4ft) + 6 / (a: + 2ft)) 

—4 (/ (x + ft) + / (x + 3ft))|| : 

x, x + 4ft € [0,1], 0 < ft < 5} , 5 > 0. (32.46) 


Definition 32.32. Let f £ C ([0,1], R^), we further define 

+ 4 ^ (/> S) = SU P {D ((/ (x) ® / (x + 4ft) ® 6 © f (x + 2ft)) , 

4 © (/ (x + ft) © / (a: + 3ft))) : 
x, x + 4ft € [0,1], 0 < ft < h} , (5 > 0. (32.47) 


We make 

Remark 32.33. Let / € C ([0,1] , A), x* € A'*, with |||x*||| < 1, then 
x* o f £ C([0,1|). 

We observe that 

oj 4 (x* o f,S) = sup {|x* [(/ (x) + f(x + 4h) + 6/ (x + 2 ft)) 
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-4 (f(x + h) + f(x + 3ft.))] | : 
x, x + 4ft £ [0,1] , 0 < h < 8} < 
sup (IIIa;*|| ■ ||(/ (*) + / (a: + 4ft) + 6/ (x + 2h)) 

-4 (f(x + h) + f(x + 3ft))|| : 
x, x + 4ft € [0,1] , 0 < ft < <5} < 
sup {|| (/ (a:) + / (a; + 4ft) + 6/ (x + 2ft)) 

-4 (/ (a; + ft) + / (x + 3ft))|| : 
x, x + 4ft € [0,1], 0 < h < 8} = u >4 (/, <5) 

We have established that 

u>4 (x* o f,8) < u >4 (/, 8), 8 > 0. (32.48) 

Next, let X = C ([0, l]) 2 and j as in Theorem 32.6. Let f £ C ([0,1] ,Rf) , and 
consider g (x) = j (/ (x)), x £ [0,1] , i.e. g £ C ([0, 1], X). 

By Theorem 32.6, (ii), we notice 

II (fl (*) + g (x + 4ft) + 6 g (x + 2ft)) 

-4 (g (x + ft) + g (x + 3ft))|| = 

\\j (/ (*) ® f (x + Ah) ® 6 © f (x + 2ft)) 

-3 (4 © (/ (a: + ft) ® / (a: + 3ft)))|| B = 

D ((/ (*) © f (x + 4ft) © 6 © / (a: + 2ft)) , 

4 © (/ (x + ft) ® / (a: + 3ft))), 

which implies 

O' ° /, <5) = wf 5 (/, <5), 5 > 0. (32.49) 

We use 

Definition 32.34. Let / € C([0, 1]), we define the special Stancu operator 
([271]) 

Sn = J-'/in) (fc) (n “ na: ^- fc ’ ( 32 - 50 ) 

6-1 

where (a) 0 = 1, (a) b = n (a — k ), a € R, b £ N, n £ N, x £ [0,1] . 
k =o 

Definition 32.35. Let f £ C([0,1], A'), (X, ||-||) a normed vector space. 
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We also define 


SI (/, x ) 


2(nQ y ,(k\ 

W&\n) 



(nx) k (n - nx) n _ k , 


(32.51) 


n £ N, x £ [0,1]. 

Definition 32.36. Let f £ C ([0,1], Rjf). 

We further define 

S ( rf ] {f, x) = © J2 *f (“) 0 ^ i^j ( n - nX )n-l^j > ( 32 - 52 ) 

n £ N, x £ [0,1]. 

We make 

Remark 32.37. Let x* £ A'*, f £ C ([0,1] , X) . 

Then 

S n (x* o /) (x) - (x* o /) (a;) = 

** {Sn if) (x) - "M” 1 ’ -1 (/) (a;)) . 

Let j as in Theorem 32.6 and f £ C ([0,1], R^). 

Then 

|| (Sn 0 ° /)) (*) - ("C 1 " 1 0 ° /)) OOll = 

|| j (/) 00) - J (/) (x)) || B = 

D {(Si r) (/)) (x), (/)) (x)) . 

We mention 

Theorem 32.38. ([176], p. 75) Let f £ C([0,1]), n £ N. Then 

| (&,-AC'- 1 ) (/;*)|< ««(/, tfWir)' 

Vx £ [0,1] , where ci > 0 is an absolute constant independent of n, f and x. 

We give 

Theorem 32.39. Let f £ C([0,1] , A), (A', ||'||) a normed vector space, n £ N, 
x € [0,1] . 

Then 

II (ft ~ V M„- 1 ’- 1 ) (/; x)|| < c lW J (/, ^/ ^(n+lt ) ’ (32 ' 56) 


(32.53) 


(32.54) 


(32.55) 
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where ci > 0 is a universal constant. 

Proof. Let x* £ X* be fixed with |||a;*||| < 1. Then x* o f £ C([0,1]) and by 
(32.55) and (32.48) we have 


((Sn-Mn 1 ’ ') {x*°f;x)\ <ClW4 ^X* O f, ^ ^ + ^ 


< C1W4 /. 


3® (1 — x ) 
n(n + 1) 


That is by (32.53) we obtain 

\x* {SZ (/) (x) - "M," 1 '" 1 (/) (*)) | < 


C 1 W 4 /, 


3* (1 — x) 
n (n + 1) 


sup \x* (S% (/) (x) - v M n 1 (/) (x)) | < 

i*ex* 

IIU*lll<i 


Hence 


C 1 W 4 yf, 

Vx £ [0,1] . 

By Theorem 32.2 we derive (32.56). 


3x (1 — x) 
n(n+ 1) / 


Finally we give 

Theorem 32.40. Let f £ C ([0,1] ,R^), n £ N, x £ [0,1]. Then 


D 


((SP (/)) (*), (/)) (*)) 


< 


I /> 


where ci > 0 is a universal constant. 


3x (1 — x) 
n (n + 1) 


(32.57) 


Proof. Consider j, X as in Theorem 32.6. Then by Theorem 32.39 and (32.49) 
we get that 

|| (S” - V M~ 1 ’~ 1 ) (j o /; x)|| < 


Cl ^4 j°/, 


3* (1 — x) 
n (n + 1) 

3® (1 — x) 
n(n+ 1) J 

Clearly from (32.54) and (32.58) we obtain (32.57). 


ci u ( P I /, 


(32.58) 
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33 

High Order Multivariate 
Approximation by Multivariate 
Wavelet Type and Neural Network 
Operators in the Fuzzy Sense 


Here we study in terms of multivariate fuzzy high approximation to the multi¬ 
variate unit several basic sequences of multivariate fuzzy wavelet type operators 
and multivariate fuzzy neural network operators. These operators are multivari¬ 
ate fuzzy analogs of earlier studied multivariate real ones. The produced results 
generalize earlier real ones into the fuzzy setting. Here the high order multivariate 
fuzzy pointwise convergence with rates to the multivariate fuzzy unit operator 
is established through multivariate fuzzy inequalities involving the multivariate 
fuzzy moduli of continuity of the Nth order (N > 1) H-fuzzy partial deriva¬ 
tives, of the engaged multivariate fuzzy number valued function. The purpose of 
embedding fuzziness into multivariate classical analysis is to better understand, 
explain and describe the imprecise, uncertain and chaotic phenomena of the real 
world and then derive useful conclusions. This chapter relies on [49]. 


33.1 Fuzzy Real Analysis Background 

We need the following background 

Definition 33.1(see [283]) Let /i : R —> [0,1] with the following properties 

(i) is normal, i.e., 3®o £ R; /Wo) = 1. 

(ii) fj,(\x + (1 — A )y) > min{/i(*) /((//)}, Va;,y £ R, VA £ [0,1] (/t is called a 
convex fuzzy subset). 


552. 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 523 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 


~PuH.c. P/ty.lrc.A 



524 33. Fuzzy Multivariate Approximation by Wavelet 


(iii) p is upper semicontinuous on R, i.e. Mxo £ R and Ve > 0, 3 neighborhood 
V(xo) : p(x) < M( x o) + e, Vx £ V(xo). 

(iv) The set supp(p) is compact in R (where supp(p) := {x £ R : p(x) > 0}). 

We call p a fuzzy real number. Denote the set of all p with Rjr. 

E.g., X{x 0 } £ R^, for any xo £ R, where x^ol is the characteristic function 
at xo- 

For 0 < r < 1 and p £ R^r define 


\p] r := {x £ R : p(x) > r} 


and 


[/r]° := {a: £ R : p(x) > 0}. 

Then it is well known that for each r £ [0,1], [/r] r is a closed and bounded 
interval of R ([172]). 

For u, v £ Rjr and A £ R, we define uniquely the sum u © v and the product 
A © u by 

\u ® u] r = [u] r + M r , [A © u] r = A[u] r , Vr € [0,1], 

where 

• [u] r + [v] r means the usual addition of two integrals (as subsets of R) and 

• A[u] r means the usual product between a scalar and a subset of R (see, e.g., 
[283]). 

Notice 1 © u = u and it holds 

«®t)=«©tl,A0B = M0A. 

If 0 < n < V 2 < 1 then 


{uP C [up. 

Actually [u] r = [u^\ u^], where uP < u+\ up, Pp £ R, Mr £ [0,1]. 
For A > 0 one has = (A © u)±\ respectively. 

Define D : R^r x R/f —> R + by 


where 


D(u, v) 


f | (r) 

sup max < \u_ 

rG [0,1] ^ 


„Wi 




„M| 


M r 




M ..Ml. 


u, v £ Rjf. 
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We have that D is a metric on Rjf. 

Then (R f,D) is a complete metric space, see [283], [284]. 

Let f,g : R m —> Rjr. We define the distance 

sup D(f{x),g(x)). 

i6R” 

Here S* stands for fuzzy summation and 0 := X{o} £ R.f is the neutral element 
with respect to ©, i.e., 


m©6 = 0©m = m, V« £ Rjf. 

We need 

Remark 33.2 ([29]). Here r £ [0,1] x,- T ' 1 ,£ R, i = 1,..., m £ N. Assume 
that 

sup max ( , y^ ) £ R, for % = 1,..., m. 

Then one sees easily that 

( m m \ m 

X) Vi r) ) < SUP max ( X i T) ’ y i r) ) ■ 

1=1 1=1 J r-eio,!] V > 

Definition 33.3 Let / £ C(R m ), m £ N, which is bounded or uniformly 
continuous, we define (h > 0) 


wi{f,h):= sup x m ) - x’ m )\. 

all Xi, xjER, \xi — x '-1 <h, for i= 1,..., ra 

Definition 33.4 Let / : R m —► Rjr, we define the fuzzy modulus of continuity 
of / by 


w ( { F \f,S)= sup D{f(x), f{y)), S > 0, 

x,y£ R m , \xi — yi | <<5, for i= 1,..., ra 

where x = (xi,..., x m ), y = (yi ,..., y m )• 

For / : R m —► Rjf, we use 

[fY = I/i r) , /i r) ], 

where f±^ : R m —> R, V r £ [0,1[. 

We need 

Proposition 33.5 Let / : R m —> R^r. Suppose that w[ :F \f,S) i wi(ff\S), 
wi(f ( f\5) are finite for any S > 0, r £ [0,1]. 

Then 
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w ( { F \f,S)= sup max{wi(/i r) ,<5), <5)}. 

re[0,l] 

Proof. By Proposition 1 of [37]. ■ 

We define by C^(R m ), the space of fuzzy uniformly continuous functions from 
R m —> R^r, also Cr{ R m ) is the space of fuzzy continuous functions on R m , and 
(76(R m ,R^) is the fuzzy continuous and bounded functions. 

We mention 

Proposition 33.6([37]) Let / G C^(R m ). Then w ( { F \f,5) < oo, for any 
8 > 0 . 

Proposition 33.7([37]) It holds 

lim w[ r \f,8) = w[ T \f, 0) = 0, 

o —>0 

iff/eC£(R m ). 

Proposition 33.8([37[) Let / € Cp( R m ). Then f? are equicontinuous with 
respect to r £ [0, 1] over R m , respectively in ±. 

Note 33.9 It is clear by Propositions 33.5, 33.7, that if / £ C^(R m ), then 
f? £ Cu{ R m ) (uniformly continuous on R m ). 

We need 

Definition 33.10 Let x, y £ Rjf. If there exists 2 £ Rjf : x = y © z, then we 
call 2 the H-difference on x and y, denoted x — y. 

Definition 33.11([283[) Let T := [*o, xo + P] C R, with f3 > 0. A function 
/ : T — > Rjr is H-differentiable at x £ T if there exists an /'( x) £ R^ such that 
the limits (with respect to D) 

lim fix + h)~ f{x) Hm f{x) - f(x - h) 
h —»0-t- h h —»0-f- h 

exist and are equal to 

We call f the H-derivative or fuzzy derivative of / at x. 

Above is assumed that the H-differences f(x + h) — f(x), f(x) — f(x — h ) exist 
in R^r in an neighborhood of x. 

Definition 33.12 We denote by C^( R m ), N £ N, the space of all N-times 
fuzzy continuously differentiable functions from R m into Rjr. 

Here fuzzy partial derivatives are defined via Definition 33.11 in the obvious 
way as in the ordinary real case. 

We mention 

Theorem 33.13([202]) Let / : [a, f] C R^ R^ be H-fuzzy differentiable. Let 
t £ [a,b], 0 < r < 1. Clearly 

mr = fit)?} c r. 

Then ( f(t))? are differentiable and 
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imr = Km^y, m?YY 

That is 

(/')i r) = (fi r) Y, Vr € [0,1]. 

Remark 33.14 (see also [35]) Let / € C ,JV (R, R;f), N > 1. Then by Theorem 
33.13 we obtain £ C N ( R) and 

{f {i) (w = [(f(ty:^, impy% 

for i = 0,l,2...,Al, and in particular we have 

(/«)« = (/«)«, 

for any r £ [0,1]. 

Let f £ 0^( R m ), denote /a := |^, where a := (51,..., 5^), on £ Z + , i = 
1,..., m and 

m 

0 < |5| := ^2 on < N, N > 1. 

i=l 

Then by Theorem 33.13 we get that 

(/i r) ) 3 = (/ a )i r) , Vre[0,l], 

and any a : \a\ < N. Here f± ^ £ C N ( R m ). 

For the definition of general fuzzy integral we follow [206] next. 

Definition 33.15 Let (12, E,/r) be a complete cr-hnite measure space. We call 
F : 12 —> R^r measurable iff V closed BCR the function F~ 1 (B) : 12 —> [0,1] 
defined by 


F 1 (B)(w) := sup F(w)(x), all w £ 12 

x£B 

is measurable, see [206]. 

Theorem 33.16 ([206]) For F : 12 -> R r , 

F(w) = {( F^\w), F| r ^(ui))|0 < r < 1}, 
the following are equivalent 

(1) F is measurable, 

(2) Mr £ [0,1], F^\ are measurable. 
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Following [206], given that for each r £ [0,1], F^\ are integrable we 
have that the parametrized representation 



is a fuzzy real number for each A £ S. 

The last fact leads to 

Definition 33.17 ([206]) A measurable function F : Q —> 


R^, 


F(w) = {(F^\w), F’| r) (ui))|0 < r < 1} 
is integrable if for each r £ [0, 1], are integrable, or equivalently, if F<S» 

are 

integrable. 

In this case, the fuzzy integral of F over A £ S is defined by 



!/*') 


0 < r < 1 >. 


By [206] F is integrable iff w —> ||F’(w)||jr is real-valued integrable. 
Here 


||u ||jf := D(u , 0), Vm £ R^. 

We need also 

Theorem 33.18 ([206]) Let F,G : S2 — > R^ be integrable. Then 

(1) Let a, 6 £ R, then aF + bG is integrable and for each A £ S, 

[ (aF + bG)d f i = a f Fdg, + b [ Gdgi; 

J A J A J A 

(2) D(F, G) is a real- valued integrable function and for each A £ S, 

d(^J Fdfj,, J GdfaJ < J D{F,G)dfe. 

In particular, 


Above fi 
here too. 
Basically 


[ Fdfi < [ || F\\rd». 
J A _ J A 


could be the Lebesgue measure, with all the basic properties valid 


here we have 
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[ Fdfi 

ii 

i- 

£+ 

i 

"fc, 1 

J A 

1 

L Ja ja 


that is 




F± ] dfJ-, 


Vr € [0,1], respectively. 

We use 

Notation 33.19 We denote 



2 

fpt) ■= D 


d 2 f(xi,x 2 ) 
dxl 


0 + D 


d 2 f(x 


-, 0 


d 2 f(x 1 ,x 2 ) ~ 
dxidx2 


In general we denote (j = 1, ..., N) 




tii, 


E 




; ETLi U=J ' 


d j f(x 1, ■ ■ ■ , Xm) g\ 

dx ^ 1 dx 2 2 . . . dx ^ 1 J 


Notation 33.20 In this chapter we define the multivariate fuzzy wavelet 
type operators Ak, Bk,Ck, Dk, k £ Z, in Theorems 33.23, 33.21, 33.25, 33.27, 
respectively. Their real analogs are defined exactly the same way in Chapter 9 of 
[23] and we keep here for these operators the same notations Ak, Bk,Ck , Dk, k £ 
Z (as in [23]). 

Also the multivariate fuzzy neural network operators F n ,G„ are defined here in 
Subsections 33.2.2 and 33.2.3. Their real analogs are defined exactly the same way 
in Chapter 3 of [23], using there and here also the same notations F n , G n , n £ N. 

In this chapter for convenience we are using indiscriminately, whether it is real 
or fuzzy operator: Ak, Bk,Ck, Dk, F n ,G n - What it really is, it is understood by 
the context. 

We were also motivated by [21], [22], [31]. 


33.2 Main Results 

33.2.1 Convergence with Rates of Multivariate Fuzzy Wavelet 
Type Operators 

We present the first main result on multivariate fuzzy wavelet type operators. 
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Theorem 33.21 Let / £ (R m ), m, N £ N; ~x £ R m and k £ Z. Let ip > 0 

be a bounded function on R m of compact support 

m 

C]T[—a<,Oi], 0 < a-i < +oo, a := max(ai,..., a m ). 

i= 1 

Assume that 

oo oo 

E ■■■ E = 

j 1 = —oo jm = — oo 

all ~x := (*i,..., Xm ) £ R"\ in short 

OO 

E - j ) = 

j = —OO 

all He £ R m , where j := (j i,..., j m ). 

Set 

B k {f)(x x m ):= ■■■ - Hr) ©vC^i-ji, ■ • ■ > 2 k x m -j m ), 

any fc £ Z, all (an,..., * m ) £ R m ; in short 

OO * 

£*(/)(*)=£ / 

a =—oo 

any k £ Z, all ~a? £ R m . 

Here we further suppose that all of the fuzzy partial derivatives of / of order 
TV, denoted by 



3“ f 

/5:= ^ 1° . 


,). a; £ Z + , i = 1,..., m : |q| = ^ on = N 


are fuzzy continuous and fuzzy bounded, or fuzzy uniformly continuous on R m . 
Then 


D[iB k U ))(?), /&)) f (^(1.°)) /(*)) + 


, .. _ i » T niaiav 

N\ 2 kN 5: |5|=JV 


(f«> J) 


(33.1) 
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any k £ Z, which is attained by constant fuzzy functions. 

Remark 33.22 (i) Clearly here B k f —> f pointwise over R m , as k —> oo, 
convergence with respect to metric D. 

(ii) Given that / G Cj^,(R m ) (i.e., all of / and its fuzzy partial derivatives up 
to order N are fuzzy continuous and fuzzy bounded) we obtain 




l=i ' 




m 

X>( 


dxi 


<0 / + 


N\ 2 kN 


(T) 

max w) 
t: |5|=iV 


(/a, 2fe ) 


any k £ Z. 

That is B k f —> /, fuzzy uniformly over R m , as k —> oo. 
(iii) When A* = 1 from (33.1) we get that 


DUB k f)C3), /(l?) j 


9/(^) , (T) ( 9f a 

— -, U + m • max uh ——, — r 

9a;i / *6{l,..., m} \dxi 2 k 


any k £ Z. 


Proof, (of Theorem 33.21) 

Since is of compact support ( B k f ) is a finite sum. Thus for r £ [0,1] we 
have 


[Bk{f){is)] r = Y. \ fl j 


E 


3 =-°o L 


3 = — oo 

(r ) 


2 * 


/ I 2 fc , ; ’ ( ? ( 2* 


¥>(2 ~x - j ) = 

M"| 

ifi{2 k ^x - 7) = 




That is, 


S^(/)L r) J(^), B^(/4 r) J(l?) 

(B k f)¥ = B k (/«), Vr G [0,1]. 


We see that 


re [0,1] 


D [ ( B k f){~x), f(~x) )= sup max ^ I (B fc /) ( _ r) (x) - /i’’ ) C»)|, I (Bfc/)+'’ C® ) - /+’ ) 0?) I 
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= j|-Bfc (f- ) ) (**) - /i r) 0?)|, \ Bk (/+ J ) (x) - /+ ) (* > )| j- 

Clearly here, (/s)^ are continuous and bounded, or uniformly continuous on 
R m , |5| = N, Vr € [0,1]. Also /£ r) € ^(R” 1 ), Vr € [0,1]. 

By Remark 33.14, we observe that 

(/£% 

for any r £ [0,1], and any 5 : |5| < N, where 

. d 5 f 
Ia ' &r 5 ’ 

with a := (51,..., d^), cti £ Z + , i = 1,. .., m, and 

m 

0 < |5| := Qj < N. 

i= 1 

Therefore we can apply Theorem 9.1 of [23], p.201 to get 


D I (B k f){x), f{x) ] < sup max 

r6[0,l] 


E- 


3- 

N 


J j\ 2 k 3 
1 J 


E 


dxi 


f-\H) + 


V "V U, 

2—/ 2 k i 

.7 = 1 J ' 




v—' a? 

> . -TTfcT sup max 
^ J* .6(0,1] 


(E|^|)W>).((E|^D’^ 


a m a\ 

AT AT 

a m //-(r)x o\ 

jvr2^a=^ u,1 ( (/ + )5 ’F) 

d 


< 


-:—rrr max 

TV! 2 fcJV 5: |5|=JV 


sup max 

r£[0,l] 


Wi| (/_ ) ) 


a 

2^ 


Wl ( (/+’) 


a 

2k 


=■■ (*)• 


The following example of m = 2 and j = 2 will help us derive a general 
conclusion. 

We have 


sup max 
.6(0,1] 



/i r) (X1,X 2 ), 


d d 

dxi + dx2 


f^\xi,x 2 ) [- = 
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sup max 
re[o,i] 

a2 f w 


d 2 f^\x i,* 2 ) 


dx \ 


9 2 /i r) (xi,x 2 ) 


dxl 


+ 2 


d 2 f^\x i,x 2 ) 


dxidx 2 


d f+(xi,x 2 ) 


dx ? 


sup max 

re[o,i] 


sup max 
r€[0,l] 


2 sup max 

r£[0,l] 


sup max 
re[0,l] 


sup max 

re[0,l] 


2 sup max < 
re[0,l] 


+ 


d 2 f+ ] (xi,x 2 ) 


OXn 


+ 2 


d 2 f+\xi,x 2 ) 


dxidx 2 


< 



+ 


+ 


d 2 f ( l\x i,x 2 ) 


dxidx 2 
d 2 f(xi,x 2 ) \ 

dxl J 

d 2 f(xi,x 2 ) \ 

dxl J 


d 2 f+ ] (xi,x 2 ) 


(r ) 


(r) 


dx\dx 2 


d 2 f[x\,x 2 ) 
dxl 

d 2 f(x I,x 2 ) 
dxl 








>+ 


>+ 




/ a 2 /(x 1 ,x 2 )y ,) 

y dx\dx 2 J 

5 

y dx\dx 2 J + 


d 2 ft x ^) *\ , 

\ OX 2 / \ OX\OX2 


dxl 

That is we have 


sup max 
re[0,l] 


dxi 


{(IsrHall) (IsrHsIl) 


f(x±,X 2 ) / d z f(x 1 , 0 : 2 ) f(x±,X 2 ) 

D| - V J , 0 +D - V ’ , 0 +2D - V , 0 


8 x 18 x 2 


So in general we obtain 


sup max 
r6[0,l] 


E 


d 
dx 1 




E 


d 
dx 1 
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Therefore we derive 


(*)<£■ 


3 = 1 ' 


f! 2 k i 


m 

(E 


D 


dxi 


y f{~x) 


N\ 2 kN 


_ max 

a: | a |=iV re [(),!] 


£7 

i=i ' 


! 2 fc f 


6p p i] max { wi yy ' wi {s^ { +' ^k) 

(£ 75 (^? 5 ) + (/a. £) 


proving the claim. ■ 

We continue with 

Theorem 33.23 Let / € C™ (R m ) n Cf,(R"\ Rjf), m, N e N; 7? € R m and 
k £ Z. Let <p > 0 a continuous function on R m of compact support 


C \\\a t , a,], 0 < at < + 00 , a := max(ai,..., a m ). 

i=l 

Assume that 

OO 

J2 - 3 ) = i, 

j =—00 

(then f Rm <p(~x )<Tx = 1). 

Define 

OO * 

Ak(f)Cx) := £ a k y{f)e<p(2 k 'x -~j), 

3 = — 00 

where 

a fe - > (/) ; =/ / - T)d7?, fc 6 z - 

Here we suppose that all of the fuzzy partial derivatives of / of order A, 
denoted by 


3“ f 

h '-=di l« :=(Qi ’ 


i), G Z+, i = m 




are fuzzy continuous and fuzzy bounded, or fuzzy uniformly continuous on R m . 
Then 


~Pufuc. 7fco£4cMia£icaZ P/tyliel 



33.2 Main Results 


535 


D (A k f)(x), f(x) <V- 


j\ 2(fc-i)i 
=1 J ' 

N N 

am ( a \ 

N\ 2(*-D JV a:?5Hiv Wl M 5 ’ 2 fc -!) 


S D (si' 5 )j «*>J + 

(33.32) 


any k £ Z, which is attained by constant fuzzy functions. 

Remark 33.24 (i) Clearly here A k f —> / pointwise over R m . as fc —> oo, 
convergence with respect to metric D. 

(ii) Given that / € C^(R m ) we get 


D*(A k f,f) 


* £- 


O 71 2( fc - 1 b 
= 1 J ' 




TV! 2( fe - 1 ) JV 


(^) 

max -un 
:: |o:|=iV 


(/a 


2fe-i 


any fc £ Z. 

That is A k f —> /, fuzzy uniformly over R m , as fc —> oo. 
(iii) When iV = 1 from (33.2) we obtain that 


D[ (A fe /)(a?), f(~x 




’ 9fCx) 

< dxi 


0 + m ■ 


max 

ie {t 




df_ 

dxi 


2 fc- 


any fc £ Z. 


Proof, (of Theorem 33.23) 

Since tp is of compact support {A k f) is a finite sum. Furthermore tp(u — j ) 
is non zero when 

m 

~u - j £ JJ[-a;,ai], 

i= 1 

that is when 

m 

~U G JJb’i - CLiJi + di]. 

i= 1 

Consequently we have 


*(/) = 


3l+ai r 32+0-2 


n l+^i r 

J31-0-1 J 3‘. 


For r G [0,1] we have 



/ 



© ip(u — j )d~u . 
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kj 


if)Y = 


[ / ( ^ ) ©¥>Cw - j') d ~Y 

V J nT=x\3i-^h+o.i] V2 fc ' 


/ 


V \ 2 *h 

We notice that 


■ < r > _ - _ f ( ( Tt \ \ M _ 

ifi(u-j)d.u, / hr tp(u- j )du 

V 2fc // + 


oo 

[A fc (/)f® )] r = ^ «*->(/) - 7) = 


E 


L 


(r) 


115^=1 [#<-“< + 


/ ( 2fc ) y>Cu - j )d!i : 


I, 


(r) 


U'^ 1 [n- a i,ji+ a i 


/ ( 2* ) ) V?C- j )d 


ip(2 k ~x - j ) = 


E 


njLilSi-OiiJi+Oil 



(r) 


<p('" m' - j <p(2 fe 'x - j ) 


E 


M 


n^ibi-Oi.ti+Oi! 


/ ( ^ ) ) ¥>(«" - 7)cTw ) ( P(2 fc ^ - /) 


A (77) C®), (-4fc (7j r) ) C?) 


I.e. we proved that 


(A k f)^=A k (/£•>) , Vre [0,1]. 


So we have 


-D^(A fc (/))(-?), /("?)) = sup^ max| | (A fc /)h r) (7?) - | (A fc /) J 1 ("?) - 0?)| J 


= sup max^ \A k ( /7) Cx) -/7("^)|> | A k (7j r) ) ) - f^Cx) 

re[0,l] 


(by Theorem 9.2, p.206, [23]) 
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< sup max 

r€[0,l] 


f N j ( / m ~ \j \ N N 

Ij?! Jl 2('= —1W f ~ < ^ ) J + JV! 2(^ — 1) 


—max w i ( (f' ' )tc , - 

-1)N 3: |5| = N W “ 2^-1, 


E-fiiW E I fell / + )( ^ ) + iV! 2(*-D^ ( (/ + ))a ’ 2^r) 


< > -—-t— sup max 

- £i Jl re[0,1] 




CL TYl j ( , n(r)\ CL \ f , r(r)\ & 

+ N\ W-W 5 :^Z mM Wl (/ ~ )a ’2^J’ Wl ( (/ + )5 ’2^ 


v Or 

j\ 2( k ~ 1 )j 
.7 = 1 J ' 


(£"(&• s))'/(«)) + 7 ^E 1) „ 


_ max sup ] 

M =JV rG[0,1] 


sup max < w\ {(h)-\ 2^r ) , U7l ((/a) 


(r) & 

+ ’ 2 * 5-1 


Y Z ,v (F g — , 0 ) /(^) + max 

^j\ 2 (k-l)j\\Z^ \dXi )> ) N\ 2( fc -D JV 5: |5| = JV 1 

proving the claim. 

We continue with 

Theorem 33.25 All assumptions here as in Theorem 33.21. Set 


t N w E(/s-^l) 


>(/) f 2 =2 mk f(-? + -L\dt, 


Ck{f)(~x):= 7 fc -*(/) ©7’(2 fc ® > - 7), 


all 5 £ R m and k £ Z. Then 


*(<*(/>(*)• /<*>) ^ E ^ UEY/(*) I + 
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(■a + 1) N m N 
TV! 2 kN 


max 

a: |o:| = Ar 


„(.f) 



a + 1 \ 

J > 


(33.3) 


any k £ Z, which is attained by constant fuzzy functions. 

Remark 33.26 (i) Clearly here Ckf —* / pointwise over R"‘ , as k —> oo, 
convergence with respect to metric D. 

(ii) Given that / £ C^ b (R m ), we derive 




E 


3 = 1 


(a + 1) J ' 
j! 2 k 3 


E D * 

i= 1 




(a + 1) N m N 

+ - --- 

N\ 2 kN 


{F) 

max w\ 

| a |=jv 1 



any k £ Z. 

That is Ck f —* /, fuzzy uniformly over R m , as k —> oo. 
(iii) When TV = 1 from (33.3) we obtain that 


D^(C k f)Cx), {g 

any k £ Z. 


D 


■dfCx)_ 

dxi 


0 )+m- max , 

J m} 1 \dxi 2 


df a + 1 


Proof, (of Theorem 33.25) We observe for r £ [0, 1] that 


■■= 2 " 

J- 


iy f { 7 + i) dt ' 


(r) 


•JC 


/i r) ( * +%)dt,L K’\t+ik)dt 


2 k 


That is we proved that 


Hence we obtain 


Kt (/-0 >TV? (4°)] • 

•(/or 




OO 

[c fc (/)(z > )r = X] ^(2 fc i? - 7) = 

j = —OO 

oo 

JC tv? (/- r) ) > v? (4 r) )] ^(2 fc ^ - 7) - 

j = — oo 
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OO OO 

J2 7 fc 7(/_ ) )^(2 fc ^-T), J2 %r (4 r) ) ^(2^-7) 

_ j = — OO j — OO 

= | 'c k (/i r) ) j C®), ^c fc (/j r) ) j (~x ) . 

So we have established that 

(<?*/(?))± = Cfc (/i r) ) (■?), Vr € [0,1], 

Then we use Theorem 9.3, p.211, [23] and we follow the same steps as in the 
proof of Theorem 33.21. ■ 

We also give 

Theorem 33.27 All assumptions here as in Theorem 33.21. Set 

OO * 

(■ D kf)(x)-= 5 kj(f) ®<p(2 k -x - 7), 

j = —oo 

where 


:= £ w t©/ hw + 


2 fc 2 k ~ 


l £ Z™, ~n £ N m , w r > 0, 


J1 w ~t = L 

~t=~o 

fc £ Z, ez m , T* £ R m . 

That is 


Til * 7i 2 * n„ 


4 ^ 1 ,..., j r (f)=J2 ■■■ w h,..., u©/fI t + 


Zi=0 Z 2 =0 Z r =0 


Jm ^ I'm 


2 k 2 k m ’ ‘ " ’ 2 fc 2 k rim J ' 

UHl,-, > 0, X] S S M ’b. o in, = I' 


Til n 2 71 


z 1= 0 Z 2 =0 z r =o 


Then 


D ( iT)) < E %w I ( E ) /T)) + 


—^ i ! 2fc i 
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(■a + 1) N m N 
N\ 2 kN 


max 

ac: |o;|=iV 


„(.r) 



a + 1 \ 

J k 


(33.4) 


any k £ Z, which is attained by constant functions. 

Remark 33.28 (i) Clearly here D k f —> f pointwise over R m , as k —> oo, 
convergence with respect to metric D. 

(ii) Given that / G C^ b (R m ), we get 


D‘(D k f,f) < 


E 


3 = 1 


(a + lR 

j\ 2 fc 3 


E D * 

i=l 




(a 4 - 1 )^ m N 
Nl 2 kN 


(T) 

max u>~ 

| a |=jv 1 



any k £ Z. 

That is D k f —> /, fuzzy uniformly over R m , as k —> oo. 
(iii) When N = 1 from (33.4) we derive 


o (D k f)(Tt), /(i?) < 


a + 1 
2 fc 


i=l 


df(~x) 

dxi 


,6) 




«e{i, 



° + 1 ) 1 

V dcCj ’ 

2 fc J J 


any k £ Z. 


Proof, (of Theorem 33.27) We notice that 


[-W(/)] r = E 


/1 — + — 

J 1 2 fc 2 fc T 


E 


f(r) / J 


+ 


O) ( 3 j_ 


z = o 




z = o 


That is 


■ Kt (A 1 ) At (/?>)]■ 

(%<^t(a>).- m . 


Furthermore we observe that 


OO 

[Dk{f)Cx)] r = S ky(f) 7>(2 k l; -~j) 
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_E Kt (/!■'’). Kr (A ’ : ')] - ?) = 

j =~ oo 

oo oo 

J2 (/- r) )^( 2fc ^-T), J2 s k7 (/+ ) )^(2 fc ^-T) 

_ j = — OO j = —OO 

= (/i r) ) j Cx), (^D k (7j r) ) j C ~x) . 

I.e. we proved that 

(D k f)^=D k (/«), Vr € [0,1]. 

Then by using Theorem 9.4, p.214, [23] and following similar steps as in the 
proof of Theorem 33.21. we finish proof. ■ 

We further give 

Theorem 33.29 Let / G Cp{ R m ), m G N, which fuzzy uniformly continuous 
or fuzzy bounded. 

(i) Under the notations and assumptions of Theorem 33.21, N = 0, we get 

D /(l?) j < w[ r) (/, J) , k G Z. (33.5) 

(ii) Under the notations and assumptions of Theorem 33.23, N = 0, we derive 

D^(A k f)(S), /(!?)) < w[ r) (/, ^t) , k G Z. (33.6) 

(iii) Under the notations and assumptions of Theorem 33.25, N — 0, we get 

D (W)( 1?), /(a?)^ < w[ T) (j, ^±1) , k G Z. (33.7) 

(iv) Under the notations and assumptions of Theorem 33.27, N = 0, we obtain 

D (^D k f)(!t), /(a?)^ < «7^ (/, , k G Z. (33.8) 
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All inequalities (33.5)-(33.8) are attained by fuzzy constant functions. 
Proof. We notice that 


D [ ( B kf)C*), /O?) I = sup maxM C?) - /WC?)|, ( B kf)+’ (T) ~ f+’C* )j 

re[0,i] 11 11+ + 


f( r ) ( 






= sup max 
+ 6 [ 0 , 1 ] 


B k (/i r) ) j fx ) - , (^B k (/j r) ) j (~x ) - f+ ] Cx ) 


< 


(by [90], or (9.35) of [23], p.219) 


sup max 
+-e[o,i] 


Wl f- 


cW 


2 k 


Wl 




k £= Z, 


proving (i). 

The rest (ii)-(iv) are proved similarly by the use of Proposition 9.1, p.219 
of [23]. ■ 


33.2.2 Convergence with Rates of Multivariate Fuzzy 

Cardaliaguet- Euvrard Neural Network Operators 


We use the following (see [128]) 

Definition 33.30 A function b : R —> R is said to be bell-shaped if b belongs to 
L 1 and its integral is nonzero, if it is nondecreasing on (—oo, a) and nonincreasing 
on [a,+ 00 ), where a belongs to R. In particular b(x) is a nonnegative number 
and at a, b takes a global maximum; it is the center of the bell- shaped function. 
A bell- shaped function is said to be centered if its center is zero. 

Definition 33.31 (see [128]) A function b : R d —> R(d > 1) is said to be a 
d- dimensional bell-shaped function if it is integrable and its integral is not zero, 
and if for all i = 1 ,..., d, 


t -> b(xi, ...,t,...,x d ) 

is centered bell- shaped function, where ~x := (* 1 ,... ,x d ) £ R d arbitrary. 

Example 33.32 (From [128]) Let b a centered bell- shaped function over R, 
then (xi,... ,Xd ) —> 6 ( 2 : 1 )... b{xd) is a d- dimensional bell-shaped function. 
Assumption 33.33 Here b( x ) is of compact support 

d 

B ~ JJ[-Ti,Ti], Ti > 0 

i= 1 
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and it may have jump discontinuities there. Set 7 := f B b( x)dx . Note that I > 0. 
Let / : R d —> R^ be a fuzzy continuous and fuzzy bounded function or a fuzzy 
uniformly continuous function. 

In this subsection we study the D-metric pointwise convergence with rates over 
R d , to the fuzzy unit operator, of the multivariate fuzzy Cardaliaguet- Euvrard 
neural network operators, 


<*,(/»<->= £••.£/(£. k i) 

ki = — n 2 kfi = — n 2 

n 1 -* 

I ■ n a d 

where 0 < a < 1 and ~x := (xi,..., Xd) £ R d , n £ N. 


© 


(33.9) 


For the real related operators see [128], [23], p.90. 

The terms in the fuzzy multiple sum (33.9) can be nonzero iff simultaneously 


Xi - 


ki 


<Ti, 


all i = 1 ,..., d i.e., |Xi —^ < n i- a , all i = 1 ,..., d iff 

nxi — Ti ■ n a < ki < nxi + T, • n a , all i = 1,..., d. (33.10) 

To have the order 


—n 2 < nxi — Ti ■ n a < ki < nxi + 7j ■ n a < n 2 , 


(33.11) 


we need n > T, + \x-i\, all i — 1,..., d. So (33.11) is true when we consider 


n > max (7j + |xj|). (33.12) 

{i= 1 ,..., d} 

When x £ 13 in order to have (33.11) it is enough to suppose that n > 2 T*, 
where T* := max{Ti,..., Td} > 0. Take 

It := [nxi — Tina, nxi + Tna], i = 1,,.., d, n £ N. 

The length of 7, is 2 Tin a . By Proposition 2.1, p.61 of [23] we obtain that 
the cardinality of {ki £ Z that belong to /;} := card(ki) > max(27jn“ — 1,0), 
any i £ {1,..., d}. In order to have cai'd(ki) > 1 we need 2Tin“ — 1 > 1 iff 
n > any i £ { 1 ,..., d}. 

Therefore, a sufficient condition for causing the order (33.11) along with the 
interval U to contain at least one integer for all i = 1 ,..., d is that 
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n > max ^ (t* + \xi\,T~ 1/a ^ . (33.13) 

Clearly as n ^ +oo we get that card(ki) —> +oo, all i = 1,..., d. Also notice 
that card(ki) equals to the the cardinality of integers in [\nx-i — T, • n“"| , [nxi + 
Ti ■ n“]] for all i = 1,..., d. 

Here denotes [ ] the ceiling of the number, while [ ] denotes the integral part. 
We set b* := b( 0 ) the maximum of b(x). From now on in this chapter we 
will assume (33.13). Consequently 



[ nx 1 +T 1 n a ] [nx d +T d -n a ] 

i(F n (fMx)r= E E 

k d = \nx d -T d n a 1 
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\nx\-\-T\ •n OL \ 

E 

k\ = f nx\ —T\ •n Q! "| 


[nx d +T d -n a ] 

E 

kd=\nx d -Td,n a ^ 



fcl 
n ’ 


n ) 


fki 

fcdV 

V n ’’ 



I • n a d 


r [n*i + 7Vn“] 

[ nx d +T d - n a 

1 (V) ( fc l 

b(n! “(* t - 

n 1- ° 

‘{ x “- ^)) 

E 

E 


--— 



L fc 1 = Tnx 1 -T 1 -n a 

1 k d=\ nx d- T d n 

■ a l V rt 

n / / ■ 

n ad 





L^l-n fcl \ 

„l-a | 

(_ fcd\ \ 

[ni^+T^ -n. 01 ] 

lnx d +T d -n a ] 

( r \ ( fci 

6 ( n (*!-—).■■ 

• . n \ 


E 

k 1 = [nx 1 -T 1 -n a '\ 

E 

f “d = r'**d-' r d ra ° 


n / I • n 

ad 

JJj 


= [(^n(/i r) )) C®), (K(/+ r) )) C?)] • 

We have established that 



F n 



Vr £ [0,1], 


We need 

Definition 33.34 Let / : R d —> R^r. We call 


(33.15) 


wS f) (/^)oo := sup D(f C*),/(V)), 

all ~x ,~y £ R^, ||"a? — || co <h 

h > 0, the first multidimensional fuzzy modulus of continuity of / with respect 

to || • || oo • 

We need 

Proposition 33.35 Suppose that w[' F \f,h) 00 , wi(/i r \h)oo, wi(f ( ^\h) oa 
are finite for any h > 0, any r £ [0,1]. Here Wi is the usual real modulus of 
continuity. 

Then 


w[ T \f,h )oo = sup max{wi(/i r) ,h) 00 , wi(/| r) ,h)oo). (33.16) 

re[o,i] 1 1 

Proof. By [37]. ■ 

We present 

Theorem 33.36 Let ~x £ R d , then it holds that 
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D\ (F„(/)) (*),/(*)] <!?(/(7?),o) 


[nxi+Tx-n"] 

E 


[ n *d+ T d -1 

E 


fcl = rnxi-Ti-n“l fc d =rnx d -T <i n“l 

d. 


( 1-0 

/ A=l\ 

1—OL 

( kd \ 

\ , 

n 

( ail-> 

. . , n 

x d - 

-i 

V 

V ri J 


V n / 

/ 


b*_ 

T 

Proof. We notice that 


n < 3 “ 7 ) 


(F„(/))(l?),/(a?)] | (F n (/))« (1?) -(1?) 


= sup max < \F n (~x) — fA{~x)\, \ F n 

r-e [0,1] [ 1 v ' 

(by Theorem 3.1, p.92 of [23]) 


~x) - f+ ] {~x ) 


< sup max ^ | fA (7) \ 

r6[0,l] 


1 


[nx 1 + T 1 -n a ] [nx d +T d -n a ] 

T ... V 

Z _^ Z _ J J . fi a d 

k 1 = [nx 1 -T 1 -n a ] k d =[nx d -T d -n a ~] 


n I x\ 


fci 


n l x d - 


k d 


l/| r) (E)| 


[nx\ -\-T\ -n Q 

E 

k\ = [ nx\ —T\ -i 


bln I x\ — 


fci 


7 “ (*d —— l l-i 


-TUX Ti+ ^) w[ 

[nx d +T d -n a ] 

T 

I ■ n ad 

k d ={nx d -Td-n a ] 

d , N / 

m [ Ar) 


< I sup max ^ |/i r) C®)|, |/i r) C^)| 
V re[0,l] 1 ^ 


t ■n( 2T - 

xi+Tin“] 

E 


[nx d + T d nCX ] ■, 

E 


j i 1 — a I k\ \ 1 — a f kd i i 1 

b\n ( xi - n \Xd- — ) )-l 


fc 1 = rnx 1 -T 1 n Q: l k d =[nx d -T d n a '\ 

d 




sup max <j W1 ( /i”), _^_ N ) , m (/«, J— 

r£ [0,1] 
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'(/( 


DlfCF), 0 ■ 


1 


[nx 1 +T 1 -n a ] [nx d +T d -n a ] 

E - E I . n ad 

ki = \nx 1 -T 1 n a ^ k d = \nx d -T d n a 1 


proving the claim. 

We need 

Lemma 33.37 ([23], p.95) It holds true that ([~x £ R d ) 

[n*i+Ti-n“] * [nx d +T d -n a ] * 

Sn(^):= J 2 ■■■ E 

k 1 =lnx 1 -T 1 n a '\ k d =\nx d -T d n a 




I ■ n ad 


t | 1—a / ^1 

b\ n | xi - 


1 — a I kd. 

n I Xd - 

n 


pointwise, as n —> +oo. 

Remark 33.38 Given that / £ C^(R d ) (fuzzy uniformly continuous func¬ 
tions), as n —> oo, we get D ^ (F n (f)) (~x), f(~x)^ —> 0, VH? £ R d , pointwise 
with rates. 

The next related result follows: 

Theorem 33.39 Let ~x £ R d , / £ C£ (R d ), IV £ N, such that all of its fuzzy 
partial derivatives /a of order N, 5 : |5| = N, are fuzzy uniformly continuous or 
fuzzy continuous and fuzzy bounded. Then 


D | {F n (f))(x)J(x) ) <£>(/(■?),0) 

b(0) 


1 


6 n 


i -°' - — i i-i 


+ ■ 


(T* 


ol n i(l-a) 
.7 — 1 J ‘ 


i= 1 


EG ^.5) 




[ns -Tn Q 

^ E_^ / . n ad 

k = \n x — T n a ] 
d 


II + 


(T*) n -d N b( 0 ) 


1=1 


n ( 2T ‘+ 


i 


n c 


max w 


1 ' /5 ’ n 1 - 


(•n 


a: |a|=iV 

As n ^ oo, we get D I ( F n {f )) (x),f(x) I —> 0 pointwise with rates. 


(33.18) 
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Proof. As before we have 


D 


(Fn(f)) (~x),f(~x) 


sup max 
r€[ 0 ,l] 





(/+ r) ) )(^) “ /+ r) (^) | < ([23],P 103) sup max I |/i r) (^)| 


k = \n~x — 1 T n OLl \ 


I • n ad 


l I 1 — OC I - > 

on lx - 


- 1 


6 ( 0 ) 


• nf ^-4 


Ee 


(r*y 


j\ n-?( 1_a ) 
7 = 1 j 

d 


E 


dxi 




+ 


(T*) n -d N b{ 0 ) 
N\ n N ^- a ) ' I 


l4 r) (^)l 


Et 


n (®+i 

i= 1 x 

- 7 ”“] ! 

--- 

t— 1 I • n ad 

*1 

c T*y 




x\=N 


[n 

■fc=rn^-Tn«l 
N 


b\ n 


E 


/+(■*) 


- 1 


+ 


n 2 t, + . 


6 ( 0 ) 


(T*) n -d N b( 0 ) 
N\ n N ^- a ) ' I 


—' j\ nA 1_a ) 

= 1 J 

(n ( m + y)) 44} 


< 


sup max 
re[0,i] 


/ (r! (*)i. i4 r > 




■fc=rn^-Trt^l 


1 

I • n ad 


■ b 


1 — Oi 


n 




i + 


b{0) 

I 



E 


. 3 =1 


(: T*y 

j\ n j( 1-a) 


sup max 

refo.i] 



d 

dxi 


(T*) n ■ d N 
N\ n iV ( 1 -“) 




+ 
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max 

or. |ck | =iV 




< 


r>(/o?),o) ■ X) 


3 




v cn- 

7 1 nit 1- ®) 
.7=1 J 


5 X&-®) '< 


(T*) n ■ d N 6(0 ) 
N\ n*! 1 -”) ' / 


n( 2 ^ 

v i= 1 x 

proving the claim. 


__ max 

or. |a| = iV 


^ [ fe’^rr c 


33.2.3 The Multivariate Fuzzy ”Squashing Operators” and 
Their Fuzzy Convergence to the Unit with Rates 

We use 

Definition 33.40 Let the nonnegative function S : R d —> R, d > 1, S has 
compact support 


d 

B := Y[[-Ti,Ti}, Ti > 0 

i= 1 

and is nondecreasing for each coordinate. S can be continuous only on either 
niiC-^] or B and can have jump discontinuities. We call S the multivariate 
’’squashing function” (see also [128]). Assume that 

T := [ S{T)dT > 0. (33.19) 

Jb 

Example 33.41 Let S as above when d = 1. Then 

S(lc) := S(xi)... S(xd), ~x = (xi,Xd) £ R d , 
is a multivariate ” squashing function”. 

Let / : R d —> R^r be either a fuzzy uniformly continuous or a fuzzy continuous 
and fuzzy bounded function. Let x , x' £ B such that Xik < x\k for some 
ik £ {1, • • •, d}; k = 1,..., r < d. Then 


Clearly 


B(x\) * - - j Xi^ . . 

< S(x 1 ,... ,x' ii; 


• 5 > 




! Xi 2 5 * * • 5 Xiv ; • • • ; X'j, 5 " • • ) X(2). 
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maxS(~x) = S(T), T := (Ti,..., T d ). 

~x (£t3 

For ~x £ R d we define the multivariate fuzzy ’’squashing operator” 

<&.</»<*>- £ £ /(£. 

ki = — n 2 kfi = — n 2 



I* ■ n a d 

where 0 < a < 1 and n £ N: 


(33.20) 


n> max {Ti + \xt\, T 1/a }. 
“ ie{i,..., d} 1 


(33.21) 


It is clear that 


[n~x — T n a ] 

(Gnif)) &)=* 

k = \n x —T n a 




(33.22) 


For the real analog of G n see [128], [23], p.112. 
We notice the following (r € [0,1]) 
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That is we proved 


<?„(/) 


(r) 


= G„ 


fi r) 


Vr £ [0,1]. 


(33.23) 


Here we study the fuzzy pointwise convergence with rates of (-!?)-> 

as n —> oo, ~x £ R d . This is given in the next result. 

Theorem 33.42 Under the above terms and assumptions we obtain 


d( (G„(/))(?), /(am 0) 


\n~x — Tn a ] 

E_^ 77 

k = f n x — T n a ] 


s 





„(-n 



(33.24) 


Proof. Based on (33.23), Theorem 3.3, p.113 of [23]. It is similar to the proof of 
Theorem 33.36 here. ■ 

We need 

Lemma 33.43 ([23], p.114) It holds 


D n (x ) 


[n~x — T n OL ] 

E 


1 

I* ■ n ad 


■ S 





1, (33.25) 


pointwise, as n —> 00 , where ~x £ R d . 

Remark 33.44 Let / £ C^ (R d ) then, as n —> 00, we get D ^ (G n (/)) ("x ), /(" a?) 

0 , V~x £ R d , pointwise with rates. 

We finish with 

Theorem 33.45 Let ~x £ R d , / £ C£ (R d ), IV £ N, such that all of its fuzzy 
partial derivatives fa of order N, a : a| = N, are fuzzy uniformly continuous 
or fuzzy continuous and fuzzy bounded. Then 



dI (G„(/)) (-?),/(-?)] <£>(/(■?), 0 ) 


[n~x — Tn a ] 

E_ 

k = \n x — T n a ] 


s 





- 1 
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Proof. Similar to the proof of Theorem 33.39 here, based on Theorem 3.4, p.117 
of [23]. ■ 
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34 

Fuzzy Fractional Calculus and the 
Ostrowski Integral Inequality 


Here we introduce and study the right and left fuzzy fractional Riemann- Liouville 
integrals and the right and left fuzzy fractional Caputo derivatives. Then we 
present the right and left fuzzy fractional Taylor formulae. Based on these we 
establish a fuzzy fractional Ostrowski type inequality with applications. The last 
inequality provides an estimate for the deviation of a fuzzy real number valued 
function from its fuzzy average, and the related upper bounds are given in terms of 
the right and left fuzzy fractional derivatives of the involved function. The purpose 
of embedding fuzziness into fractional calculus and have them act together, is to 
better understand, explain and describe the imprecise, uncertain and chaotic 
phenomena of the real world and then derive useful conclusions. This chapter is 
based on [54]. 


34.1 Fuzzy Mathematical Analysis Background 

We need the following basic background 

Definition 34.1. (see [283]) Let /z : R —> [0,1] with the following properties 

(i) is normal, i.e., 3®o £ R; y(xo) = 1. 

(ii) y(Xx + (1 — X)y) > min{/r(a;) y{y)}, Vx,y £ R, VA £ [0,1] (y is called a 
convex fuzzy subset). 
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(iii) p is upper semicontinuous on R, i.e. V*o G R and Ve > 0, 3 neighborhood 
V(xo) : p(x) < p(xo) + e, VifV(*o). 

(iv) The set supp(p) is compact in R (where supp(p) := {x G R : p(x) > 0}). 

We call p a fuzzy real number. Denote the set of all p with Rjr. 

E.g., X{x 0 } £ R^, for any xo £ R, where x^ol is the characteristic function 
at xo- 

For 0 < r < 1 and p £ R^r define 


[pY := {x £ R : p(x) > r} 


and 


[/x]° := {a: £ R : p(x) > 0}. 

Then it is well known that for each r £ [0,1], [/i] r is a closed and bounded 
interval of R ([172]). 

For u, v £ Rjr and A £ R, we define uniquely the sum u © v and the product 
A © u by 


[u ® v] r = [u} r + M r , [A © u] r = A[u] r , Vr € [0,1], 

where 

• [u] r + [v] r means the usual addition of two integrals (as subsets of R) and 

• A[«] r means the usual product between a scalar and a subset of R (see, e.g., 
[283]). 

Notice 1 © u = u and it holds 


u(Bv = v®u, A© u = uQ A. 


If 0 < n < ?’2 < 1 then [up C [■u] 7 ' 1 . Actually [u] r = [u^, u+^], where 


u^l 1 < u+\ uY.\ G R, Vr G [0,1]. 


(r) / \ (r) 

For A > 0 one has A u ± = (A © u)± , respectively. 
Define D : R^r x Rjr —> R + by 


D(u,v) sup max-l|u 

r-e [0,1] t 


( r) (r) I I (r) 

— V_ |, |wl|_ — V 


.Ml 

+ 


where 


[u] 7 = [«L r \ u+ r) ]; u, v £ Rjr. 
We have that D is a metric on R^r. 
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Then (R t,D) is a complete metric space, see [284], [283]. 

Here S* stands for fuzzy summation and 0 : X{o} £ Rjf is the neutral element 
with respect to ©, i.e., 


Denote 


«©0 = 0©u = u, V« £ Rjf. 


D*(f,g) '■= sup D(f,g), 

x£[a,b] 

where /, g : [a, b] —> R^r. 

We mention 

Definition 34.2. Let / : [a, b] C R — > Rjr, we define the (first) fuzzy modulus 
of continuity of / by 

w[ T) (.f,S)= sup D(f{x),f{y)),8> 0. 

x,y£[a,b ], \x — y\<8 

We define C^([a, b]) the space of uniformly continuous functions from [a, b] —> 
Rjf, also Cjf([o, b]) the space of fuzzy continuous functions on [a, b]. 

It is clear that 


C£([a,b]) = C>([a,b]). 

We mention 

Proposition 34.3. ([37]) Let / £ C^([a, b]). Then 8) < oo, any 8 > 0. 

Proposition 34.4. ([37]) It holds 

lim w[ T> {f,8) = w[ T) (f , 0) = 0, 

o—>0 

iff feCV([a,b]). 

Proposition 34.5. ([37]) Here [f] r = [/i r) , /| r) ], r £ [0,1]. If / £ Cr([a,b]) 
then £ C([a,b), for r £ [0,1], in fact these are equicontinuous families, 
respectively in ±. Furthermore / is a fuzzy bounded function. 

We need 

Definition 34.6. Let x,y £ Rjf. If there exists z £ R^ : x = y © z, then we 
call z the H-difference on x and y, denoted x — y. 

Definition 34.7 ([283]) Let T := [*o, *o + P\ C R, with (3 > 0. A function 
f : T —* Rjr is H-differentiable at x £ T if there exists an /'( x) £ R^ such that 
the limits (with respect to D) 

lim fix + h)~ f(x) lim f(x) - f(x - h ) 
h —►0-|- h h —►0-|- h 

exist and are equal to f'(x). 
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We call /' the H-derivative or fuzzy derivative of / at x. 

Above is assumed that the H-differences f(x + h) — f(x), f(x) — f(x — h ) exist 
in in an neighborhood of x. 

We denote by ([a,b]), N > 1, the space all N-times continuously fuzzy 
differentiable functions from [a, 6] into Rjf. 

We mention 

Theorem 34.8 ([202]) Let f : [a,b] C R —► R^r be H-fuzzy differentiable. 

Let t € [a,b], 0 < r < 1. Clearly 

imv = m ( :\ m ?i c r. 

Then (/(t))^-* are differentiable and 

[fit)v = nm^y, 

I.e. 


/i W = (/«)', Vr € [0,1]. 

Remark 34.9 ([35]) Let / £ Cj/ ([a,b]), N > 1. Then by Theorem 34.8 we 
obtain 


[/ (i) (t)] r = [(/ ( t)M) (i) , (mP)% 

for j = 0,l,2...,A, and in particular we have that 

(/«)« = (/«)«, 

for any r £ [0,1], all i = 0,1,2 ..., N. 

Note 34.10 ([35]) Let / £ ([a,b]), N > 1. Then by Theorem 34.8 we have 

/± r) £ C*([a,b]), for any r £ [0, 1]. 

We need also a particular case of the Fuzzy Henstock integral (<5(a:) = 5/2), 
see [283]. 

Definition 34.11 ([165], p. 644) Let / : [a, 6] —> R^r. We say that / is Fuzzy- 
Riemann integrable to / £ R;f if for any t > 0, there exists 5 > 0 such that for 
any division P = {[u, v]; £} of [o, b] with the norms A (P) < 5, we have 

D^2(v-u)®m, <e. 

We write 

/ := (FR) f f(x)dx. 

J a 

We mention 

Theorem 34.12 ([172]) Let / : [a, 6] —■+ Rjf be fuzzy continuous. Then 
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(FR) [ b f(x)dx 

J a 

exists and belongs to Rjr, furthermore it holds 




(FR) / f(x)dx 


[ ( f) ( L ) (x)dx , (f)^\x)dx 
J a 


Vr £ [0,1]. 

Theorem 34.13 ([283]) Let / £ Cp([a,b\) and c £ [o, b]. Then 


(FR) f f(x)dx = (FR) I f(x)dx + (FR) I f(x)dx. 

J a J a J c 

Theorem 34.14 ([172]) Let f,g : [a, b] £ C^([a,b]) and ci,C 2 £ R. Then 


'f 


■r 


(FR) / (cif(x) + C2g(x))dx = ci(FR) / f(x)dx + C 2 (FR) j g(x)dx. 

J a 

Also we need 

Lemma 34.15 ([26]) If /, g : [a, b] C R —> Rjr are fuzzy continuous functions, 
then the function F : [a, b] —> R+ defined by F(x) := D(f(x),g(x )) is continuous 
on [a, b] , and 

d((FR) j f(x)dx, (FR) f g(x)dx\ < f D(f(x), g(x))dx. 

\ J a J a / J a 

For the definition of general fuzzy integral we follow [206] next. 

Definition 34.16. Let (f2, E, /x) be a complete cr-finite measure space. We call 
F : Q —► R^r measurable iff V closed BCR the function F~ 1 (B) : Q —> [0,1] 
defined by 


f 


'f 


F 1 (B)(w) := sup F(w)(x), all w £ S2 

x£B 


is measurable, see [206]. 

Theorem 34.17 ([206]) For F : —+ Rxf, 


F(w) = {(F^\w), B| r - ) (w))|0 < r < 1}, 
the following are equivalent 

(1) F is measurable, 

(2) Vr £ [0,1], F^\ F^ are measurable. 
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Following [206], given that for each r £ [0,1], F^\ are integrable we 
have that the parametrized representation 



is a fuzzy real number for each A £ S. 

The last fact leads to 

Definition 34.18 ([206]) A measurable function F : Q —> 


R^, 


F(w) = {(F^\w), F’| r ^(ui))|0 < r < 1} 
is integrable if for each r £ [0, 1], are integrable, or equivalently, if F<S» 

are 

integrable. 

In this case, the fuzzy integral of F over A £ S is defined by 



I K-) 


0 < r < 1 


By [206], F is integrable iff w —► ||F'(ui)||^ is real-valued integrable. 
Here denote 


||«||jf := D(u , 0), Vm £ R^. 

We need also 

Theorem 34.19 ([206]) Let F,G : fl —> R^r be integrable. Then 

(1) Let a, 6 £ R, then aF + bG is integrable and for each A £ S, 

[ (aF + bG)d f i = a f Fdg, + b [ Gdfj,- 
J A J A J A 

(2) D(F, G) is a real- valued integrable function and for each A £ S, 

d(^J Fdfj,, J GdfaJ < J D{F,G)dfe. 

In particular, 


Above /r 
here too. 
Basically 


[ Fdfi < [ || F\\rd». 
J A _ J A 


could be the Lebesgue measure, with all the basic properties valid 


here we have 
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[ Fdfi 

ii 

i- 

£+ 

i 

■e 

"fc, 1 

J A 

1 

L JA JA 


that is, 




F± ] dfJ>, Vr € [0,1], 


respectively. 

Let / G Cr([a, 6]), v > 0. 

We define the Fuzzy Fractional left Riemann- Liouville operator as 


J a vf(x) := 


r(. 


t r 

W) & Ja 


(x — t) u 0 f(t)dt , x e [a, b\, 

Jaf ■■= /• 

Also, we define the Fuzzy Fractional right Riemann- Liouville operator as 

l b -vf(x) := Yjyj © J (t- xY~ x © f(t)dt, x G [a, b\, 

i ts ■■= /• 

Above, F is the gamma function 


POO 

F(i/) := / e~ t t I/ ~ 1 dt. 

Jo 

We mention 

Definition 34.20. Let / : [a, 6] —> Rjr is called fuzzy absolutely continuous 
iff Ve > 0, 35 > 0 : for every finite, pairwise disjoint, family 


we get 


(ck,dk)k=i C (a,6) with - c k ) < 5 

k= i 


Y D (f( d k),f(ck)) < e. 

k= 1 

We denote the related space of functions by ACj^([a, b]). 

If / G AC^([a, 6]), then / G CV([a, b]). 

It holds 

Proposition 34.21. / G ACj?([a,b]) <==> G AEC([a,b\), Vr G [0,1] 
(absolutely equicontinuous). 
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Proof. Let / £ AC^([a,b]), then Ve > 0, 3<5 > 0 : for every finite, pairwise 
disjoint, family 


we obtain 


(ck,d k )k=i ^ (a,b) with Y^ dk - c k ) < 5 

k =1 


Y D U( d k),f{ck)) < e. 

k= 1 

The last condition means 

n 

Y sup max{j/i r) (dfc) -/i r) (c fc )|, |/+ ) (dfc) -/+ ) (c fc )|| < e. 
fci-e [04] L J 

But we have 


{ n n j 

Y i/-- f~\ c k)\, Y i/+Vo - /l r) (ci,)i l 
^=1 fc=i J 

n 

< Y SU P max { I /i r) {dk ) - Y ’ (c k ) |, | /+ } (dk ) - f+ } (c fc ) I). 

From the above we derive 

n 

Y \f-\dk) ~ f-\ck)\ < e 

k= 1 
n 

Y I Z+Vfc) - /+ } (cfe)| < e, 

fc=i 

Vr £ [0,1], proving the claim. ■ 

Remark 34.22. So, if / £ ACr([a, 6]), then / is of bounded variation in the 
fuzzy sense. 

Clearly here are differentiable a.e., for any r £ [0, 1], 

Hence by Theorem 34.8 we get 

(/«)' = (/')« 

a.e. on [ a,b ], and 


(/i r) )'e£i(M), Vr £ [o, i]. 
Let /, : [0,1] —► Rjf, given by 
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f*(x) :=uQe x , 

where u £ is fixed. 

Clearly /* is a Lipschitz function in the fuzzy sense: indeed we have (by Lemma 
2.2, [71]) 

D(e~ x 0 u, e~ v © u) < |e _:E — e~' y ■ D(u, 0) < D(u, 0) • \x — y\, \/x,y £ [0,1]. 
That is 

f*(y)) < D(u, 0) ■ \x - y\, Vx,y £ [0,1], 

Therefore /* £ ACr{[Q, 1]), but /* is nowhere H-differentiable ([109]). 
Consequently fuzzy absolutely continuity does not necessarily imply H- 
differentiability a.e. 


34.2 Main Results 

We mention 

Definition 34.23. We define the Fuzzy Fractional left Caputo derivative, 
x £ [a, 6], 

Let f £ C%r([a,b]), n = \i/\, v > 0 ([■] denotes the ceiling). 

D*af(x) := —— -- © [ (x- t)" - " -1 © f (n \t)dt 

r (« - v) Ja 

= {(r 

fj x ~ t) n -'~ 1 (f (n) ) { ; ) (t)dt}j 0 < r < l| = 

{(r 

Y^T) 0<r< l|. (34.1) 

So, we obtain 

[d:Z nx)] r = j\ x - t) n —\f^ n \t)dt, 
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F(n — 




(34.2) 


That is 


(tff/(*))" = Y{ri~~i7) 

= (d:m i r) )) (x), 

see [145], [42], 

I.e. we get that 

( D *a f^))^ = (^*a(/± r) )) (*), 

V* £ [a, 6], in short 

= ^*a(/i r) ), Vr € [0,1], (34.3) 

We use 

Lemma 34.24. We prove that D'^ f(x) is fuzzy continuous in x £ [a, 6], 

Proof. Without loss of generality we may assume a < x < y < b, that is 
0 <x — a<y — a. 

So, we have 


D 


1 

F(n — v) 


D 



d (n%Hx), urf/(»)) = v) 

f\x - ty-"- 1 © f (n) (t)dt, (\ y - ty-"- 1 © f (n) (t)dt) 

a J a / 

(/ z n ~ v ~ 1 © /(") (x — z)dz, J z n ~ lJ ~ 1 © f (n \y — z)dz^j = 

ryh7) D (j 0 -*)<**, 

Q f^ n \y — z)dz ® f z n ~ 1 '^ 1 © f^ n \y — z)dz\ 


r(n — u) 


„n — v — 


1 Q y n \x - z)dz, J* a z n -‘'- 1 ef<~ n \y-z)dz'j + 
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D (^j z n v 1 © f (n) (y - z)dz, 0 j I < 

f(^){ J 0 * n -’'- 1 D(f in Hx-z), f ™(y-z))dz 

+ [ z n ~ v ~ x D (f (n \y - z), o) dz\ < 

Jx—a ' ' ) 

!>b){ 0r v "" ,,fa ) »w>, »-»hd-(/<">,o) - 


r(n - !/) 


{ (3: n -C U ^ (/(n) - 2/ - *) + (/ (n) , 6) ■ ( 


(y — a) n u — (x — a) r ‘ 


r (n — 12 ) 


—-—- w[ :F) (f M ,y-x) +E!-SL -1—(( 2 /-a)” v — [x — a) 

n — v yn — is) v 


as y —> a:, by noticing f (n ^ € C^([a, b]). 

It follows the Fuzzy fractional left Caputo Taylor formula. 
Theorem 34.25 Let > 0, n = |V|, / € C£([a, b]), a < x < b. 
Then 


ra—1* , 

/(*)*£ ^^0/ W (a)® 

/c=0 

0 J (x- t)" -1 © ( t)dt. 

Proof. We obtain (see [145], p.40, [42], p.616) 


-► 0, 


(34.4) 


A r \x) = D 


' 1 (/i r) ) W («) / „ _, fc 


fc! 


-(a; — a)' + 


= 2^-fci- (*-“) + 


k =0 


T(«/) 


J (x - t) v 1 T>, a «'/± ) (t)dt 
J {x-ty- 1 (t)dt. 
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Here it holds b — a > 0, x — a > 0, for x £ [a, 6], and (/^)4(f) < 
(f (k) )+\t), Vf € [a, 6], all k = 0,1,..., n, Vr £ [0,1], 

We observe that 


[/(*)] r = [/i r) (z), 4°(*)] = 


- 1 (/W)M(a) / Nfe 
L -M—( x - a ) + 


r( 


i-y J (x-ty 1 ( _' (*)*, 


E 




k\ 


(X~a) k + J (X-ty 1 (D*af) ^ J (t)dt 


= E 


(a: — a)* 


k=0 


k\ 




F(4 


J (x-ty 1 [p^ 5 (t)dt, J (x-ty 1 [pta fYJ(t)dt 


Lemma 34.24 implies that , r € [0,1] are in C([a,b\). 

Furthermore 


(x-ty - 1 (Dgf)^ (t), 

are Lebesgue integrable, r £ [0, 1]. 

Thus we get 

J\x - ty- 1 © (d:£ 7) (t)di 6 Rjr. 

So we obtain Vr £ [0,1] that 


n — 1 , 

[ / ( x )] r = ^( £ _a L [ / ( fc ) (a )] r + _l_ 


J (x-ty 1 ©(-D*f/)(/)<// 


' n — 1 * ^ “I r 

E ~ l.|^ 0/ (fc) («)® pT-T® f ( x ~ ty -1 0 (D*a (t)dt , 

. k =0 ' l 1 4a 

proving the claim. ■ 

We need 

Definition 34.26 We define the Fuzzy Fractional right Caputo derivative, 
x £ [a, 6 ]. 

Let / £ C^([a, 6]), n = [©], v > 0. 
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Db-f{x) : = 


© [\t - x) 71 -'- 1 © f (n) (t)dt 

J X 


HT 

r(n — v) 

rb 


(-1 r 

T(n — v) 


J X 


0 < r < 1 


(- 1 )" 
r (n — v) 


- xy- v -\i ( : ) ) {ri \t)dt, (34.5) 

J X 




0 < r < 1 


We obtain 


[Db-f(x)] r = 


(- 1 )" 
F(n — u) 


[ b (t-x) n - 1 '- 1 (f ( Y ) )™(t)dt, 

J X 




0 < r < 1. 
That is 


(z?rf/(x)) 


(r) 

± 


p|^y f\t ~ x) n -'~ 1 (f^ n Ht)dt = (l??_ (/£>)) (x), 


see [44]. 

I.e. we get that 

(Db- '/(*))f = (^6-(/i r) )) (x), (34.6) 

Va: G [a, 6], in short 

(Db-f)^ = ^fe-(/i r) ), Vr G [0,1], 

Clearly 


£>?_(/I p) ) <£>?_(/| r) ), VrG [0,1]. 

It follows the fractional fuzzy right Caputo Taylor formula. 
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Theorem 34.27 Let v > 0, n = \v~\ , / £ C^([a,b]), a < x < b. 
Then 


/M® E'^sS-sC” +1) (‘)- E' 1 ^®/ 12 ©*)® 

m= 0 v ’ m= 0 v ’ 

© f(t - xr- 1 © /) (t)dt =: B. (34.7) 


Setting 


E 


(fe-*) 


2m+l 


(2m + 1)! 


■©/ 


(2m+l) 


( 6 ). 


we get /(*) = B — A, as H-difference. 
Above [■] denotes the integral part. 


Proof. We obtain (see [44]) 


f£\x) = £ 


! (/i r) ) W (&) 


fc! 


( x ~ + fjyj f (t-xY 1 D b _vf± ) (t)dt ■■ 


= E 


! (/ W )i r) w 


fc! 


k=0 

Equivalently we have 


(* - &)* + p^y J (t - *)" 1 { D b-f) ( J Y)dt- 


* l (i \2m+l 

/?>(*) + E (2m! 1 )! (A I ) (W ‘ ) W - 

m=0 ^ ' 


E 


(b~x) 2 -, jW 


(/i r) ) (2m) (&) + f^y l (* - ^ (^- /)1° (*)*■ 


m= o (2™) ! * ^ 

Here 6 — a; > 0 for any a; £ [a, b] and 

( J W)W( t )<( / W)W( i ) j vt £ [a,6], 

all fc = 0,1,..., n, Vr £ [0,1], 

We observe that 
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iE * (6 — x) 2rn + 1 

/w * £. r " 


= [/(^)] r + S —-—- —\f ( 2 rn+ 1 ) (b) V 

m = 0 (2m+ 1)! M 


[(/(.»« (/w4"]+ (/'“'m)". (/' 2 "«>w) 


^0 (2m + t)! 


, M 


, M 


\f{*))?, (/(*)4 r) ]+ E 


( 6 -*) 


2m+l r 


(2m+ 1)! 

m =0 V ' 


( ^ (2m+1) w,(/r) (2m+1) w 


f r \ l 2 J (b-x) 2m + 1 / M \(2m+1) ^ L 2 J (b - x) 2rn + 1 / M \(2m+1) 

(/(^))L } + E_ (b), (/(*))^+ E ----ln r) l 


n = 0 (2m + 1) 


! \ ~ J 


= 0 (2m + 1)! 


(&) = 



m=0 


(ft - z) 2m 

(2m)! 


(2m) 




M 


( t)dt , 



m=0 


(& - x) 2m 
(2m)! 


(2m) 


(6) + r53/V «>-(«?/) 


M 


(i)di 



m=0 


{b-x) 2m 

(2m)! 




( 6 ) 


+ 




J (t-x) u 1 (p^-(t)dt, J (t- x) v 1 (i>6-/) 


M 


(t)dt 


=: (*) 


By Lemma 34.28 next, we get that (D^-f)^ , r € [0, 1] are in C([a, 6]). 
Furthermore 


{t-xy- 1 (^6-/)^ (t) 

are Lebesgue integrable, r £ [0, 1]. 

Thus we get 
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J {t-x) v 1 © (££-/) (t)dt 


£ R T- 


So we have 


(*)= E 


(b-x) 2 


(/ (2m) (fe))E (/ (2m) (6)) 


+ 


F(^) 


( 2m ) ! 

J (t — a:)" -1 (p“ b -f) _(r){t)dt, J {t - x) 1 " 1 (p^ f^ ( \t)dt 


E 


(6-x) 2 


(2m)! 


/ (2m) (&) 


FM 


J {t — x) v 1 © (t)dt 


E * 0 /(2m)(&) ® f^y 0 £ (t ~ xr_10 ■0 {t)dt 


for any r € [0,1]. 

We have proved that 


* (U 

'<*>• ? fcj2L r ®/ B " +1, ((.) 


E ’ ® /'“"’W ® rk s J\t - *)"“■ s («£/) («)<* 


V?’ £ [0,1], establishing the claim. 

We need 

Lemma 34.28 D%^f(x) is fuzzy continuous in x £ [a, b]. 


Proof. Without loss of generality we suppose a < y < x < b, that is 0 < b — x < 
b-y. 

So, we have 


D(Dff/W,i)ir/M)= f5 L_ 

D ( [<: - i)'-'-' o j (t - y)'-’- 1 O /" 1J Ofd/j 
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1 


(/ z n " 1 0 / (n) 0 + x)dz, J z n 1 © f (n \z + y)dz) 


D 


r (n-u) \J o 


-D 


i-v-l _ f(n) 


L 


r(n -1/) \ J 0 

© f w {z + y)dz ® J 


© p n) (z + a;)dz, 


6—x pb— 

y n—v—\ „ f (n) 


y \ -| 


O f' n (z + y)dzJ < r(n _ Jy) 



^ 6 —X 

D( / 

/ 0 


1 ©7 (n) (^ + a ; )dz, £ 1 © / (n )( z + J/ ) d ^ + 


pb—y 

D I z' 

> b—x 



© / (n) (2 + y)dzj j < 


r(n - *0 \ A> 


a- " -1 D f f( n ) 


£> ( yi, 71 ; ( 2 ; _l_ a .) ) /( n ) ( 2 ; + y ; 


b) ) dz+ L- 


b-y 


-u-l n ( f (n) 


D f^ n '(z + y ) ; 


6) dz ^ 


T(n- 

1 


^y|^r ) (/ (n) ,o : - 2 /)(^ 6 +D*(/<"),0) V- I '- 1 ( fe)J = 


r(n — t') 
1 


4 y) (/ (n) .x-y) ( ^ g) "/ + r> y" ) .;° ) [(h-vT- -ib-xT-] \ < 




(n — is) (n — is) 

(ft — a) n ~ v D*(f( n \ 6) 


[(6 - j ,)"-*' -(6 


F(n — ^ 1 w ’ a/ (n — v) (n — u) 

as y —> x, by noticing /^ £ C7^([a, ft]). ■ 

We next give a fuzzy- fractional Ostrowski inequality, motivated by [238], [27]. 
Theorem 34.29 Let v > 0, n = [V], / £ Cjr([a, &]), c £ [a, 6], 

Then 


1) 


D (db 0 (Fi?) /* /(:r)da: ’ /(c) 


< 


b — a 


E 


D*(f (k \c), 6) 


r! (fc + i)! 


(ft — c) fc+1 + (c — a) fc+1 j + 


r© + 2) 


(fe-c ) 1/+1 sup D 0) + (c - a ) l/+1 sup D ( (D"^f) (t), o) j 

te[c,b] V ' t£[a,c] V 'J J 


( 34 . 8 ) 
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2) lf/«(c)=0, k=l,...,n. 
Then 


D 


b — a 


© (FR) f f(x)dx,f(c) 

J a 


< 


(b — a)T(i/ + 2) 


(b - c) v+1 sup D ((D*f/)(t),o) + (c — a)" +1 sup D ((DZ-f)(t),o) 

te[c,b] V 7 <cl» /■! x 7 


iG [a,c] 


(34.9) 


Proof. Let c £ [a, 6], 
We observe that 


D (b^ @ ( FR ^ J /(*) d ^/( c ) 

D ( © (PI?) f 6 f(x)dx, /(c) © - J— I' 1 dx 

\b-a J a b — a J a 

D © (^) f f( x ) dx . ^ © (^) J" /(c)d®) = 

i-D ((FT?) J" f(x)dx, (FT?) J' f{c)dxj < J' D ((/(*), /(c)) dx 


1 


b — a 


f 


f 


D ((/(*)>/(c)) da: + / D{{f(x),f(c))dx 


Notice that ( / £ C£([a, b]), ^ > 0, n = )V|, then / £ C£([c, 6])) 


IT 1 # ✓ \ | /*CC 

/(*) = X] ^ ■/' © / (fe) ( c ) ® pTTT © / (* “ i)" -1 © (P*f /) (?)<??, 

fc=0 ' \ ) Jc 


all c < x < b. 

Also here / £ C^([a,c]), thus we obtain 


l ^ J* / \ 2 ra+1 ^ j* / \2m 

/W® £ 4 i^r 0/,3m+1,( - :)= £ 


(2m)! 
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r(i 


© [ (t - x) u 1 © (d"- f) ( t)dt , 

J X ' 7 


all a < x < c. 

We observe that (a < x < c), 


' 1 z i r _ T \2?n+1 

D ((/(*),/(c)) = £>f/(a:)® £ ® / (2m+1) (c), 


["2 1 ]» , \2m-t-l \ / ["2 1. 

e ^h)r©/ B " + '><c) W r 

m=0 V 1 / / \ m =0 


/ \2m 

( C a ) ,7s f(H 


(2m)! 


© r ’(c)® 


V{v) 


0 f (t-x) v 1 q(d^A ( t)dt , /(c)® ^2 

Jx ' ' -v,—n 


(c-*) 


2m+l 


0/ (2m+1) (c) ) = 


(2m + 1)! 


* E 


* (c — *) 2m 


Jra I rc . . 

— © / (2m) (c) © p^y © J (t- © (££-/) (*)<«, 


- (2m)! r (l 

f®ti] 

(c — a;) 2m+1 


E 


0 / (2m+1) (c) 1 < 


(2m. + 1)! 


J2 D 


k\ 5 r j 1 r(^i 


(c x) k 0/ W( c)) o) + J- T z?( l\ t -xy- 1 Q (p£f) (t)dt,0 


E (/ (fc) 5 ) + f^y D 0 (^- /) (*)*> [ 


0 dt < 


E (/ (fc) W-6) + f^y J\t- X r-'D^f) (t),oj 


k =1 
rc.—1 


E 


{°-x) k c ( Ak) 


k\ 


(/ W (c), I 


fc =1 ... - W tG[a,c] 

That is, we have proved that 


0 + — sup .D (t),0 


r( 


((^/) (t).« 


dt < 
(c — x)u 


n— 1 / X /(. 

< J2 l£ if Ll) (/ (fc) (c),0^ 


+ 


(c — x)u 


r^+l) tel 


sup ^7?c-/) (1, 


So we get 
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f C 1 1 

/ D((f(x),f(c))dx<Y, 

J a k = 1 


(c - : 


(fe + 1)! 
We also have (c < x < b) 


-D(f {k \c), 6 )+ sup d( (r+f/)(*), 6 

V ' t€[a,c] \ V ' 


(c — a) 

r> + 2 )' 


o((/w,/(c)) = D^ Y. (x k f 0/(fc)(c) ffi F77) 0 ~ t) ' / 1 0 M dt > /(<=)) = 


E* 0 / (fc) ( c ) © f^y 0 Jj x - *)"" 10 /) (*)*> 5 


< 


n — 1 , x u 

J2 {x ~. c) D 


k\ 


E 


(/ (fc) (c),o) + (x-ty 1 @ (t)dt, Odt. 


< 


(* ~ c) k 
k\ 


D 


(f (k \c), 6) + f L.J X ( x -ty- 1 D (r>:f/(t), 6) dt 


< E (X fc! C) " g(/ W (c),o) + sup £>(z>rf/(t), o) 


fc=i 

I.e. we derive that 


0) + sup D | 

te[c,6] 


(x — c)u 

r^TTT)- 


D ((/(*)> /(c)) < X] ^~TT~ D (/ (fe) (c),o) + sup D (D v jy f{t), o) ^ jE 

^ fc! V y 46[c,61 V / T(iZ + 1) 

all c < x < b. 

Consequently we obtain that 


J* D((f(x),f(c))dx< £ ib (k + iv ' D (f (k) ( c )yo) + - 7777—7 ^ sup _D(D^m,0) 


( b-cy + 1 


fei ( fc +!) ! 

So we have proved (c € [a, 6]) 


r(y + 2 ) t e [ 0 ,6] 


D 


J b f(x)dx,f(c)\ 


< 


b — a 


E 


(c- a) 


fe + 1 


+ (fe + 1)! 


Z?(/ (fc) (c),o) + jup I?(l££7(t),o) 


(c-a) 


I /+1 


r(z/ + 2) 
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n — 1 


E 


0 b~c) k+1 

(fc + 1)! 


5 ) 


+ 


(&-c)" +1 

r {u + 2) 


sup D[D*cf(t), 6 

te[c,b ] ' 




n — l 


E 


D(f (k \c), 0) 

(fc+1)! 


(b — c) k+1 + (c — a) k+1 


1 

+ I> + 2) 


( b-c) v+1 sup D ((D"c f)(t),d) + (c-a)" +1 sup D ((D”- f)(t), o) 

i£[c,b] ' ' ££[a,c] ' ' 

proving the claim. ■ 

Applications to Theorem 34.29 follow 
Corollary 34.30 Let v = 1, / £ C^Qa, 5]), c £ [a, b]. 

Then 


D (rb ° <™> r «<=>) s 5v5(b+ 

(fe-c) 1 ' 5 sup D ((D?f f)(t),o \ + (c-a) 1 - 5 sup D (f)(t),o\ . 

te[c,b] \ J te[a,c] \ / 

(34.10) 


Proof. Notice 


etc. 

Corollary 34.31 Let v 

Then 



f i / £ 6]); c £ [a, 6]. 


D 


t— © (+ R) f f(x)dx, /(c)') < 

0-0 /a / 


D{f'(c),0) 


[(6 — e) 2 + (c — a) 2 ] + 




(6- c) 


sup D 

te[c,b\ 


(Dl T f)(t),0 


+ (c - o) 2 


sup D 

££ [a,c] 


(D?_ /)(*),0 


(34.11) 


Proof. See that 


T(3.5) = 



etc. 

Corollary 34.32 Let r> 


f > / £ C^Qoi &])j c £ [a, 6]. 
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Then 


D{f'(c), 0) 
2 

(b-cf 5 


[(6 - c) 2 + (c - a) 2 ] + ° ^ [(6 - c) 3 + (c - a) 3 ] + 

sup D ((D?f +(c-a) 3 - 5 sup D ({D*f 6 

t£[c,b] \ J te[a,c] \ 



(34.12) 


Proof. Notice 


etc. 


F(4.5) 


lOSy^ 

16 
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35 

About Discrete Fractional Calculus 
with Inequalities 


Here we define a Caputo like discrete fractional difference and we compare it to 
the earlier defined Riemann-Liouville fractional discrete analog. Then we present 
discrete fractional Taylor formulae and we estimate their remainders. Finally we 
give related discrete fractional Ostrowski, Poincare and Sobolev type inequalities. 
This chapter is based on [48]. 


35.1 Background 


We make 


Definition 35.1. We use [104], [106], [227]. 

Let v > 0. The v-th fractional sum of / is defined by 

A _1/ / (t, O) = 'EOt-s- 1) (,/_1) / (s). 


Here / is defined for s = a mod (1) and A "/ is defined for t = (a + v) mod (1); 
in particular A - " maps functions defined on N a to functions defined on N a +i<, 


where Nt = {t, t + 1, t + 2,...}. 

Here = r(t+1) 

neie i — r ( t _„ +1 ) • 

From now in this context for convenience we set A - "/ (t, a) = A - "/ ( t ). 
We need 
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Theorem 35.2. ([104]) Let / be a real-valued function defined on N a and let 
fj,, v > 0. Then 

A" 1 ' (A"'*/ (t)) = A (t) = A _M (A-"/ (t)) , V t e Na+^+j/. 

We make 


Definition 35.3. Let fj, > 0 and m — 1 < fj, < m, where m denotes a positive 
integer, m = ["//], [".] ceiling of number. Set v = m — fj,. 

The /r-th fractional Caputo like difference is defined as 

A*/ (t) = A~" (A m / (*)) = ^ £ (t - a - 1)< V -V (A m /) ( S ), Vte N a+ „. 

Here A m is the m-th order forward difference operator 

(a m /)(«) = f;( ™ )(-ir- fc /( S +fc). 

We mention 

Theorem 35.4. ([106]) For v > 0 and p a positive integer we have 

I '~ 1 _ _\(^-p+fc) 

A~ v A p f (t) = A p A~ v f (t) - V V -- A fc / (a), 

J w ' w ^F(i/ + fc-p+l) 

where / is defined on N a . 


Remark 35.5. Let p > 0 and m — 1 < [i < m, m = [p], where m is a positive 
integer, v = m — p > 0. Then by Theorem 35.4 we obtain 


A'"A m 


/ («) . A-A-/ (0 - £ r ( ,t- + a ’_ m + 1 , AV (a). 


(y— m+fc) 


where / is defined on N a . 
So we have established 


if (t ) = A m A-■'/ (t) - V ^-— A fc / (a) 

JW ^ F(i/ + fc-m+l) w 


(i/ — ra+fc) 


that is 


A m A"7 (t) 


m — 1 

A((/(t) + y 

k=0 


(f-q) ( "~ m+fe) 
r (i/+ A: - m + 1) 


A fe /(«), 


where / is defined on N a . 


(35.1) 
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Definition 35.6. ([106]) The /.i-th fractional Riemann-Liouville type differ¬ 
ence is defined by 

A M / (f) := A m ~ v f (t) := A m (A ~ v f (t)) , 
where /i>0, m — 1 < ^ < m, v = m — /r > 0. 


Remark 35.7. Consequently from (35.1) we obtain 


m — 1 


A"/(t) = AC/(t)+^ 

fc =0 


(f - nR~ m+ *° 

T (^ + k — m + 1) 


A k f(a), 


(35.2) 


where / is defined on N a . 


35.2 Results 


We give the following Caputo type fractional Taylor’s difference formula. 
Theorem 35.8. For p > 0, /r non-integer, m = [//], v = m — fi, it holds: 


7ft- X / \ ^ ^ t 

/(«)=E fc! Afc/(a)+ m E Vt€N 0+m , 

fc=0 ' s=a+iv 

(35.3) 


where / is defined on N a with a € Z + , Z + := {0,1, 2,...}. 

Proof. Notice that by Definition 35.3, 

A*if (t) = A~ v (A m f (t)) = A-^-^ (A m / (t)), V t € N a+ „. 

Consequently we get A -M A* / (t) = A^A-f" 1 -"' (A m / (t)) (by Theorem 
35.2) = (A m / (f)) = A^ m (A m / (f)), V t € N a +„ +M . 

So that 

A -M A*/ (f) = A _m (A m / (t)), V t € Na+m- (35.4) 

We see that 

(t ~ s - l) (m " 1} = ^ = (t - s - 1) (t - s - 2)... (t - s - m + 1), 

1 [t — s — m + Ij 

(35.5) 

the falling factorial, here we have t — s — m + 1 > 0. 

Therefore we obtain 


A~ m {A m f(t)) = 


(m — 1 )! 


E (*-«- l) (m_1) A m f(s). 


(35.6) 


By ([1], p. 28, Theorem 1.8.5) the discrete Taylor’s formula we derive 

m— 1 ,, ,(fc) . t—m 

/ (t) = E - fc ! Akf (a) + E (* - s - !) (m_1)A "7 w > ( 35 - 7 ) 

fc=0 ' s=a 
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where t^ = t (t — 1)... (t — k + 1). 

From the last we find 

m—1 , _ ,(k) 

/ (t) = E A ‘/ («) + A_M A^/ (t), (35.8) 

fc =0 

where / is defined on N 0 , V t £ N a +m, proving the claim. ■ 

We make 

Remark 35.9. Here [o, b] denotes the discrete interval [a, 6] = [a, a + 1., a + 
2,..., b], where a < b and a, b £ {0,1,...}. 

Let /r > 0 be non integer such that m — 1 < p < m, i.e. m = \n~\. Consider a 
function / defined on [a, b\. Then clearly the fractional discrete Taylor’s formula 
(35.3) is valid only for t £ [a + m,b], a + m < b. 

We use 

Theorem 35.10. ([106]) Let p be a positive integer and let v > p. Then 

A p (A ~ v f (t)) = A" (l/ - p) / (t). (35.9) 


We make 


Remark 35.11. Let fj, > p, where p £ N. Then 


A p (A“ p A £/ (t)) (3 = 9) A~ (p - p) (A p / (t)), Vte Na+m-p 
Also notice that 


( (- t-a) (k) \ _ (t-a) (k - p) 

y fc! J (k — p)\ 


for k > p. 


(35.10) 


(35.11) 


By the last we obtain the following discrete Caputo type fractional extended 
Taylor’s formula. 


Theorem 35.12. Let p > p, p £ N, p not integer, m = \p\, v = m — p. Then 


A p f(t)=J2 


(t ~ a) ( 


k=p 


( k-p)\ 


-A k f(a) + 


r (p - p) J 


V t € Na+m-p, / is defined on N a , a £ Z + . 


E - 1) (M_P_1) A p /(s), 

(35.12) 


Note 35.13. Assuming that / is defined on [a, b], then (35.12) is valid only 
for [a + m — p,b\, with a + m — p < b. 

Notice for p = 0 applied on (35.12) we get (35.3). 

We give 
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Proposition 35.14. For /x > 0, /x not an integer, m = [/x], v = m — /x, f is 
defined on N a , a G Z + ; and A k f (a) = 0, for k = 0, m — 1, we get 

f(t) = -^— (t-a-l)'"- 15 A?/(a), V £ £ N 0 + m . (35.13) 

s—a+v 

Proof. By (35.3). ■ 

Also we present 

Proposition 35.15. Let /x > p, p G N, p non-integer, m = [/x], v = m — /x; f 
is defined on N a , a G Z + . Suppose that A k f (a) = 0, k = p, ..., m — 1. Then 

t-M+p 

A p /(t) = r , _ (t-s-l) (M “ p “ 1) AC/(s), V f G N 0+m _ p . 

(35.14) 

Proof. By (35.12). ■ 

We make 


Remark 35.16. We want to calculate 


t — (1 t — (l 

\(P-!) _ 


E ( t - s - 1 ) ( 


We notice that 

T (a; + 1) 


E 


r (t-s) 


t — (i—l 


r E 


r (t-s) 


r (t — s — /x +1) r (t — s — p + 1) 


r {x + 2) 


r (x + 1) 


r {k + 1) r (x - k + 1) r (fe + 2) r (x - it +1) r {k + 2) r (x - k) 


with x > k, x, k G R; k > —1, x > —1. 
That is 


r (x + 1 ) 1 

T(x-fc + l) (fe + 1) \T(x-k + l) T (x — k)J 


r (x + 2 ) r (x + 1 ) 


+ r (m) • 

(35.15) 

(35.16) 

(35.17) 


We find A := r( t- ( .-? +1 ) = 

(by (35.17) for x := t — s — 1 > /x > 0, k — p — 1> —1, and x > fc) 

_i sr^t—(i—i f r(t—s+i) _ r(t—s) 1 

(i s=a-\-u [r(t-s+l-/x) r(t —s —/x)J 


1 I" ( r(t — a — 1 /+ 1 ) 

r(x-a-i/) \ . / 

r(t— a—u) 

r(£ — a —p — 1) ^ 


T(t — a — v — (i)) ' \ 

1 

1 

d 

-i 

U 

1 

1 

1 

d 

-i 

E 

/ r(t—a— v— 1 ) 

oT 

1 

1 

d 

e 

( r(;i+i) \ 

,i _ 

Y r(t — a — v — l — (i) 

T(t — a — u—2—(i) J ' 

V" r (!) ) 

J _ 

r(t —a —i/+l) 

r (/*)]. 



L (iY{t-a — u-\-l—(i) 



That is 

4 _ r (t - a 

-u+1) 

T(/x). 


/xT (t — a - 

■ V + 1 - /x) 


(35.18) 
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Consequently we found 


t — fl 


E & ~ s ~ !) 


( M -1) _ r(f - a - v + 1 ) (t-a- 1 /) 

pT (t — a + 1 — m) p 


(m) 


(35.19) 


Using (35.19) we give 

Corollary 35.17 (to Theorem 35.8) Let p > 0, p non-integer, m = \p~\, 
v = m — p, t £ Na+m, / defined on N a , a £ Z + . Then 


m-1 , ,(M 

k =0 

Similarly we obtain 


(+) 


< 


{t — a — v) 

-p /-7T- ' 111CLA. 


|AC/( S )|. 

(35.20) 


Corollary 35.18 (to Theorem 35.12) Let p > p, p £ N, p non-integer, m = 
\pi\, v = m — p, t £ N 0 + m _p, / defined on N a , a £ Z + . Then 


’IfZ 1 (t - al^ _p ) , 

A E. A*/(«) 


k=p 


(fc-p)! 


(t-a-i/)+" p > 


T(p-p+l) se{a+v,...,t — ii+p} 


max |A(f/(s)|. 


( 35 . 21 ) 


We use 


Lemma 35.19. Let a > u, a,v > —1, a, v £ R, a < b. Then 
6 


E 


.» _ 


i 


r (& + 2) r (a +1) 


Proof. We have 
\^ b r (") = V 6 

Z—j r=a r=< 

1 (ELp 


U+i) 

r(a+4) 


) V+(6- 

-i' + i) i 

r(r+l) 

(by (35.17)) 

r(r —i/+l) 


[a+ 2) 

T(q + 1)\ , 

-w+i) 

na—')) + 


( 6 + 1 ) 


++i) _ (jO'+i) 


v+ 1 


(35.22) 


(-+i) 
r(q + 3) 


E~( 


T(r + 2) 


r(r+l) 1 _ 


r(r—q+1) r(r—q) 

r(q+ 2 ) 


r(q+3) 


r(q + 3 —q) F(q + 2 —q) 

T( 6 + 2 ) _ r(q+l) \ 

r(6-i/+l) r(q-q )) 


\ 

U+T) (l 


r(a +2 — u) r ( ot —|— 1 — is') 

\ , ,( r(b+i) _ r(b) \ f r(b+ 2 ) 

)+■■■+ \r(b-v) r(b-i-v) J + ( 


£( 6 + 1 ) 


r(6-i/+i) r(6- 


»)}) 


proving the claim. ■ 

Next we present a discrete fractional Ostrowski type inequality. 

Theorem 35.20. Let p > p, p £ Z + , p not an integer, m = [/+], v = m — p. 
Here / is defined on N a , a £ Z + and j £ [a + m — p + 1, b] , with a + m — p< b £ N. 
Assume that A k f (a) = 0, for k £ \p+ 1,..., m — 1], 

Then 

1 J2 A p f(j)]-A p f(a) 


(b — a — m + p) 


j=a-\-m—p -\-1 


< 
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(6 — a — m + p) T (p — p + 2) 


(6 - a - v + l) (M - p+1) - T {p - p + 2) 


max I A*/ (t)| 

/x+p} 


Proof. By (35.12) we have 


J-M+P 


for all j £ [o + m — p + 1,6]. 
We derive that 


(35.23) 


A p f(j)-A p f(a) = r ^— ) J2 U-s-l^-’-VASfis), (35.24) 


y AP f o)- AP / (°) = 

j'=a+m—p+1 

b 


b — (a + m — p) 

-—— -- V (A p / (j) — A p f (a)) = 

6-(a + m-p) ' / 


1 


j=a+m—p+1 

b /j~P+P 


{b-(a + m-p))T{p-p) S 0 s ^ )a */(s))- 

v v j=a+m-p+l \s=a+i/ 


(35.25) 


Therefore we get 

| b-(a+m-p) 12j=a + m-p+ 1 AP f 0) _ A + ( ffl ) | = 

(6— a — m+p) |^j — a + m — p+1 (A p / (j) — A p / (a)) | < 
1 


_ X^ b 

(b—a —m+p) j=a-\-m—p-\-1 

>6 


|A P / (j) — A p / (a)| < 


_1_[ ypj-M+P (a _ „ _ iRm-p- 1 ) 

(6—a —m+p)r(p,—p) j=a-\-m— p+1 l Z-/s=a+p w / 


' E,=a+m-p+l O' - a ~ V ) 


(b—a — m+p)r(p—p+1) Z.^/j=a+m— p+1 

6 


(m-p) 


l A */ ( s )l) 


(by (35.19)) 

< 


1 


(b-a-m+p) T (p-p+1) 


J2 O’" 


\(p-p) 


\j=a+m—p+1 

Next we use (35.22). We notice that 


max |A*/(s)| < 

se{a+v,...j— p+p} 


max | A*/ (s)| =: (*) 


s£{a+p,...,6-p+p} 


(35.26) 


b b—a—u 

y (i - a - *y- p) = y +- p) = 

j=a+m—p+1 r=fx— p+1 


r (b — a — v + 2) 

(/r — p+1) Vr(6-a-m + p+l) 


-r(p-p + 2) . 


(35.27) 
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Therefore 

, n _ _1_ / F (b — a — v + 2) 

(b — a — m + p) T (/x — p + 2) \ F (b — a — m + p + 1) 

■( . ma x ,! A */WiV 

The last completes the proof. 

Next we present a discrete fractional Poincare inequality. 


— T (/r — p + 2 ) 


(35.28) 


Theorem 35.21. Let p > p, p £ Z + , p non-integer, m = |~/r], v = m — p. 
Suppose that A k f (a) = 0 , k — — 1, / defined on N 0 , a £ Z + . Let 

+ | = Then 


E \A p fU)\ s < 1 . 

-a+m-p (T(/X-P)) 


b /j—p+P 


j=a-\-m—p \s=a+i/ 


E E 


b—p+p 

E 


(35.29) 


Proof. We have 


■j J-M+P 

A? 7 O') = r (p - p) 1 ) ( '" _p_1) A */(«), Vj £ [a + m-p,6]. 


Let 7 ,5 > 1 such that i + j = 1. 
We observe that 


(35.30) 


, J-M+P 

l AP /(j)l< rf| ,_ ' E 


■' - T(fji-p) 

(by discrete Holder’s inequality) 


r in - p) 


i /j-p+p 


E ( 0 '-s-l ) (M ~ p - 1) ) 7 ■ E l A */00H • (35.31) 


That is, it holds 


i. 

i /j-p+p \ 7 / j-p+p \ 


(r(M-p)r 


E (o'-®- 1 ) 


(m-P- 1 ) 
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/b-p+p \ 

( E WWf , V j €[a + m-p,b\. 

\s=a-\-u / 


(35.32) 


Applying J2j=a+m- P on (35.32) we establish (35.29). 

It follows a discrete Sobolev type fractional inequality. 


Theorem 35.22. Let p > p, p £ Z + , p non-integer, m = [/x], v = m — p. 
Suppose that A k f (a) = 0, k = p,...,m — 1; / defined on N 0 , a £ Z + . Let 
7, S > 1 : - + 4 ==T, and r > 1. Then 


E i AP /0')r 

j=a-\-m—p 


< 


l 


r {p - p) 


j-n+p 


E E (w-s- 1 ) 


( n-p-i ) 


b—p+p 

E i A */(* 


a+m—p \s=a+i/ 

Proof. By (35.31) and discrete Holder’s inequality, we have 

i fi-p+p , 

—«<—’) 


(35.33) 


b—p+p 

E l A */( s )l' 5 ) ’ V j £ [a + m-p,b], 


where 7 ,8 > 1 : i | == 1 . 
Hence, by r > 1 we derive 


iA p /(j)r< 


(r(ix-p)r 


j-p+p 


E ((i-s- 1 ) 


(m-P-1 ) 


/b-p+p \ 7 

( E WWlI i V j £[a+m-p,b\. 

\s=a-\-u / 


Consequently we obtain 

£ lA’/ors^ 


j=a-\-m—p 


-p)Y 


b /j—p+P 

E ( E (o - -*- 1 ) 

. 7 = 0 + 771 —p \s=a-\-u 


(35.34) 


(35.35) 


(p-p-i) 


b —p+ p 

E i A */oor 

s=a+p 


(35.36) 
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The last proves the claim. ■ 

We finish with the following discrete fractional average Sobolev type inequality. 


Theorem 35.23. Let 0 < pi < p 2 < ••• < /i k\ mi = \pi~\, vi = mi — pi, 
1=1 ,..., k , k £ N. Assume that A T f (a) = 0, for r = 0,1,..., mk — 1: / is defined 
on N a , a £ Z + . Let r > 1; Ci ( s ) > 0 defined on [a + 1 n,b — pi], l = 1,..., k. Put 
Br-=J2 b 8 Z: i +v C l (s)(A^f(s)f, 


8* := max 


i<i<k | WUhTt 


E)= a+mi [Eiz: i + „ 


g := max 
1 <l<k 

Then 


( Ci ( S l / 


*>-Md 


Ir-, [a+m k ,b] 


< ys*g* 


Eti Bi 


(35.37) 


Proof. We see that also A T f (a) = 0, r = 0,1 — 1, l = 1 — 1. So 

the assumptions of Theorem 35.22 are fulfilled for / and fractional orders pi, 
l = 1 ,...,k. Thus by choosing p = 0 and 7 = 5 = 2 we apply (35.33), for 
1 = 1 ,..., k, to obtain 


E 1 /cor 

\.j=a+mi 


< 


r(w) 


0 j — 

E E (o-.-D 1 "- 11 )' 


j=a+mi \s=a+ui 


Therefore 


E ( A *'/( s )) 2 

l s=a+i/j 


(35.38) 


E i/oor 

\j=a+mi 


< 


(r(w)r 


b 

/ 

E 1 

£ ( 

j=a+mi 

V s=a+pj 




\(mi _ 1 ) 


b-Hl 


' h ~Vl 

E ( A *700) 2 

k s=a+i/j 


<r E ( A *‘/(s )) 2 =r E (Q(*)) _ 1 (QW)( A ? 7 W ) 2 


l s=a+pj 


l s=a+pj 


<«V E G(s)(A«/( s )) 2 

\ s=a+i/j 


(35.39) 
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That is 


E i/oor 

<j=a+m k 


< 


E i fuw 

ij=a+m l 


< 


I E C l (s)(A^f(s)) 2 = for 1 = 1 ,.... 

\s=a+i' i / 


Hence 


proving the claim. 


1,2 <s * *('Ei=i B i 

Wr,[a+m k ,b] — 0 P 


k. (35.40) 

(35.41) 
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36 


Discrete Nabla Fractional Calculus 
with Inequalities 


Here we define a Caputo like discrete nabla fractional difference and we give 
discrete nabla fractional Taylor formulae. We estimate their remainders. Then we 
derive related discrete nabla fractional Opial, Ostrowski, Poincare and Sobolev 
type inequalities. This chapter relies on [51]. 

36.1 Background 

Here we use [105]. 

We define the rising factorial 

t n = t (t + 1)... (t + n — 1), n £ N, 

and t° = 1. In general, let a £ K, then define t a = , t £ R— {..., —2, —1, 0}, 

and 0“ = 0. Note that V (£“) = where Vy ( t ) = y (t) — y (t — 1). 

For k = 2,3,..., define inductively by V k = VV^ -1 . Thus V k f(t) = 



Call p (s) = s — 1, we define the n-th order sum of / ( t ) by 



(36.1) 
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where t > a, n £ N. 

In general we define the v-t\\ order fractional sum of / by 

V--7(i) = E (i ~w ( f X /(s). (36.2) 

s=a ' ' 

where is > 0 non-integer, t > a. 

We define the fractional Caputo like nabla difference for /r > 0, m— 1 < fs < m, 
m — [pt], [".] the ceiling of number, m£N,i/ = m- /i,as follows 

V^/(t) = V-"(V m /(t)), t > a. (36.3) 

We mention 

Theorem 36.1. ([105]) Here A m is the m-tli order forward difference opera¬ 
tor, m £ h +, 

m / s 

(A m /) (t) = E ( ™ J ( - 1)m ' fc / (* + fc )> * e z. 

Define t ^ iel - {...,—2,-1}, a > 0, so that 

= t (t — 1)... (t — n + 1), for n £ N. 

Note that t a = (t + a — 1)*-“^. 

Define for is > 0 the operator 

A ^ f {t) = fh) £ {t ~ s ~ 1)( " _1) f (s) • (36 - 4) 

' s=a 

We also see that 

A m f (t — m) = V m / (t ), V m £ N. 

We need the law of exponents. 

Theorem 36.2. ([105]) Let / be a real valued function, and let /r, v > 0. Then 

vr (vr / (t)) = v-^+^z (t) = vz M (vrz w), (36.5) 

for all t > a. 

We also mention the discrete Taylor formula 

Theorem 36.3. ([93]) Let / : Z —> R be a function, and let a £ Z. Then, for 
all teZ with t > a + m, the representation holds, 

n»-l \k I t _ 

/(0= E li lf^ Vfe/(a) + 7^ ± T)! E (I-'T + l)’”- 1 V m /(r). (36.6) 

fc=0 * ' ' r=a+1 
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36.2 Main Results 

We give the following discrete backward fractional Taylor formula 

Theorem 36.4. Let / : Z — > R be a function, and let aeZ. Here m — 1 < 
fi < m, m = ["//], fj, > 0. Then, for all t £ Z with t > a + m, the representation 
holds, 


m—1 


/(*) = £ 


a )* 

fe! 


fc =0 

Proof. We notice that 

7-M V7M 


Vfc/(a) + f(^) E 6 - T + 1 ) M " 1 Vf 0 + 1 )t /(r). (36.7) 


v:Rv^ a+1)t / (t) = v m / w 

(by (36.5)) v -£+m—M) vm/ (t) = V-V"*/ (t) , 

Va+ m i vro /W = r^)i E 6 -r + l)~V m /(r), 

U- r = o+l 


true for f > a + 1 . 
But 


and 


(36.8) 


(36.9) 


V„Ti v r o+1) */ (6 = E i (*- t + 6 M_1 V (a + 1)R (r), (36.10) 

where t > a + 1 . 

Then we apply Theorem 36.3. 

The claim is proved. ■ 

Corollary 36.5. (to Theorem 36.4). Additionally suppose that V fe /(o) = 0, 
for k = 0,1,..., m—1. Then 

, * _ 

/ (6 = pYTo E 6 - t + i)"" 1 )t /(r), V t > a + m. (36.11) 

r = a + l 

We need 

Lemma 36.6. ([105]) Let 0 < m — 1 < u < m, m = [i/], a G N, / defined on 
N a = {a, a + 1,...}. Then 

A-*7 (* + *>) = vr/(t), V t £ Na. (36.12) 
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Theorem 36.7. ([106]) Let p £ N : v > p. Then 

A p (A”"/ (t)) = A (t). (36.13) 

We give 

Theorem 36.8. Let p £ N : u > p, a £ N. Then 

V p (Vr/ (t)) = V- ( "- p) / (t), (36.14) 


for t £ N 0 . 

Proof. We notice that 


v p (vr/(i)) = a p (V~ v f)(t-p) 

(by( L 612)) A p (Ar/(f-P + ^)) = (A p A-7)(t-p + .)sA 

Also we see that 

•Va (v ~ p) f (t ) (by ( =' 12)) A- ( "- p) / (/-;/- //)-i B. 

But A = B by (36.13), proving the claim. ■ 

We make 


Remark 36.9. We have 


(t - a) A 


k\ 


A p 


(t + k — 1 — a — p) 

fc! 


(k) 


(t + k — 1 — 
k! 

(t + k — 1 — a — p)( k ~ p ) 
( k-p)\ 


(t-a) 


k—p 


(k — p)\ 


for k > p. 
That is 


(t — a) k \ (t — a) 


k\ 


k—p 


( k-p)\ 


for k > p. 


(36.15) 


We have proved the following discrete backward fractional extended Taylor’s 
formula. 

Theorem 36.10. Let / : Z —> R be a function, and let a £ Z+. Here m— 1 < 
p < to, m = [/i], p > 0. Consider p £ N : p > p. Then, for all t > a + to, t £ N, 
the representation holds, 


v p /w = E 


\k — p 


k=p 
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__ £ ^ ( t _ T + l )— 1 V£, +1) ./ (r). (36.16) 


Proof. By Theorem 36.8 and (36.15). 

Note. When a € Z+, and for p = 0 put on (36.16) we get (36.7). 


Corollary 36.11. (to Theorem 36.10). Additionally suppose that V fc / (a) = 
0, for fc = p ,..., m — 1. Then 

v *7 (*) = r / *_ \ E ( t ~' r + 1 )' I ~ P ~ 1 ^(a+i ),/M, Vt>a + m, teN. 

IT PI r=a+l 

(36.17) 


Remark 36.12. (to Theorems 36.4, 36.10). Let / be defined on [a — m + 
1, a — m + 2,..., b], a discrete closed interval, where 6 is an integer. Then (36.7) 
and (36.16) are valid only for t € [a + m, b]. Here we must assume that a + m < b. 


Remark 36.13. We would like to calculate 


t _ t— l _ _ 

Y {t-T+iy- 1 ^ Y (t-r + iy- 1 + (iy- 1 = 

T=a -\-1 r=a+1 


t-1 




i)^ 1 +r(p) 


t-1 


E 


r (t — r + p) 

r (t - r + 1) 


+ r(p). 


So still to find 


t-i 


E 

r=a+1 


r (t — t + p) 
r (t — r + 1) ' 


We will use the following formula 


r (x +1) = i / r (x + 2) _ r (x +1) \ 

r(x — fc +1) (fe + i) Vr(x-fe + !) r(x-fe)y’ 


(36.18) 


(36.19) 


(36.20) 


where x > k, x, k £ R : k > —1, x > —1. 

So for calculating A we set x := t — r + p — 1, k := p — 1. We observe here 
that x > —1, fc > —1 and x > k. Also we see that x + 1 = t — t + p and 
x — fc + 1 = t — Tf 1. So we get 


r (t — r + p) r (x + 1 ) 
r (t - r + 1 ) - r (x - k +1) 

for all r € {a + 1 ,..., t — 1 }. 


1 /T(t — T + p + 1) 

p\ r (t - r +1) 


r (t-r + p) \ 
r (t-r) )' 

(36.21) 
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Consequently we obtain 


A = 


+ 

(telescoping sum) 

1 f T(t — a + n) 

That is 


r (t — a + fj,) T (t — a — 1 + p) 

r (t - a) r (t - a - 1) 

F (t — a — 1 + /r) T{t-a-2 + n) 

r (t - a - 1 ) r(£-a- 2 ) 

F (t — a — 2 + /j.) r (t - o - 3 + m) 

r (t — a — 2) r (t — a — 3) 

f(m + 2) r(/i + i)' 


+ 

+ 

+ 


r (2) 


r (i) 


P l r (t - a) 






/rF (f — a) 


Hence we have found that 

t 


^ _ r _j_ ^m-i = T (t — a + ^i) _ (t — a) M 


r=a+l 


pF (t — a) 

We give 

Corollary 36.14. (to Theorem 36.4). We obtain 

(t-af 


m-1 , 


k=0 


(36.22) 

(36.23) 

(36.24) 


v (W /(r) ' (36 - 25) 


Proof. Use of (36.7) and (36.24). 


Corollary 36.15. (to Theorem 36.10). It holds 

(t - a)^ 




< 


r(/i-p+l) re{a+l,...,t}l (a+1) * 


Proof. Use of (36.16) and (36.24). 

We present a discrete fractional Opial inequality 


f(j) | . 
(36.26) 


Theorem 36.16. Let p > 2, m = \p\ > 3; p € Z+ : p > p; a G Z+. Here / 
is a real valued function defined on {o — m + 1, a — m + 2,...}. Here t > a + m, 
t € N. Suppose that V fc / (a) = 0, for k = p ,..., m — 1. 
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Let 7, (5>l:i + | = l;C (r) > 0 for t = a + 1, t\ and D ( t') > 0 for 
t! = a + m, ..., f. Set 


9(t,a,p,p,C,~i) :== ( (f-r + l) M p 1 (C (r)) 1 


r=a+1 


, t > a + m, 

(36.27) 

t 4 

£ (C(r)) 5 |vf a+1)t /(r)| , t > a + 1; (36.28) 

(fl 2 (f - 1 ) - fl 2 (a + m - 2 )) 


r=a+1 
2 /.\ ,2 


G (f, a, m, fir) := 2 (g 2 (t) - g 2 (a + m - 1)) + 

2 [g (t) g (t — 1) — g (a + m — 1) g (a + m — 2)], t > a + m. (36.29) 

Call also 


K{t) := 


Then 


1 


r {p - p) 


E [d (t') (C (t')) 1 6 »(t',a,g,p,C, 7 )] 7 J , t > a+m. 

(36.30) 


l t / =a+m 


E toOEmi 

t 7 =a+m 

for t > a + m. 

Proof. By (36.17) we have 


\ vPf{t) \-rlihp) E ( 7 -^ + i) M “ P ' 1 |vr a+1)t /(r) 


Vf a+ 1 ) J(f') <K{t){G(t,a,m,g)y , (36.31) 


r=a+l 


l 


r (m - p) 


r=a+l 

(by discrete Holder’s inequality) 


E T W) _1 C to \^(a+l)J to 


< 


r(M-p) V T f n+ i 


E [(i-r+ir-^cw)- 1 

=a+l 

E toto)*|vf a+ 1 ) J(r) 


r=a +1 


= e(f ’r^E^ 7) ( E 1 to to ) 5 I V ( 0 + D*/ tof) 7 , V t > a + m. (36.32) 
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We have set 

g(t)= (C(r)) 4 |vf a+ i )t /(r)| 4 , (36.33) 

T=a -\-1 

which is nondecreasing inf>a+l>a — m+ 1 . 

It holds 

Vg(t) = (C(t)) s \vl +1] J(t)\ d , t€{a + 1,...}. (36.34) 

Thus 

I v? 0+1) ./ (t)| = (Vs (t))* (C (t))' 1 . (36.35) 

We observe for a + m < t' < t that 

E °(oiv p /(oi|vr a+1) j(i')|< 

i / =a+m 
t 

E * 

t / =a+m 

(by discrete Holder’s inequality) 

r( X _ n ( E [ D (*') (C'(0) _ 1 ^(i , ,« 5 ^P 5 C>7)] 7 ) 

\ t'=a+m J 

1 \* 

E 5(0'Vg(0 • (36.36) 

t'=a-\-m J 

By m > 3 notice that a + m — 2 > o + 1. 

We define the discontinuous function 

ip (x) = g (t 1 ) + V g ( t ') (x — t' + l) , for x £ [t' — 1 , t '] 

a closed interval of R, and for T = a + m. — 1 , a + m,... . 

So ip (x) = g ( t' + 1) + V g ( t' + 1) (a; — t'), for x € [t 1 , t' + 1], and notice that 
ip(t'—) = 2g{t') — g(f — 1 ), while ip(t'+) = g{t' + 1 ); thus ip in general is 
discontinuous. Also see that ip' (x) = Vg ( t'), for x £ \t' — 1, t'], for t' = a+m— 1,... 


(0 - rlH-pf ~ (»<«'))* (Vg(t')d (C(t-))- < 


Here g (t ), V g (t) > 0. 

We further notice that 

0 ( .n < g(t') + (2g(t')-g(t'-l)) = 3ff (f) - g (T - 1) 
2 2 

for t' = a + m — 1,... . 


(36.37) 
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The last means that 

g (t') < [ ip{x)dx , for t' = a + m — 1,... . (36.38) 

Jt'-i 

Consequently, we derive 

g{t')Vg(t')< f ip (x) ip 1 (x) dx = f ip{x)dip{x) = 

Jt'-i Jt'-i 

x = | [(^ ( £/ )) 2 - (V’ - !)) 2 ] ■ (36.39) 

That is 

g (t') Vg (t') < i [(V> (t')) 2 - (ip (t' - t)) 2 j , for t' = a + m- 1,... . (36.40) 
Hence 

Y 9(t') Vs(t') < \ Y [(^(*')) 2 -(lK*'- 1 )) 2 ] 

t'=a-\-m t'=a-\-m 

= \ [{(i> (« + "»)) 2 - (ip {a + m- l)) 2 ) + {{ip (a + m + 1 )) 2 - (V> (a + m)) 2 ) 

+ ((V) (a + m + 2)) 2 - {ip (a + m + l)) 2 ) + ... + {{ip (t)) 2 - {ip {t - l)) 2 )] 

= \ [W> W) 2 - {ip (a + m - l)) 2 ] 

= | [(2fl (i) -g{t- l)) 2 - (2g (a + m - 1) - g (a + m - 2)) 2 ] 

= 2 (/ (*) - 5 2 (a + - 1)) + \ ( g 2 (t - 1) - 5 2 (a + "» - 2)) 

-2 [5 (*) 9 {t - f) - g {a + m - 1) g (a + m - 2)]. (36.41) 

That is 

t 

Y 9 {t')Vg (t 1 ) < 2 (g 2 (t) - g 2 {a + m- 1)) 

t f =a-\-m 

+ TJ {g 2 {t-l)-g 2 {a + m- 2)) - 

2 [g (f) g (f — 1) — g {a + m — 1) g {a + m — 2)], V t > a + m. (36.42) 

The last proves the claim. ■ 

We give 


Qe)) 

2 
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Corollary 36.17. (to Theorem 36.16). Here / is a real valued function defined 
on {—2, —1,0,...}, t > 3, t £ N. Suppose / (0) = / (—1) = / (—2) = 0. Set 

X) [(* - r + 1P] 2 ) , t> 3, (36.43) 


g(t) :=X( V ?* 5 /( r )) 2 ’ *>1; (36.44) 

T=1 

G (t, 3,5) := 2 (f (t) - f (2)) + (g (1)) 

+2[ff(t)p(t-l)-3(2)p(l)], t>3. (36.45) 

Call also 

(0(f',2.5)) 2 j , t > 3. (36.46) 

Then 

* _ _ i 

X 1/(01 IV?* 5 /(01 < K(t)(G(t,3,g))\ fort > 3. (36.47) 

t' =3 

Note. Above in (36.45) we have p(l) = 7r(/(l)) 2 . 

Next we give a discrete fractional nabla Ostrowski type inequality. 




Theorem 36.18. Let m— 1 < fi < m, m = [/L|, non integer /i > 0; p,a £ Z+ 
with fi > p. Consider b £ N such that a + m < b. Let / be a real valued function 
defined on [a — m + 1, a — m + 2,..., 6], Here j £ [a + m,b]. Suppose that 
V fc / (a) = 0, for k = p + 1, ..., m — 1. 

Then 


1 

(b — a — m) 


b 

X V p /(j)-V p /(«) 

j=a-\-m-\-1 


< 


(( 6 - a ) M “ p+1 
T(p-p + 2)(b-a-m) 
Proof. By (36.16) we have 


( max 

\rG{a+l,...,b} 


V 


(a+1) 



(36.48) 


V p / (j) — V p / (a) = 


r (m - p) 


X Cj- 


^+ir- p - 1 v{‘ a+1) j(r ): 


(36.49) 


=a+l 


for all j £ [a + m + 1, a + m + 2,..., 6], 
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We obtain that 


b — (a + m) . 
1 


(b — a — m) 


E V p /(j)-V p /(«) = 

=a+ra+1 
b 

E (V P /(i)-V p /(«)) = 


.7=0+771+1 

b / J 


L (p — p) (b — a — m) E Eb'-^ir-'VU/W]. 

' > j=a+m+1 \r=a + l 


(36.50) 


Therefore we derive 


(b — a — m) 


E V p /(j)-V p /(o) 


.7 = 0+771+1 


< 


1 


T (p — p) (b — a — m) 
1 


E E+^r'-'Ww < 


j=a+77i+l \r=a+1 

b / 3 


T (p — p) (b — a — m) 


J = 0+771+1 \r = o + l 


E E (i-r + l )— 1 


( max I Vf , n / (r)| ) 

\re{o+i,...,6} I (a+1) * v 'Iy 


(by (36.24)) 


1 


F (p — p + 1) (b — a — m) 


E O' - 1 


,7 = 0+771+1 


max , n /(r) 

re{a+1.....6} (“+!)*■' V ’ 


(by Lemma 19 of [48]) 


F (p — p + 2) (b — a — m) 


({b~ a) 


fi—p+1 _ m M-P+! ' 


p “ax V£, +1 ) ,/(t) 

^rG{a+l,...,o} I v ’ I 

proving the claim. 

Next we give a discrete nabla fractional Poincare inequality. 


(36.51) 


Theorem 36.19. Let p > p, p £ Z+, p non-integer, m = \p] ; a £ Z+. Here 
/ : [a — m + 1, a — m + 2,..., 6] —> R; a + m < b, b £ N, and X7 k f (a) = 0, 
k — p ,..., m — 1. 
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Let 7 , <5>l:i + j = l. Then 


b 

E \v p fU)\ s < 

j=a-\-m 


l 

(f (m-p )) 6 




f E lEa+DJWfV (36.52) 

\r=o+l / 

Proof. We have by (36.17) that 

vP fW= r^-p) 52 (i- T +iPv; +1) ,/(T), (36.53) 

V j G [a + m, a + m + 1,..., 6]. 

Let 7, 5 > 1 such that i + i = 1. 

We notice that 

|V P / U)\ < ± (J-T+ D^|V ?B+ 1 ) ./(r) | 


(by discrete Holder’s inequality) 


< 


T(M-P) Vrfa+l 


E (o'-^ + 1 ) p_p_1 ) 


E EWM 


r=a+l 


That is, it holds 


(36.54) 


|V p /(j)r < 


1 


(r(M-P)r 


E ((i-r + lf- 11 - 1 )' 


r=a +1 



V j € [a + m, 6], a discrete interval. 

Applying XEa+m 011 both ends of (36.55) we establish (36.52). 
It follows a discrete nabla Sobolev type fractional inequality. 


(36.55) 
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Theorem 36.20. Let n > p, p £ Z+, fi non-integer, m = [/it]; a £ Z+. Here 
/ : [a — m + 1, b] —> R; a + m < b, b £ N, and V fe / (a) = 0, k = p,..., m — 1. 
Let 7, (5>l:i + j = l, and r > 1. Then 


E i VP /0')f 

j—a+m 


< 


1 


r (/x - p) 


j=a-\-m \r=a+l 


E ( E ((i-r + l)— x )' 


E 

Vr=a+1 

Proof. By (36.54) and r > 1 we have 


iv p /(j)r< 


i 


(r (M-P)r 


E ((i-r+ir-"- 1 )' 


r=a+l 
r 

b A 7 

E | V (A)*/( T )| ’ v j £ [a + m,...,6], 

\,r=a+l / 

Consequently we obtain 


E i v "/w>r < pur- 


j=a-\-m 


-p)Y 


j=a-\-m \r=a+1 


(36.56) 


(36.57) 


E ( E (O'-r + ir- 1 )' 


E ^./(r) , (36.58) 

'.T=a+l ) 

proving the claim. ■ 

We finish with the following discrete nabla fractional average Sobolev type 
inequality. 


Theorem 36.21. Let 0 < /xi < < ... < Pk non-integers; mi = \p{\, 

l = 1 ,—,k, k £ N. Assume V T /(a) = 0, for r = 0,1,..., mk — 1, where / : 

[a — mk + 1, ...,&] —> R; b £ N, a £ Z+. Let r > 1; C; (s) > 0 defined on 

[a + 1,..., 6], Z = 1,..., k; a + mk < b. 

Put 

Br= E )./w) 2 > 

r=a+1 


5* := max 
l<l<k 


1 

(r(w )) 2 


E 

j=a+m z 


E (o'-^ + 



2 
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p* ■— max 

Kl<k Ci (t) , , , ,, 

— — 1 \ / oo,[a+l,o] 


||/|| r , [a+m „ fel < • (36.59) 

Proof. It holds also V 1 "/ (a) = 0, r = 0,1,...,mi — 1, l = 1 — 1. So the 

assumptions of Theorem 36.20 are fulfilled for / and fractional orders pi, l = 
1, ..., k. Thus by choosing p = 0 and 7 = S = 2 we apply (36.56), for l = 1,..., k, 
to get 


E i/oir s F 77 E E (o-t+i)»-‘) : 

+ J ' j=a+m l \r=a + l 


E ( v (i + i 

- = n. -I-1 


(36.60) 


Hence it holds 


E i/o)i 

\j=a+m l 


,w ) 

E (^S«)./m) s ) <«*( E (vSt.j./M) 5 ) = 

=a+l / \r=a+l / 

<5* ( E (Ci (r))- 1 (Cl (r)) (v« +1) ./ (r))") < 

\r=a+l / 

*>*( E 0(r)(v« +1) J(r)) 2 V 

\r=a+l / 


That is 


E i/o)r 

( i=a + m fc 


| E 1/ (/!' 

VJ=a+m[ 


y( E «W(Ei + i)*/( T ))] =S*P*Bi, for l = 1,..., k. 

\r=a + l / 


So that 


proving the claim. 


II 2 < 5*p* f ^ 1=1 — 

llr,[o+m fc ,b] — 0 P 1 J, 


(36.61) 


(36.62) 
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About q— Inequalities 


We give here forward and reverse q —Holder inequalities, q— Poincare inequal¬ 
ity, q— Sobolev inequality, q —reverse Poincare inequality, (/—reverse Sobolev in¬ 
equality, q— Ostrowski inequality, q— Opial inequality and q— Hilbert-Paclipatte 
inequality. Some interesting background is mentioned and built in the introduc¬ 
tion. This chapter relies on [47]. 


37.1 Introduction 


Here we follow [139], [252]. 

Let q £ (0,1), n £ N. A q— natural number [n] is defined by 
[n] q := l + q+ ... + q rl ~ 1 . 

In general, a q —real number [a] is 


l~q a 


[Q V = l-q 


a £ 


We define 

[0],! := 1, «! = [n] q [n — l] q ... [1], , 

n _ \ n ]q- 

. k \ q ~ [ k ] q '-\ n -k} q '-' 


(37.1) 


(37.2) 


(37.3) 
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602 37. About q- Inequalities 


Also, the q —Pochhammer symbol is defined by 

k -1 

(z — a )® = 1, (z — a = IT — > fc G N, z, a £ R. (37.4) 

j=o v 

The q—derivative of a function / (*) is 

(A,/) (*) == f(X) x Z f J qX) (*^°)> (37-5) 

(A/) (0) := lim (£>,/) (s), 

x —>0 

and the high q —derivatives 

D°f := f, Dgf ■— D q (d* -1 /) , k= 1,2,3,... (37.6) 

From the above definition it is clear that a continuous function on an interval, 

which does not include 0 is continuously q— differentiable. 

Here we suppose that the q —derivatives we use always exist up to n th order. 

Notice that if / is differentiable then lim D q f ( x ) = f ( x ). 

«-* i 

The g—integral is defined by 

n U OO 

{Iq,o /)(*)=/ / (t) = a: (1 - g) ^ / (zg' 1 ) g fe , (0 < q < 1 ). (37.7) 

-'° fc =0 


We call / g—integrable on [0, o], iff fg \f (t)\ d q t exists for all x £ [0, a], a > 0. 

If / is such that, for some C > 0, a > — 1, \f (a:)| < Cx a in a right neighbor¬ 
hood of x = 0, then / is q— integrable, see [139]. 

All functions considered in this chapter are assumed to be q— integrable. 

By [7] it holds 

{If)(x)= [ f (f) dt = lim (I q ,of) (x ), (37.8) 

Jo ®T! 

given that / is Riemann integrable on [0, *]. 

Also it holds 

(D q I q , 0 f) (x) = f{x), (37.9) 

and 

(Iq,o (D q f))(x) = f(x)-f( 0). 

One can define 

Ig,of = h ,o (7"o V) , n = 1,2,... (37.10) 
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Let x > 0, then one has ([7], [156], [197]) the q —Taylor formula 


n — 1 


t! \ k , 1 f X , j.\(n-l) rsn c (j\ j + 

f( x ) = 2s — x + [ w _i] i J o fa-#) D q f(t)d q t. 


k =0 
ifc , 


Assuming ( D q f ) (0) = 0, k = 0,1,n — 1 we obtain 

f ( X ) = r 1 11 , [ (X~ Dg f ( t ) d q t. 

V 11 ~ L \q' JO 

Let u (x) = ax 13 , then we get the change of variable formula ([139]), 


/•u(a) 

Ju( o) 


f (u) d q u = / f(u{x))D iu(x)d i x. 

Jo q 73 q 73 

In this chapter double q —integrals are meant in an iterative way. 
Lemma 37.1. ([139]) Let n€ Z+; x,t, s, a,b, A, B € R. Then 


where fe( n+1 ) = b n+1 q ( 2 ) . 

Furthermore, it holds another q —power rule 

f (a + Bqt)^ 71 - 1 ) d q t — 

Jo 

Let / (x) > 0 and / increasing, then 

[ f ( 1 ) dqt </(*)• X. 

Jo 

We easily see that (a > 0, 0 < q < 1) 


(a + Bx )^ — a" 

H q B 


[ f{x)d q x < [ \f(x)\d q x 
Jo Jo 


(37.11) 


(37.12) 


(37.13) 



(1) DqX t = [t] q X t \ 

(37.14) 

(2) 

Dq (Ax + b) (n) = [n] q A (Ax + b^ n ~ 1) , 

(37.15) 

(3) 

D q (a + Bx )^ = [n] q B (a + Bqx) < ' n ~ 1 ' > . 

(37.16) 

We get the q— power rule 


nx 

Jo 

nt , M («) d ,_(^ + 6) (n+1) -6 (n+1) 

(At + b) dqt- ( n + l] q A 

(37.17) 


(37.18) 


(37.19) 


(37.20) 
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q x, Cl,C 2 € R. 

(37.21) 


(37.22) 


Let f < g, then 


and 


that is 


(by |ESi*i| < ESi M), and 

pa pa pa 

/ (ci/i (x) + C2/2 (*)) dqX = Cl / fi (x) d q x + c 2 / f 2 {x)d, 

Jo Jo Jo 

Let 0 < x < y and / increasing. Then 

00 00 

(xq k ^j q < V (1 - q) ^2 / (^ fe ) S* 

k= 0 fc=0 

so that 

/ f(t)dqt < [ f(t)dqt. 

Jo Jo 

n f k\ k ^ ( k\ k 

f [xq jq < g[xq J q 

OO OO 

( % q k ) s fc < * (1 - q) ^29 (xq k ) q k 

k= 0 k= 0 

px px 

/ / (*) dqt< g {t) dqt 

Jo Jo 

(x > 0 , 0 < q < 1 ). 

Next comes the q— Holder’s inequality. 

Proposition 37.2. Let x > 0, 0 < q < 1, pi,qi > 1 such that — + — = 1. 
Then 

J o \f(t)\\g(t)\dqt<^ \f(t)\ pl d q tj P1 ^ \g{t)\ qi dq?j qi . (37.24) 

Proof. By the discrete Holder’s inequality we have 

A yj. OO 

/ 1/ COI Is (*)l d q t = x(i- q)J2\f ( X( i ) I Is (xq k ) I q 

= a; ( 1 -9)£ (|/(V)| (s") P1 ) (|s(V)| (^) 51 ) < 

OO \ / OO 

* C 1 - 1 ) Y1 \f { xqk ) f 1 qk ) (* (! - q) |s (*«*) | 91 s' 


(37.23) 


fc =0 


k=0 


\f(t)r dqt 


\g{t)\ 91 d q t 
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Clearly it holds that 



It follows the reverse q— Holder’s inequality. 


(37.25) 


Proposition 37.3. Let x > 0, 0 < q < 1; 0 < pi < 1, qi < 0 : U- + U- = 1. 
Let /, g > 0 with f* (g ( t)) qi d q t > 0. Then 

f (t) g (t) d q t > (^j (f(t)) pi d q tj 1 (g(t)) qi d q t^J \ ( 37 . 26 ) 

Proof. Notice that f* (g ( t)) qi d q t > 0, iff x (1 — q) YlkLo (9 ( x Q k )) qi 9 k > 0, iff 

£r=o(s(vir? fc >o. 

By the discrete reverse Holder’s inequality we have 

OO 

x(l-q)^2f (xq kS j g (xq k ^j q k = 

k =0 

* l 1 _ 9) (t ( x< t ) (? fc ) P1 ) (3 ( x 9 k ) (V) ,i )- 

(x(l~q)Y^ (/(*g fe )) P1 (x(l~q)jr(g(xq k '^y i q k \ , 

\ k =0 / \ k =0 / 

proving the claim. ■ 


37.2 Main Results 

We give the q— Poincare inequality. 

Theorem 37.4. Let a, f3 > 1:^ + ^ = 1, *>0. Suppose ( D q f ) (0) = 0, 
k = 0, — 1 and |U”/| be increasing. Then 


/' 


\f(w)f d q w < 


([n-ly)" (f (/." ( (w - "‘^"Y d °‘) ' (f W'/WI'’".') 


(37.27) 
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Proof. For 0 < w < x, we have 

1 f W 

f ( w ) = ^ ^ y J ^ (w - qt) (n ~ 1] Dqf (t) d q t. 

Thus 

1 f W 

l/H|<7 -rp / (w - <?t) (n_1) \Dgf(t)\d g t 

V n ! Jo 


(by q— Holder’s inequality) 
1 


< 


[»- 1],! VJo 


< 


[«-!],! \J o 


w — d q t 


\Dqf(tf dqt 

\D-f(tfdqt 


Hence 


I/Mr < 




?i) (n “ 1) ) < 




Then applying q—integration on (37.28) over [0,x], we prove (37.27). 
We present the q —Sobolev inequality. 


(37.28) 


Theorem 37.5. Let a, /3>l;T + i = l, *>0, r > 1. Suppose (D g f) (0) 
0, k = 0,1,..., n — 1 and |_D,/| be increasing. 

Denote ||/|| a>r , [0ja:] = (fj \f {w)\ r dqw) 7 . Then 


W 


< 


ll q ,r, l 0 ,x] - [„_ i] . I y 0 



((w-gt) (n 1} ) dqt J d,w) 

(37.29) 


Proof. As in the proof of Theorem 37.4 we obtain 
1 


L/»r< 


■9t) (n_1) )' 


|D"/(t)| /3 d 9 t 


( 37 . 23 ) 


d q W < 


([»-!],)' 

Thus 

f i/nr 

Jo 

({w - ^) (n_1) ) dgt) dqwj^J \Dq f (t)\ P dqt ' 1 

(37.30) 


it; 


([ n — !] g ! ) ' 
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Next raise both sides of (37.30) to power -. Thus proving the claim. 
Next we give the reverse q— Poincare inequality. 


Theorem 37.6. Let 0 < pi < 1, qi < 0 : A- + A- = 1, x > 0. Suppose 


(Dqf) (0) = 0, k = 0,1,..., n— 1; \D q /| be decreasing, and D q f ( t ) of fixed strict 
sign on [0, x}. Then 


[ I/Ml 

Jo 


qi d q W > 




/ (/ (( w - qt ) (n 1 ^J \D" f (t) qi d q t\^j . (37.31) 


Proof. Clearly here we have 


fW 

/ \D n q f (t)| ? 
Jo 


d q t >0 for all 0 < w < x. 


Also we have 


1 c w 

/M = 7-777/ (w - (?f) ( " _1) D q f (t)d q t, all 0 < w < x. 

l n ~ i -\q' Jo 


1/ Ml = f- 7 - 7 / 0-gt) ( ” 1} \Dqf(t)\d q t, all 0 < w < x. 

\ n ~ Jo 


By q— reverse Holder inequality we derive 


I/Ml > I (j o 1 ) ) P 1 dq ^ P1 ^ \D q f{t)\ qi d q t 


Because |D"/| is decreasing, we have that | D q f\ qi is increasing on [0,x]. Thus 


rw rx 

/ \D q f(t)\ qi d q t< / \D n q f{t)[ 
Jo Jo 


\D n q f{t)\ n d q ^j qi > \D n q f (t)\ qi d q lJj' 


Therefore we derive 


|/( w )| - f ^ t n (/ ( (w “^ )(n " 1) ) P1 ^) P1 (/ 
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all 0 < w < x. 
Hence 


v)' 


i/wr 91 > 


(( w-qt) {n 1 ^ \Dqf(t)\ 91 dqt'j , 


(37.32) 


all 0 < w < x. 

At last q —integrating (37.32) on [0,*] we obtain (37.31). 
It follows the reverse q— Sobolev inequality. 


Theorem 37.7. All assumptions were as in Theorem 37.6 and r > 1. Then 


I g,r,[0,a:] — 


7 (j Q [J o {[w ~ qt) {n 1] ) P1 d q t^j P1 d q w J ||^?/|| 4i , lil0>1B] - (37.33) 


Proof. As in the proof of Theorem 37.6 we obtain: 

l/M| r >-^-(/ (( W -9 t ) (n ~ 1) y i d 9^ P1 (^J 0 \ D q f (t)\ 91 dqt 


all 0 < w < x. 
Thus 


\f(w)\ r d q w > 


O-IU 




proving the claim. ■ 

We continue with a q— Ostrowski inequality. 

Theorem 37.8. Assume ( D q f ) (0) = 0, k = 1, ...,n — 1, x > 0, 0 < q < 1. 
Then 

11 r x n 


/ (w) d q w - f (0) < \\D, 


q J II oo,[0,a=] _|_ 1] J ' 


(37.34) 


Proof. By assumptions we have 


1 f w 

f i w ) ~ f (, 0) = 7- 7 T-: (w-qt) (n ~ 1) D*f{t) d q t, all 0 < w < x. 

I 71 — L \q- JO 
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Hence 


A (*) : = \ [ / M d i w ~ f (°) 

l r x i r x 

- / f{w)d q w -/ / (0) d q u 

x Jo x Jo 

(f{w) - f{0))d q w] . 


Thus 


However we see that 


i/ 

* Jo 


\A(x)\<- \f{w)-f(Q)\d q w. 


(37.35) 


1 c w 

l/H -/(°)l < t—- rn / («>-«t) (n_ 1 ) |aj/(t)|d,t 

[n — ij q ! 

' r ( W _ qt^n-D dqt. 

a- Jo 


[n-Aq 

Next we apply (37.13) for u(t) := —f. 
We notice that D q u ( t ) = —1. 
Therefore it holds 


(37.36) 


pw pw 

/ {w ~ qt)^ n ~^ dqt = — / (w + qu(t))^ n -^ D q u(t) dqt 

Jo Jo 

p—w p—w 

--- (w + qu (t)) (n_1) dqU (t) = - / (w + qy) (n ~ 1) d q y 
Jo Jo 


(37.18) 


(w + (—iw))^ — w 


[n] q 


w 

N„' 


By (37.36) then we have 


II D n f || 

1 / ( w ) ~ f (0)1 < -all 0 < w < x. 


N ! 


(37.37) 


Consequently by (37.35) we derive 


IA (x)| < - / w n d q w 


WWW 


oo, [0,:r 


[n]J 


(37_14) 1 X n+1 \\ D 1 /lloo.p.j,] _ II D <! 11 oo, [0,3; 


x[n+ 1] [n] ! 


[n + !]„! 




proving the claim. 
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Next we present a q— Opial type inequality. 


Theorem 37.9. Suppose {Dqf) (0) = 0, n £ N, k = 0,1, ...,n — 1, x > 0, 
0<g<l;a, /3>lH + ^ = l. Also assume |D” /| is increasing on [0, x]. Then 


[ I/HI \Dgf(w)\d q 

Jo 


x'F 


x / rw 




dqt d q W 


{Dq f (W)) 2f3 d q W 


\ n l]q- WO VO 

Proof. It holds 

1 f w 

f H = f-^j-7 / (w - qt) {n ~ 1] ( Dqf ) ( t ) dqt, all 0 < w < x. 

I 71 ~ Pq 1 JO 

1 


(37.38) 


Thus 


f W 

1/ HI < r hi , / (w- (7t) (n_1) | Dqf (t)| dqt 

U 1 ~ L \q' JO 


(by q— Holder’s inequality) 
1 


< 


[n~ 1],! Vio 


qt) (n - 1] y 


{Dqfitf dqt 


Put 


rw 

z(w):= / \Dqf (t)| /3 d q t, («(0)=0), all 0 < w < x. 

Jo 


That is 


I/HI < 


[n~ 1]J Vio 


w-qt) (n dqt) (z(w))e , 


with 

and 


z(w) < \Dqf(w)\ P w, 


(z (w))* < \Dq f (w)| w?, for all 0 < W < X. 
Consequently we have 


I/HI < 


[n-lU Vio 


w-qt) (n 1} ) d q i A \Dqf(w)\w^ 


and 


I/HI \ D qf( W )\ < 


[«-lU Vio 


qt) (n a; ) dqt) (Dq f (w)) 2 w P , 
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all 0 < w < x. 
Finally we find 



o Vo 

(by q— Holder’s inequality) 


[ l/(«0| \Dqf(w)\ d q w < 

Jo 

((w - gf) ( ” _1) ) dqt) (Dqf(w)) 2 wp\d q w 



w — qt)^ n 1) j 
w — j 



(Dqf (w )) 2(3 wd q w 


(Dq f (w)) 213 dqW 


We finish with a q— Hilbert-Pachpatte type inequality. 


Theorem 37.10. Suppose (D q f) (0) = {D q g) (0) = 0, k = 0,1, ...,n — 1, 
n € N; x,y > 0, 0 < q < 1; pi, qi > 1 : A- + A- = 1. Also assume |Z)£/|, 
are increasing on [0,*], [0, y\, respectively. Define 


F (s) ==' J ((s - qa) (n d q a, 0 < s < x, 


G (t) = I ((t — qr)^ 1 M d q r, 0<t<y. 


Then 


1/001 |p (t)| 


0 Jo + 

V pi ii J 


dqSdqt < 


xy 




D qf( a )\ qi d 1 G 


2 l / o I-* 


\ D q9{r)\ dqT 


(37.39) 


Proof. We have 

f (s) = -- ^777/ (s - po-) (n_1;i Dq f (a) d q o, all 0 < s < x; 

r Jo 


1 


9 (1) = 7 -- 777 / (1-Qr) (n 1] Dqg(r)d q T, all 0 < t < y. 

I 71 ~ L \q' JO 


Thus 


[»- 1],- 

1 / «| < | (s - gfr) (n_1) | Dqf (cr)| d q a < 
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[n~ 1],! \J o 

Also it holds 


9<r) (n_1) ) 


Pi \ PI 


\DqfW)\ qi dq(T 


Iff (01 < , ~pr , / ( t-qr) (n 1} \Dqg(r)\d q T < 

i n ~ i Jo' ./0 


1 


[»- 1] ! Uo 


t - 


qr^y 


\Dq9{r)\ P1 dqT 


Young’s inequality for a, b > 0 says that 


i J_ a fa 

a pi 6<n <-1-. 

Pi 9i 


Therefore we get 


1/001 Iff (01 < 




■(F(s))pi (G(*))« 


1 |-D£fl ( r )| I>1 d q T 

< 1 + 

“ ([«- 1|„!) 3 V P' » ^ 


d;/(«)"!,» 


Hence it holds (0 < s < x, 0 < t < y) 


\Dqg(r)\ Pl d q T 


1/001 Iff (01 < 1 


1? + ^) " ([»-!],!) 

" l/(»)ll»(f)l 


D qf(v )\ 91 dqCT 


\Dq 9 (T)r dqT 


Therefore 


dqSdnt < 


0 Jo (tt + tt) * * ([«-iU) 


s 




l^/OOP^a) “ d q s 1 1 1 1 1 1 n"" 1—1 l p l 


’(/ 
0 wo 


a; / ps 




7*P1 


-Dqff 00 | 1 d q T ) d q t ) < 
-Dq / (o') T 1 d-jo-) ' 
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yQ1 (/ (/) \ D ^ 9 ^\ PX dqT ^ dqt ' S ‘ 


< 




1 ( — — 

- I® pi j/91 


X / PX 


\ D q f(v)\ qi d q a \ d q s 


Dqg{j)\ P1 d q T ) dqt 


xy 


establishing the claim. 




2 l / o 1^9 


<v 
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38 

About q— Fractional Inequalities 


Here we present q— fractional Poincare type, Sobolev type and Hilbert-Pachpatte 
type integral inequalities, involving q— fractional derivatives of functions. We give 
also their generalized versions. This chapter relies on [50]. 


38.1 Background 


Here we follow [273] in all of this section, see also [252], 
Let q G (0,1), we define 


1 ~q° 


, (aG 


(38.1) 


1 1 - q 

The q —analog of the Pochhammer symbol (g—shifted factorial) is defined by: 

k-1 

(a;q) 0 = 1, (a;q) k = (l - aq'^j {k G N U {oo}). 

i =0 

The expansion to reals is 


(«;«)« = 


( a ;g)oo 

(«g“;g) c 


(a G 


(38.2) 
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also define the g—analog 


(a-6) (a) =■ 


. dig). 


a, b £ R, a ^ 0. 


Observe that 


(a-b) (a) = 0 “ ( -;g) . 


The q— gamma function is defined by 


r 9 (*) = , (g T ;g) ,°° (! - 9) 1- *, (* e R - {0, -1, -2,...}). 


(9*; 9)o 


Clearly 


r 9 (* + 1 ) = [®] 9 r 9 (*). 

The g—derivative of a function / (a;) is defined by 

(£>./><*) = lhAZM, (l5 i 0) , 

x — qx 

(Dgf ) ( 0 ) = lim (D q f) (x), 

x — 

and the g—derivatives of higher order: 

£>?/ = /, D n q f = D q (D n q ~ 1 f), n= 1,2,3,... 

The g—integral is defined by 

n OO 

(Iq,of){x)= f(t)d q t = x(l - q)^2f (xq k ) q k , (0 < q < 1 ) , 

•'0 u—n 


and 


(38.3) 

(38.4) 

(38.5) 

(38.6) 

(38.7) 

(38.8) 

(38.9) 


( I q,af){x)= [ f(t)dgt= f f (t) dqt — f f (t) d q t. 

Ja JO JO 

By [171], we see that: if f (x) > 0, then it is not necessarily true that 

[ f ( x ) d q x > 0. 

J a 

In the case of a = xq n , then (38.9) becomes 

n CC 14 1 

/ f(t)d q t = x{l-q)^2f(xq k ]q k , (38.10) 

JXQ n u—n ' / 


see also [171]. 
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Double q —integration is defined the usual iterative way. 
Also we define 

Iq,af = f, Qaf = h,a (J?,«V) , « = 1, 2, 3, 

The following are valid: 

(■ D q Iq,af ) (X) = f(x), 

(I q , a D q f ) (x) = f{x)~ f (a). 


(38.11) 

(38.12) 

(38.13) 


Denote 


W, ! = I 1 ], I 2 ], - Mq > 
[ 0 ] ' = 1 , 


™] q '- 


\k] \[n-k] 


In the next we work on (0,6), 6 > 0, and let a £ (0,6). Also the required 
(/—derivatives and q— integrals do exist. 

Definition 38.1. The fractional q— integral is 

(!q,af) (x) = J! , , [ f(t)d q t (38.14) 

1 Q \ a ) J a \ X / a-1 


1 


■ f (x — qt)^ a ^ f (t) d q t , (a < x, a £ R + ) . 

J a 


r, (a) 

The usual fractional integral (see also [42]) is the limit case of (38.14) as q | 1, 


lima; 0 

9tl 


Clearly 

We mention 


q-\q ={x-t)° 
x 


Kaf) (a) = o. 


(38.15) 

(38.16) 


Theorem 38.2. Let a,/3 £ R + . The q —fractional integration has the semi¬ 
group property 


( dq,alq,af ) (*) = {iqX^ f) (*) , (a < x) . 

Corollary 38.3. For a > n {n £ N) it holds 

( Dqlq,af ) (*) = {i^a™f) (*) , {a < x) . 

We mention the fractional q— derivative of Caputo type: 


(38.17) 


(38.18) 
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Definition 38.4. The fractional q— derivative of Caputo type is 

/ n a / n _ f (.4, af) 04 > a ^ 0 > 

(.D,,„/)(*)-| a>0 , 


(38.19) 


where [".] denotes the ceiling of the number. 

Next we mention the highlight of this introductory section. Again all here 
come from [273]. So the following is the fractional q —Taylor formula of Caputo 
type. 

Theorem 38.5. Let a € R + — N, a < x. Then 


(4% *Kaf) 04 = /(*)- E (£> f,{Y a) s* (p q ) ■ ( 38 - 20 ) 

k—0 X k 

Also we present 

Theorem 38.6. Let a 6 R + — N, (3 € R + , a > (3 > 0, a < x. Then 

(lia *KJ) (4 = (*D a q ~ p f') (x) - (38.21) 

(D R) 04 k- a +t3fa \ 

, Fq (fe - a + /3 + 1) \x' q )k-<x+i 3 ' 

K= | OL — p | 


38.2 Main Results 

We need the following q— Holder’s inequality. 

Proposition 38.7. Let x > 0, 0 < q < 1; pi,qi > 1 such that — + — = 1; 
n € N. Then 

f 1/(411 9 (41 d q t < (T 1/ (4I P1 d q t) P1 ( f | g (4P d q t) n . (38.22) 

Jxq n \J xq n / \Jxq n / 

Proof. By the discrete Holder’s inequality we have 

/ x 3 

1/ (41 Iff (41 d q t = x(l — q) E |/(*ff' i )| 1 5 (*«*) I 9 fc = 

k =0 

n—1 / _i\ / 1 \ 

*(!-?) E (|/MI ( 9fc ) P1 ) (|»MI (' ?fc ) <!l ) - 

k =0 ^ ^ * 
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k =0 


71—1 \ P 1 / 71—1 

x (! - q ) f { xqk ) P1 q ) ( * (! - ?) 3 [xq k ^j qi q 


k =0 


\f(t)r dqt 


I g(t )\ 91 dqt 


We give a q— fractional Poincare type inequality. 


Theorem 38.8. Let x > 0, 0 < w < x, 0 < q < 1; a > 0, pi, qi > 1 such that 
— + — = 1; n € N. Put 

PI 91 ’ 


fc =0 


[*], 


: (<?”;?)* 


Then 


/; 


_i_ 

w«(“-D 9 - (r, (a )) 91 



dqt d q W 


x / (• w 


*Dq,wq™f (1)| 91 dqt j d 9 W 


/0 \J wq n 

Proof. By q—fractional Taylor’s formula (38.20) we get 


(38.23) 


O' —1 fW / i \ 

A (to) = (/£„,,» *Dq wq n f) (tO) = J ^ {*Dq,-wq"f) (t) dqt. 

(38.24) 

Here by (38.14) and (38.19), we see that 

.[■al-a-l rw . . 

—7/ (?t; 9) 4 al /(*H(«>. ( 38 . 25 ) 

r, (|a| - a) 7 n v f /foi-a -1 


all wq n < t < w. 

Here we observe trivially that 


Furthermore we see that 

(«£;«) 


t 

q —;>7 


f f{t)dqt < j \f{t)\dqt. 

Jxq n Jxq n 


a-i nSo(i-« a ^) ns 0 (i-^ i+ “) 


(38.26) 


> 0. 


(38.27) 
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Hence by (38.22) we obtain 

,,ol — 1 rw 


a — 1 rw / , \ 

A(w)l ^ fTte) J wq „ \ q w' q ) a J ^ 


< 


„a-1 / /"u; 


r 9 (a) 

Consequently we derive 


|A(w)| < 1 


C ( q J ;q ) a J dqt ) P1 ■ (/£ |( *^ n/)(tr 


w“ 1 r q (a) \J wqn \( q w ,q ) a _J 

(j W J(*DZ wq nf) (t)\ qi d g tj qi , 


(38.28) 


(38.29) 


and 


lAwr 

w«i(“-i) “ (r, (a)) 


< 


/:(( 


t 

q—-,q 

w 


(38.30) 


(y"j(.iw/) wr £)• 


Applying q— Holder’s inequality (which is also valid on [0,x]) on (38.30), we 
observe that 

r ia«, , i 
Jo 


«;«(“-!) d<,W - (r, (a )) 91 


Jo (/£((v 9 ) a _J ^) P 1 -(£j(*^/)wi 91 ^) 

7' (/■ 

. J 0 \ J wq 


d q W 


t 


PI \ 91 


- (r, (a)) 91 

( /»cc / \ 9i 

J o (_/ J(*^9n/)(t)| 9l d 9 tj d, 

proving the claim. 

Next we give a q— fractional Sobolev type inequality. 


d 9 t d 9 u> 


(38.31) 


Theorem 38.9. Here all terms and assumptions as in Theorem 38.8. Addi¬ 
tionally let ri,r 2 > 1 : A- -)- A. — 1. Then 


r ( iam 

Jo V w “ _1 


MV 1 


r i i 

d a W < 


r 9 (a) 
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r/; 


<?—;<7 
w 


d q t d q W 


r (r \*D« wqn f(t)\ qi d q t ) 51 d q 

J 0 \J wq n / 


Proof. As in the proof of Theorem 38.8 we get (38.29), so that 




Therefore 


(r, («)) 

(r \{*Di wqn f)(t)\ qi d, 

\J wq n 

r(\A(w)\Y' 

Jo V 


LtllM’ 


-1 
Pi \ 


£ (F7HT' 


) P1 / fW 

i \{*D« w< f)(t)\ qi d q t 

\J wq n 

(by q— Holder’s inequality on [0,*]) 


< 


(r, («)) 


dqt d q W 


i l [ x (r (( t \ \ 
^yJo {J wq ~{\ q ™ ,q ) a - 1 ) 

t'i r 2 

r (r i (*D* wq nf)(t)\ qi d q t) n d, 

J 0 \J wq n J 


proving the claim. 

It follows a q— fractional Hilbert-Pachpatte type inequality. 

Theorem 38.10. Let for 1=1,2 that Xi > 0, 0 < Wi < Xi, 0 < q ■ 
pi, Qi > 1 such that — + — = 1; n £ N. Set 

y ’ PI 91 ’ 

A . _ A (..Jf ' V - 1 J {Wiqn l w * (g» ;9)fc , 


fc=0 


W,! 

fWl / 

ti 

\ pi 

/ I 

9— 

;<?) 

J w\q n ' 

101 

/a-: 


(38.32) 


(38.33) 


(38.34) 



(38.35) 


1; a > 0, 


(38.36) 
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f u>2 / f \ <31 

G(w 2 ) = / <? — ;<?) d q t 2 . 

J w 2 q n V / a—1 


|Ai (wi)| |A 2 (w 2 )| 


o Jo (TOr- 1 + stoi) 


d q wid q W2 < (38.37) 


cf 1 x / 1 / f xi ( f wi 


(r, (a)) Vo 


|*^l 9 n/l| 91 (tl) dqtl ) d«jWl 


0 \J W2q n 


*Dq,w 2q ™h\ P1 {t 2 )d q t 2 ) d 9 w 2 


Proof. We notice by (38.20) that 


a — 1 PWi / j. \ 

A» (Wi) = p ' / ' / ( 9—^; 9 ) i*D“ Wiq nfi) (ti)dq 

1 q \ a ) Jw iq n \ U ’i J a — 1 


(38.38) 


for * = 1,2. 

Therefore we derive 


ck — 1 /»tyi / » \ 

|Ai (wi)| < f J 7~T / |(*°9,«>i9"/l) (*l)|<Vl < 

1 q \ a ) Jtyiq n V ^1 / CK-I 


a — 1 / 


Pi \ Pi / /*toi 


9—;<? <^1 




(38.39) 


Similarly we get 


a — 1 / -l \ 

|A 2 (w 2 )| < 2 / (<7-^-;<7) |(* L> ^ 2 q"/2) (^)|d,f 2 < 

i <7 v^j J W2q n V / Q,_l 


a — 1 / /*iP 2 


q—\q) J ^ 2 ) ■( [ \*Dq }W2qn f 2 \ P1 (t 2 ) dqt 2 

^2 / a _l / / \Jw2q n 


Consequently we obtain 


(38.40) 


(w'\W‘>) OL 1 1 

|Ai («,i)| | A 2 (w 2 )| < (F ( W1 ))7T (G( W2 ))W 

(Fg (O^)) 


\*D% iq nf 1 \ Q1 (tl) dqtl 


\*DZ W2q nf 2 \ P1 ( t 2 )dqt 2 


(38.41) 
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(by Young’s inequality) 


< 


(wiM2)“ 1 ( F (w i) G (w 2 ) 


(r<j (o)) 2 V pi 

t Dl wiq nf l| 91 (h)dqtl 


<11 


Therefore 


|Ai (wi)| |A 2 (w 2 )| 


*Dl W2q nf 2 | P1 (t 2 )d,i2 


-d q wid q W2 < 


(38.42) 


1 


0 Jo (to )^ 1 





(r, (a))' 

W 2 



0 \J w 2 q n 


Dq,w 2 q n f2\ Pl fa) d q t2] d q W2 ) < (38.43) 


1 1 

, P1 ™< 3l / /*^1 / /*™1 


^1 ^2 

(r, (a))" VJo 

^2 / rw 2 


(tl) dqtl j d q W 1 
19 71 / 

-C>9,™ 29 n/2| P1 {t2)dqt^\ d q W 2 


(38.44) 

/O V</ w 2 q n 

proving the claim. ■ 

We continue with a generalized q—fractional Poincare type inequality. 

Theorem 38.11. Let a: > 0, 0 < w < x, 0 < q < 1; a > /3 > 0, pi, q\ > 1 : 
— + — = 1; n 6 N. Put 

Pl 91 ’ 

r' I \ ( na -/3 A I \ ST' (D k q f) (m n ) k-a+P , n ^ 

K(w) = ^D q>wqn f) (w) - £ Yq(k-a + 3 + l) W (<? ; ' 


fc= |"a—/3] 


Then 



(38.45) 
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Proof. By (38.21) we find 
K(w) = I^ wqn {,Dl wqn f) (w) 


w 13 1 


/ ( g w ;5 ) i* D q,™q n f) (t)dqt. 

(38.46) 


Rest of proof goes as in the proof of Theorem 38.8. 

Next comes a generalized q —fractional Sobolev’s type inequality. 


Theorem 38.12. Here all terms and assumptions as in Theorem 38.11. Ad¬ 
ditionally let n,r 2 > 1 : ^ = 1. Then 


' r(\K{w) 
Jo V 

px f pw ( / 

J 0 \J wq n \ \ 


MV 1 

--i ) 


r i i 

d„w < 


t 

q—;q 


0-1 


r 9 (P) 


d q t d q W 


(38.47) 


/;(/; 


r l r 2 

,D^ wq „f(t)\ qi d q t) 51 d q w 


Proof. As in the Theorem 38.9, using (38.46). 1 

We finish with a generalized q —fractional Hilbert-Pachpatte type inequality. 


Theorem 38.13. Let for i s 1,2 that Xi > 0, 0 < Wi < Xi, 0 < q < 1; 
a > /? > 0, pi, qi > 1 : ^ = 1; n 6 N. Put 


T' t \ ( r>a-/3 t \ / , {Dqfi) (Wiq n ) k _ a + p „ 

A, ( Wi ) = jD q , Wiqnfi ) ( Wi ) - E r q (k-a + f3+l) W ' ; q)k ~« 

k= [a—/3] 


7?* 

(wi) = 

r w i 

( ^ ' 
q—;q 

Pi 


J w\q n 

V ®i y 

0-1 



pw 2 

( t 2 > 

Ql 

G* 

(w 2 ) = 

/ 

1 d q t2- 


J W2q n 

V «’2 y 

0 — 1 


Then 


n x 

_ 


|Ai (wi)| | K 2 (w 2 )| 


1 1 
„PI 


d q W\d q W2 < 


(™)*- 1 (M + 9 9 - (r, m 


px 1 / nw-i \ 

J 0 \J wiq n J 


-ot+p ’ 


(38.48) 


(38.49) 
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I-X2 / ru 

JO \Jw ; 


*Dq tW2q nf 2 \ P1 (t2)dqt 2 ) d q W 2 


Proof. Similar to the proof of Theorem 38.10, using (38.21). 
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39 

Inequalities on Time Scales 


Here first we collect and develop necessary background on time scales required 
for this chapter. Then we give time scales integral inequalities of types: Poincare, 
Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We present also the generalized 
analogs of all these inequalities involving high order delta derivatives of functions 
on time scales. We finish with many applications: all these inequalities on the 
specific time scales R, Z and q z , q > 1. This chapter relies on [57]. 


39.1 Background 

Here mainly we use [119]. We are also motivated by [117], [118]. 

Definition 39.1. A time scale is an arbitrary nonempty closed subset of the 
real numbers, e.g. R, Z, = {q k \k G No = N U {0}, q > 1}. 

Definition 39.2. If T is a time scale, then we define the forward jump operator 
a : T i—> T by a (t) = inf{s G T|s > t}, Vt G T; the backward jump operator 
p : T i—> T by p(t) = sup{s G Tjs < t}, Vt G T; and the graininess function 
p : T —> R+ = ]0,oo), by p (t) = a (f) — t, Vt G T. Furthermore for a function 
/ : T —> R, we define / CT (t) = / (cr (t)), Vt G T; and f p (t) = / (p (t)), Vt G T. 

In this definition we use inf 0 = sup T (i.e., a (t) = t if f is the maximum of T) 
and sup0 = inf T (i.e., p(t) = t if t is the minimum of T). 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 627- 648 
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We call t £ T right-scattered if t < a (t), t £ T right-dense if t = cr(t), 
t £ T left-scattered if p (t) < t, t £ T left-dense if p (t) = t, t £ T isolated if 
p(t) < t < a ( t ), t £ T dense if p (t) = t = a (t). 

We notice that p is an increasing function, so is p 2 ( t ) = p(p(t)) ,so that 
p n (t) = p (p n_1 (0) is increasing in t for n £ N. Since T is closed subset of R we 
have that a (t ), p ( t ) £ T, for t £ T. 


Definition 39.3. ([119]) A function / : T —> R is called rd-continuous (de¬ 
noted by Crd ) if it is continuous at right-dense points of T and its left-sided limits 
are finite at left-dense points of T. 

If T = R, then / : R —> R is rd-continuous iff / is continuous. Also, if T = Z, 
then any function defined on Z is rd-continuous ([186]). 


Definition 39.4. ([119]) If supT < oo and supT is left-scattered, we let 
T fe := T — {supT}, otherwise we let T fc := T the time scale. 


In summary, T k 


k _ J T — (p (sup T), sup T], if sup T < oo, 
T, if sup T = oo. 


Definition 39.5. ([119]) Assume / : T —> R is a function and let t £ T fc . 
Then we define f A ( t ) to be the number (provided it exists) with the property 
that given any e > 0, there is a neighborhood U of t such that 

| [/ (o'(t)) -/(«)] - / A CO MO - s]| < eMO - s|, V s£U. 

We call / A (t) the delta (or Hilger [187]) derivative of / at t. If T = R, then 
f A = /', whereas if T = Z, then f A (t) = A/ ( t ) = / (t + 1) — / ( t ), the usual 
forward difference operator. 


Theorem 39.6. ([119]) (Existence of Antiderivatives) Let / be rd-continuous. 
Then / has an antiderivative F satisfying F A = /. 


Definition 39.7. ([119]) If / is rd-continuous and to £ T, then we define the 
integral 

F (0 = [ f (t) Ar for t £ T. 

Jt 0 

Therefore for / £ C r d (T) we have by definition 



F (b) — F (a ), 


where F A = f. 

If T = R, then 




dt, 


where the integral on the right hand side is the Riemann integral ([186]). 
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If every point in T is isolated and a < b are in T, then ([186]) 

r b pW 

/ /(f)Aty^/(t)/x(t). 

Ja t=a 

Theorem 39.8. ([119]) Let f,g be rd-continuous on T, a, 6, c £ T and a, f3 £ 
R. Then 

(!) Ja («/ (0 + P9 (0) At = a f b / (t) At + 0f b g (f) At, 

(2) f b f (t) At = - f, a f (t) At, 

(3) fa f (t) At — JCf (0 At + f b f (t) At, 

( 4 ) fa / (0 9 A (0 At = (fg) (6) - (fg) (a) - f b f A (t) g (a (t)) At, 

(5) f a a f(t)At = 0, 

(6) fa 1At = b~ a. 

Theorem 39.9. ([4], Holder’s inequality) Let a, b £ T, a < b, and f, g : T —> R 
be rd-continuous. Then 

J \f{t)\\g(t)\ At <(^J \f(t)\ p A?j \g(t)\ q Atj , 

where p, q > 1 : L + - = 1. 

1 p q 

Theorem 39.10. ([119]) Let f, g £ C r d{ T), a,b £ T , a < b. Then 

1) if 1/ (*) | < 9 (0 on [a, b) n T, then | f b f (t) Atj < f b g ( t ) At, 

2) if / (t) > 0, for all a < t < b and t € T, then f b f ( t ) At > 0. 

Corollary 39.11. Let / £ C r d (T); a,b,c £ T, with c £ [a, 6]; f (t) > 0, V 
t £ [a, 6]. Then 

[ f(t)At<[ f (t) At. 

J a J a 

Definition 39.12. ([119]) For a function / : T —> R we consider the second 
derivative / AA provided / A is differentiable on T fc = (T fc ) fe with derivative 
/ AA = (/ A ) A : T fe —> R. Similarly we define higher order derivatives / A : 
T fc ” -► R. 

Similarly we define <r 2 (t) = a (a (t)),a n (t) = a (cr n_1 (t)), n £ N. For 
convenience we put p° (t) = a 0 (t) = t, f A = f, T fe = T. 

Notice CT‘‘,|£ {0, l,..,n}. 

Theorem 39.13. ([2], Taylor’s formula) Let / be n-times differentiable 
on T fe ", t £ T, and a £ T fe " h 0 (r,s) = 1, ftfc+i(r,s) = ff hk (t,s) At, 
k £ No- Then 
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>•-- rp n ~ 1 (t) 

f{t) = ^2h k (t,a)f A (a)+ h n -i (t,a(r))/ A " (r) At. 

u—n J Oi 


Corollary 39.14. ([2]) Let / be n-times differentiable on T fc and m £ N 
with m < n. Then, V a £ T fe and t £ T fc 

n — m — 1 l‘P ri ~ rn 

f A (*) = h k (t,a)f A+ (a) + 

J a 


, we have 
1(t) 

hn-m -1 (t,cr (r)) f A (t) At. 


k =0 


Denote by C™d, (T) the space of all functions / £ C r d (T) such that f A £ 
C r d (T) for i = 1 ,n £ N. In this last case T fc = T. 

We need 


Theorem 39.15. ([186], [115], Taylor’s formula) Assume T k = T and / € 
C" d (T), n £ N and s,t £ T. Here ho (f, s) = 1, V s, t £ T; k £ No, and 

ht+i(t,s)= f hk{r,s)Ar, V s,t £ T. 

J S 

(then h A (t, s) = h k - i (t, s), for k £ N, V t £ T, for each s £ T fixed). Then 


n — 1 

f (*) = hk (*’ s ) + / (*>( r )) / A " ( T ) 

fc =0 


Ar. 


Remark 39.16. (to Theorem 39.15) By [186], we have hi (t, s) = t — s, V 
M€T. 

So if t > s then hi (t,s) > 0, /12 (t, s) > 0, ...,h n -i (t,s) > 0. However for n 
odd number h n - 1 ( t , <r (r)) > 0 for all s < t < t (see proof of Theorem 39.24). 
Also it holds ([2]) 

hk (t,s) < — p- , V t> s, k £ N 0 . 
fc! 

Corollary 39.17. (to Theorem 39.15) Suppose / € C” d (T) and s,t £ T. Let 
m £ N with m < n Then 

n — m — 1 

f Am (t)= Y f Ak+m (s)h k (t,s)+ hn-m-i (t, cr (r)) / A ” (r) Ar. 
fc =0 

Proof. Use Theorem 39.15 with n and / replaced by n — m and f A , 
respectively. ■ 
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Corollary 39.18. Let f £ C r d (T); a, b £ T, such that / (t) > 0, V t £ [a, 6]nT, 
then f ( t ) At > 0. 

Proof. Since / (t) > 0, V t £ [a, 6]flT by Theorem 39.10 (39.2) we get / (t) At > 
0. Assume that f (t) At = 0. Then F (t) = f* f (t) At = 0, V t € [a, b] n T. 
Thus by ([119]) we get F A (f) = / (f) = 0, V t £ [a, b] n T, a contradiction. ■ 
We need 

Lemma 39.19. Let the time scale T be such that T fc = T. Let hk : T 2 —> R, 
k £ No, such that ho(t,s) = 1, V s, t £ T, and hk+i(t,s) = jfhk(T,s)Ar, V 
s,t £ T, for all k £ No- 

Then hk(t,s) is continuous in s £ T, k £ No, for each fixed t £ T; and 
continuous in t £ T for each fixed s £ T. Also it holds that hk (t, cr (s)) is rd- 
continuous in s £ T for each fixed t £ T; for all k £ No- 

Proof. Consider also </*, : T 2 —s- 1R., fc = 0,1,..., n, such that go(t,s) = 1, V 
s,teT; and gk+i (t, s) = f* gk (er (r), s) At, V s, t G T, for k £ No- 
By [119], we have that 

h£ (t, s) = hk -1 (t, s), k £ N, V t G T, 


for each fixed s £ T. 
Also we have 


9k (t , s) = g k - 1 (er (t), s) , k £ N, V t £ T, 
for each fixed s £ T. 

Clearly gi (t, s) = hi (t, s) = t — s, V s,t £ T. 

By Theorem 1.112 ([119]) we get that 

hk (t, s) = (—l) k gt (s,t), V t, s £ T, for all t G No. 

By Theorem 1.16(i) of [119], we have that since gk is differentiable for any f G T 
(the first variable), then it is continuous for any i G T; for all fc G No. Thus, by 
the last equation just above, we obtain that hk (t , s) is continuous in s £ T; and 
of course hk is also continuous in t £ T; for all k £ No- 

By Theorem 1.60(iii) of [119], we have that the jump operator a is rd- 
continuous, and by the same Theorem 1.60(v) ([119]), we get that hk (t,a (s)) 
is rd-continuous, for all i; G No. 

The lemma now is established. ■ 


39.2 Main Results 

In this chapter we assume T fe = T.We give first a time scales Poincare type 
inequality. 
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Theorem 39.20. Let f £ C" d (T), n is an odd number, a, b £ T; a < b; 
p,q > 1 : i + i = 1. Assume / A (a) = 0, k = 0, 1,..., n — 1. Here a is continuous 
and h n -1 (t, s) jointly continuous. Then 


£ |/ (t)|* At < (£ (£ (t,a( t)Y At) ’ A tj (J 


I/ W| Ar J . 

(39.1) 


Proof. Since f A (a) = 0, k = 0,1,..., n — 1, by Theorem 39.15 we get 


L 


f(t)= hn-i(t,a(T)) f A (r) Ar, 


V t £ [a, 6] fl T, where a, b £ T. 
Hence 


|/(f)|< f h n -i (t,er(r)) \f A " (r)| Ar 
J a 


< 


< 


/: 

/: 


hn-1 (t, G ( t)Y At 


5 a 


h n -i (t,a (t)) p At 


/.V'wl 


Therefore 


I f(t)\ q <(^J hn-i (t,cr(r)) p Arj (^J 


Next we present a time scales Sobolev type inequality. 


Ar)' 


Ar)'. 


' Ar) , 

(39.2) 

the claim. 

■ 


Theorem 39.21. Here all terms and assumptions are as in Theorem 39.20. 
Let r > 1. Denote ||/|| r = ( f* \f (t)\ r Atj r . Then 

ll/ll, <(/ {^J h n -i (t,a(r)) p Arj Atj ||/ ATl |^. ( 39 - 3 ) 

Proof. As in the proof of Theorem 39.20 we have (a <t < 6) 

< (^J h n -i (t,cr(r)) p Arj (/ ( r )f Ar ) • 

Thus 

l/(t)| r < (/ ftn-1 (t,cr(r)) p Arj (/ |/ A " ( r )r Ar ) ’ 
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and 

(39.4) 

Next raise both sides of (39.4) to power K Thus proving the claim. ■ 

We give a time scales Opial type inequality. 

Theorem 39.22. Let / € C"d (T), n is an odd number, a, b £ T; a < b; 
p,q > 1 : j + j 3 I- Suppose / A (a) = 0, k = 0,1, ...,n — 1, and that |/ A | is 
increasing on [a, 6] l~l T. Here a is continuous and h n -1 (t,s) jointly continuous. 
Then 

/ l/(f)l|/ A (f)| At < (6- o)« • 

(/ (/ b " -1 ( t,a ( T ^ P Ar ) At ) (/ ' ( 39 ' 5 ) 

Proof. It holds 

f(t)= [ h , n -1 (t, a (r)) / A ” (r) Ar, 

J a 

V f £ [a, 6] (~l T, where a, b € T. 

Hence 

!/(*)!< (/ h n _i (t,a{r)) p Arj ^ |/ A ” (r)| 9 Arj 
< (y ^n-i (f,o-(r)) p Arj |/ A (t)|(t-a)«. 

Therefore 

I/ (*)I |/ An (*)| < ^y hn-i(t,a(T)) p Ar^j (^/ A " (t)) (t - a)* , 

for all a < t < b. 

Consequently we obtain 

y b |/(t)l|/ An (t) | At < (|y 6 ^£h n - 1 (t,a(r)r A T y (/ A " (t)) 2 (t-a)lj At 
< (y (y hn-1 (f,o-(r)) p Arj Atj (y (/ A ” (t)) 9 (t - a) Af^ 
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<( b ~a)i (J* h n - 1 (t,a(r)Y Ar) At) ” (/ A ” (t))^ At) * , 

proving the claim. ■ 

We make 


Remark 39.23. (to Theorem 39.20-39.22 and their proofs) As we know 
([119]), we have that 

h A _ 1 (t , a (t)) = h n - 2 (t, a (r)) , V t £ [a, 6] (~i T. 


Also (hn -i (t,a(t))) p is continuous at (t,t), t > a; p > 1. 

By Chain Rule, Theorem 1.90 [119], we get that (h n -i (t, cr (r)) p ) A exists in 
t£l, where r is fixed in T; p > 1, and 


((ftn-r(t. o- (r))f) A 


P 


(h n -1 (t,<r(r)) + 


hn(t)hn -2 ( 1 , <T (t))) P 1 d/l} hn — 2 (t, O (r)) . 


Here by assumption cr is continuous and h n -i (t, s) is jointly continuous. So 
that (h n -i (t,a(r))) p is jointly continuous in (t,r), that is rd-continuous in t 
and t- p > 1. Here T fe = T, and by Lemma 39.19 we get that h n -2 (t,cr (r)) is 
continuous in t and r. By bounded convergence theorem, using the last formula 
above, we get that ((h n -i (t,c r (r))) p ) A is continuous in t and r; p > 1, and thus 
rd-continuous in f and r. 

Consider now the function 


u 



hn— 1 


(t, cr (r)) p Ar, 


V f € [a, 6] n T. 


Clearly u (a) = 0. Furthermore, by Theorem 1.117 of [119], we derive 

u A (t) = f (hn-i (t,a (t)) p ) A At + (hn-i (& (t) ,a (t))) p 
J a 

= [ (hn-i (t,a(r)) p ) A At. 

J a 

That is u (t) is differentiable, hence continuous and therefore rd-continuous on 
[a, 6] Cl T. 

We proceed with a time scales Ostrowski type inequality. 


Theorem 39.24. Let / G C" d (T), n is odd, a, b, c £ T : a < c < b. Suppose 


that / (c) = 0, k = 1,..., n — 1. Then 


b — a 


[ b f(t ) 

J a 


At - / (c) 


< 


[hn+i (a, c) + h„+ 1 ( 6, c)] |K A 


b — a 


I oo,[a,b]nT 


. (39.6) 
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Proof. By assumptions and Theorem 39.15, we get 


L 


h„-i (t,a(r))f (t) At, V t G [a, b\ (~l T. 


Hence 


E(x) :=^ J* f(t) At-f(c) 


b - a Ja ' b — a J a 


f (c) At = 


1 


b — a 


f 

J a 


(fit) - /(c)) At. 


Thus 


\E(x)\<-^ J ’ 1/(£) — / (c)| At. 
However we observe that (c < t < b) 


\f(t) -fie) I < £ h n -1 (t,a(r)) |/ A " (r)| 


Ar 


< / (t,cr(r)) At / 


I oo,[a,6]nT 


Also when a < t < c, we obtain 


|/(i) -/(c)| = 


i; 


h n -i (t,a (t)) f A (r)Ar 


< 


J^ \hn-i (t,a(r))\ |/ A " (r)| Ar < 


(r))| |/ A " (r)| Ar < ( / |/i n _i (t,cr(r))| Ar ) / A " 

It J Hoo,[a,6]nT 


Since hi (t, s) = t — s,iit < s then hi (t, s) < 0. Then /12 (t, s) = f* hi (r, s) Ar = 
— f t “ hi (r, s) Ar = J" (—hi (r, s)) Ar > 0. That is ti 2 (t, s) > 0, for any f, s € T. 
We continue with (t < s) /13 (t, s) = f* Z 12 (r, s) Ar = — J /12 (r, s) Ar < 0. 
Consequently by induction, we obtain (t < s) 


\h k (t,s)\ = (-l) k h k (t,s), fee N 0 . 


Thus hk (t, s) > 0, for any t,s £ T, when k is even. 
Therefore when a < t < c, we derive 


l/W-/(c)|<(/ hn-i (t, <r (r)) Ar I / . 

If J H oo,[a,6]DT 


By (1.7), (1.8), (1.9) of [119] and Theorem 1.112 of [119], we notice that 
(c < t < b) 

J hn-i (t, a (r)) Ar = J g n -i (a (r), t) Ar 
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= t -1 )"/ Qn—i (<r(r),t) At = (-1 ) n g„ ( c,t ) = h„ ( t,c ). 
Also it holds (a < t < c) 

(- 1)” -1 It hn ~ 1 ( t ’ a ( T ')') AT = J t Sn-i (<r(r),t) At 


n Jt 

= g n (c,t) = (-1 ) n h n ( t,c ). 
So we found that (c < t < b) 


I / (*) — / («) | < ftn (t, 


I oo,[a,6]nT 


and (a < t < c) 


|/(i)-/(c)| <(-!)" h n (t, 


I oo,[a,6]nT 


Thus we have 


|£(z)|< 


1 


b — a 


[ C \f(t)-f(c)\At+ [ b \f(t)-f(c)\At 

J a J c 


< 


l 


b — a 


(-1 ) n f h„(t,c)At+ j h n (t,c)At 

J a J c 

[/“ hn ( t , c) At + hn+1 (b, c)] || 


I oo,[a,b]f~lT 


< 


b — a IT lloo,[a,6]nT 

[hn+1 (a, c) + ftn +1 (&, c)] ||jA Tl || 

6 — CL II 11 oo, [a, 6] DT 

proving the claim. 

It follows a time scales Hilbert-Pachpatte type inequality. 


Theorem 39.25. Let e > 0, i = 1, 2; fi € C" d (T;), n is odd, with / A (a;) = 0, 
fc = 0, l,...,n — 1; at < bi', ai,bi £ T,, time scale. Let also p,q > 1 such that 


L + L = 1. Call 

P <3 


/' 


F (ti)=l h ( nl 1 (ti,ai(ri)) p Ati, 


for all fi £ [ai, &i] fi Ti, and 


G (t 2 ) = ( ft®! (12, cr 2 (r 2 )) 9 Ar 2 , 

«/ ao 
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for all t2 G [ 02 , 62 ] n T 2 (where h^_ 1 , <7^ the corresponding h n - 1, er to T<„ 
i = 1, 2). Here Oi is continuous and h ^_ 1 ( ti , Si) jointly continuous in ti, Si G T;. 
We further suppose that 


A 




I/2 (fa)l 

F(tl) , G(t 2 ) \ 
P 9 ) 


Al~2 


is an rd-continuous function on Ti. 
Then 



iamami 

( £+ F(tj) , G(t 2 ) 

[ c '~ r p q 


-AtiAt2 ^ (61 


ai) (62 - a 2 ) • 


1 |/i A " (n)|* An) 9 2 |/ 2 A " (r 2 )| P Ar 2 ) ” ( 39 . 7 ) 

(above double time scales integration is considered in the natural iterative way). 
Proof. Since (at) = 0, k = 0,1,..., n — 1; i = 1, 2, by Theorem 39.15 we get 



(ti, o» (ri)) / A 


(n) An, 


V ti G [a», 6 »] n Ti, where a, 6 , G Ti. 

Hence 

l/i(ti)|< (/ 6™! (ti,ui (ri)) p Ari) ^ |/ A ” (n)| ? An) 


= F (ti)p(^J |/i A " (n)| 9 An) 

and 


l/2(t2)|<(/ (t 2 , cr 2 (t 2 )) ? At 2 ) ^ |/ 2 A " (t 2 )| P Ar 2 ) 


= G(t 2 )i(^J |/ 2 a (t 2 )| At 2 

Young’s inequality for a,b> 0 says that 

1,1 „ a b 
a pbi < —I—. 

p g 
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Consequently we have 


l/i (ti)\ |/ 2 (t 2 )\ < 

*i 1 . „ io \ « / 


F(ti)p G(t 2 )* ( ft (n) q An j (/ /| 


Ar 2 ) < 


' f C'' + 5MVr /r ( n)'ir, 


V p 


\ft (r 2 ) Ar 2 


The last gives (e > 0) 

l/l (tl)l 1/2 (* 2 )| 


£ +(^ + ^) 


< 


ft (ti) 9 Ari j ( / ft (t 2 ) P At 2 


for all U £ [oi, 6 »] fl T», i = 1, 2. 
Next we see that 


6l /»& 2 


\h{U)\\h{t2)\ 


/“l ^ £+ + 


Ati A t 2 < 



ft 


a 1 \«/ai 


An ) Ati 


*>2 / /**2 



ft (t 2 ) V At 2 ) At 2 I < 


a2 \*/ a2 


/ ai \J ai 

rb2 / rt2 


|/i An (ti)| 9 Anj Atij (61 - ai)p ■ 

1 

ft (t 2 )| At 2 ^ Af 2 ^ (fa — 02) 5 < 
f f \ft (ri)| 9 An'j Ati'j (6 i-oi)p- 


/ a 2 W ci2 

r^i / /*& 


• ai \*/ ai 

C b 2 / r b 2 


a 2 V* 7 <12 


/2 ( T 2) Ar 2 ) At 2 ) (62 - 0 2 ) g = 


6,1 


(bi - ai) (fa - a 2 ) yj |/i (n)| Anj |/ 2 (r 2 )| Ar 2 

proving the claim. 

Based on Corollary 39.17 we get the following results: 

First a generalized time scales Poincare type inequality. 


Proposition 39.26. Let f £ C" d (T), m,n £ N, m < n, n — m 

is odd, a,b £ T \ a < b; p,q > 1 : - + - = 1. Assume / A + (a) = 0, 
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k = 0,1 ,n — m — 1. Here a is continuous and h n -m -i (t, s) jointly continuous. 
Then 


/ 

«/ a 


r ( t) a t< 


/(/ 


h n - m -i (t, a(r)) p At ) At 


/>»l 


Ar I . 


(39.8) 


Proof. As in Theorem 39.20. ■ 

It follows a generalized time scales Sobolev type inequality. 

Proposition 39.27. Here all terms and assumptions are as in Proposition 
39.26. Let r > 1. Then 




< 


S\f 


h n -m-i {t, <j (r )) p At I At If 


(39.9) 


Proof. As in Theorem 39.21. ■ 

Next comes a generalized time scales Opial type inequality. 

Proposition 39.28. Let / £ C" d (T), m, n £ N, m < n, n — m is odd, a, b £ T; 
a < b; p, q > 1 : ^ j= 1. Assume / A (a) = 0, k = 0,1,..., n — 1, and that 
|/ A | is increasing on [a, 6] fl T. Here a is continuous and h n -m-i ( t,s ) jointly 
continuous. Then 


f 


\f (t)\At<(b-a)i 


nr 

J a \J a 


hn-m- 1 (t, CT (r)) p At ) At 




2q 


At 


(39.10) 


Proof. As in Theorem 39.22. 

We continue with a generalized Ostrowski type inequality over time scales. 


Proposition 39.29. Let / £ C" d (T), m,n £ N, m < n, n — m is odd, 
a, b, c £ T : a < c < b. Assume that / A + (c) = 0, k = 1,..., n — m— 1. Then 


:/ 


n m A t-n m (c) 


b — a 

Proof. As in Theorem 39.24. 


< 


\hn — m+1 (d, c) + hn — m+1 (pi c)] II 

b — a 


I oo,[a,6]nT 

(39.11) 
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We finish with the generalized Hilbert-Pachpatte type inequality on time 
scales. 

Proposition 39.30. Let e > 0, i = 1, 2; /, € C" d (T»), m,n G N, m < n, 

a k-\-m 

n — m is odd, with f t ( m ) = 0, k = 0,1 ; ..., n — m — 1; o» < 6 »; ai , 6 ; G Ti, 

time scale. Let also p,q > 1 : A + A = 1. Call 

F *{tl)=[ h n-m- 1 (tlWl (Tl)) P An, 

«/ ai 

for all fi G [oi, &i] fl Ti, and 

G* (f 2 ) = f A-m- 1 (t 2 , CT 2 (r 2 )) 9 Ar 2 , 

J a-2 

for all f 2 G [a 2 ,fc 2 ] n T 2 (where h^_ m _ 1 , the corresponding i, a to 

Ti, i = 1,2). Here at is continuous and h ^_ rn _ 1 (ti, Si) jointly continuous in 
tit Si G 

We further suppose that 


fb 2 

A* (ti) = / 7 

4 02 I 


A (fe) 


,. , f* 0 l) , G«(* 2 ) 

p ^ q 


-A r 2 


is an rd-continuous function on Ti. 
Then 

n r b2 |/i Am (A I |/ Am (* 2 )| 


// 

«/ ai */ a 


( e 


02 ( e + + 

' P 9 


AtiAt 2 < ( 61 — ai) (b 2 — a 2 ) • 


r»l . n q \ q / r 02 p 

/ jf (n) An / / A (r 2 ) Ar 2 

•/ ai / \«/ a2 


Proof. As in Theorem 39.25. 


(39.12) 


39.3 Applications 

We need 

Remark 39.31. ([119]) 

i) When T = R, then ht(t,s) = ^3 ; V fc G No, V t,s G R, a (t) = t, 

Ja /(*) = .fa f(t)dt, f A (t) = f (t), f Ak = / (fc) ; rd-continuous corresponds 

to / continuous. 
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ii) When T = Z, hk ( t,s) = (t —, V fc G No, ¥ (,s £ Z, where t ® = 1, 
t (k) _ _ j) f or k € N, a (t) — t + 1 , 

[ f (t) At = f (*) > « < & > 

Ja t=a 

f A (t) = f(t + 1) -/(¥) = A/ (t), 

/ A " (t) = A */ (*) = E ( M)* - ' / (* + 0 . 

i=o ' ' 

rd-continuous / corresponds to any /. 

A Poincare inequality comes: 

Corollary 39.32. Let / € C n (R), n £ N, a, b £ R; a < fc; p, q > 1 : i + ^ = 1. 
Assume (a) = 0, fc = 0,1,n — 1. Then 

(6 - a) nq 


s 


\f(t)\ q dt< 


((n — l )!) 9 (p (n — 1 ) + l )*- 9 1 - ) nq 


a: 


/ (n) (*) dt ) . (39.13) 


Proof. Based on Theorem 39.20 and Remark 39.31 (i). ■ 

A discrete Poincare follows: 

Corollary 39.33. Let / : Z —> R, n is odd, a, b € Z; a < fc; p, q > 1 : i + 1 = 1 . 
Assume A fc / (a) = 0, fc = 0,1,..., n — 1. Then 


EiK.»r^(E E((--r») 


Proof. Based on Theorem 39.20 and Remark 39.31 (ii). 
A Sobolev inequality comes: 


£l A? 7 (r)| 9 

r=a 

(39.14) 


Corollary 39.34. All as in Corollary 39.32. Let r > 1. Then 


f 


(b - a)(”~ 1+ p + -) 


i/(£)r rft) < 


t a 


(n - 1 )! ((n - l)p + l)p ((n- 1 + r + l) 

Proof. Based on Theorem 39.21 and Remark 39.31 (i). 


f (n) ( t ) dt ) . (39.15) 


J’lLtLCL P/tyliel 



642 


39. Inequalities on Time Scales 


A discrete Sobolev inequality follows: 

Corollary 39.35. All as in Corollary 39.33 and let r > 1. Then 


Ei/wr 


< 


i 

(n-l)! 




E|a n f(t)\ q 


1 

Q 


Proof. Base on Theorem 39.21 and Remark 39.31 (ii). 
An Opial inequality comes next: 


Corollary 39.36. Let / G C n (R), n £ N, a, b £ R; a < b; p, q > 1 : jj 
Assume / ^ (a) = 0, k = 0,1,..., n — 1, and || is increasing on [a, &] 

b |/(*)l |/ (n) (*)| dt < - (b ~ a) " +P - T 

(n-1)! [((n-l)p +1) ((n-l)p + 2)]r 

(/(/«(.))--)*. 

Proof. Based on Theorem 39.22 and Remark 39.31 (i). 

A discrete Opial inequality follows: 


Corollary 39.37. Let / : Z —> R, n is odd, a, b G Z; a < b\ p, q > 1 : ^ 
Assume A k f (a) = 0, k = 0, l,...,n — 1, and that |A n /| is increasing 
Then 


6-1 


E 


|/(t)||A"/(f)|< 


(6 — o)« 
(n-l)! 


, i=a \r=a 


E E((*—!) 


(n-l) 


E( A ”/w) 


2 9 


Proof. By Theorem 39.22 and Remark 39.31 (ii). 
An Ostrowski inequality comes next: 


Corollary 39.38. Let / G C n (R), n G N, a, b, c G R : a < c < 6 . 
that (c) = 0, k = 1,..., n — 1. Then 

bhj a nt)dt-nc) 


< 


((c — a) n+1 + (6 — c) n+1 ) 


(n + 1 )! (6 - a) 


f(") 


I oo, [a,6] 


(39.16) 

■ 

+ ± = 1 . 

9 

. Then 

(39.17) 

■ 

on [o, b], 

(39.18) 

■ 

Suppose 

. (39.19) 
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Proof. Based on Theorem 39.24 and Remark 39.31 (i). 
A discrete Ostrowski inequality follows: 


Corollary 39.39. Let / : Z —> R, n is odd, a, b, c £ Z : a < c < b. Assume 
that A k f (c) = 0, k = 1,..., n — 1. Then 




< 


(a — cy + ’ + (b — c) 
(n + 1)! (b — a) 


(«+i) 


l|A"/ll 


oo,[a,6] ' 


(39.20) 


Proof. By Theorem 39.24 and Remark 39.31 (ii). ■ 

A Hilbert-Pachpatte inequality follows: 

Corollary 39.40. Let e > 0, i = 1, 2; /, € C n (R), n € N, with (ai) = 0, 

k = 0,1, ...,n — 1; o» < ai,bi € R. Let p,q> 1 : ^ + | = 1. Call 

1 {+ \p(n—1) + 1 

F ^ = {{ n-iyy (Hu-d + i) ■ 

1 (to - a9p ( ” _1)+1 

G ( i2 ) = 77 I-iTn? - 7 T 7 Z- TTT~n~ ’ V € [02,62]. 


Then 


/7 

*/ ai «/ a 


((n-l)!) 9 («(n-l) + l) 

" 2 l/i MIA 
u + ^ + fi' 


dtidt 2 < (b 1 — a 1 ) ( 1)2 — a 2 ) • 


/ 1 |/i (n) 

*/ ai 


(n) dn 


f 

J ao 


/ 2 (n) ( 7 - 2 ) P dr 2 


(39.21) 


Proof. Based on Theorem 39.25 and Remark 39.31 (i). Notice here that A (ti) is 
a continuous function on [ 01 , 61 ] by bounded convergence theorem. ■ 

It follows a discrete Hilbert-Pachpatte inequality. 

Corollary 39.41. Let e > 0, i = 1, 2; /, : Z — > R, n is odd, with A k fi (ai) = 0, 
k = 0,1,..., n — 1; a» < by m,bi G Z. Let p, q> l \ ±- + \ = 1. Put 


F(fi) = 


and 


G(f 2 ) = 


££=«, ((ti-n-l/"- 1 ^ 

((n-l)ir 

t2-r 2 -l) ( "- 1, ) C 


y^t 2 —1 

Z—/ to =ac: 


((n-l)!) Q 


V fi G [ai, 61] n z, 


V t 2 £ [a 2 ,62] H Z. 
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ti=ai t 2 =a 2 1 1 P ' q ) 


b\—l \ q / b 2 — 1 

E l A ”/i(n)| 4 E l An M^)l ! 


(39.22) 


Proof. By Theorem 39.25 and Remark 39.31 (ii). ■ 

Another generalized Poincare inequality comes: 

Corollary 39.42. Let / € C n (R), m, n £ N, m < n, a, b € R; a < b; 
p,q > 1 : i + i = 1. Assume (a) = Q, fc = 0,1,..., n — m — 1. Then 


/ 7 (m, (i) dt< 

_ (fr-<0 ( "' m)g _ (YlfW(t)r^ (39 23) 

((n - m - l)!) 9 (p (n - m - 1) + l)' 9 '^ (n - m) q U ■ I 7 ' ' 

Proof. By Corollary 39.32, n 1 —> n — m, f h- > / ( - m ' ) , 1 — > f(k+m) j n ^ 0 

(39.13). ' ■ 

A generalized discrete Poincare inequality follows: 


Corollary 39.43. Let / : Z —► R, m, n € N, m < n, n — mn is odd, a, b £ Z; 
a<6;p, g>l:i + i = l. Assume A fc+m / ( a ) = 0, fc = 0,1,..., n — m — 1. Then 


Ei A "77)r< 


E E((‘—d 


((n — m — l)!) 9 


Proof. By Corollary 39.33. 

A generalized Sobolev inequality comes. 


(n — m — 1 ) 


El A "/7 


(39.24) 


Corollary 39.44. All as in Corollary 39.42, r > 1. Then 


(J | / m (7 1 dij < 

_ (6-q)("- m - 1+ P + r) _ 

(n — m— 1)! ((n — m— l)p + 1)p ( (n — m — 1 + ^-7 r + lV 


r (/>"’<.)!' 


(39.25) 
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Proof. By Corollary 39.34. 

A generalized discrete Sobolev inequality comes next: 

Corollary 39.45. All as in Corollary 39.43, r > 1. Then 




< 


i 


(n — m — 1 )! 


E !) 


(n — m — l) 


t=a \r=a 


E i A “/ (or 


(39.26) 


Proof. By Corollary 39.35. 

A generalized Opial inequality follows: 


Corollary 39.46. Let f £ C n (R), m, n £ N, m < n, a, b £ R; a < b; 
p,q > 1 : jj + | =*.l. Suppose (a) = 0, k = 0,1, ...,n — m — 1, and |/ ( ' r ^| 

is increasing on [a,b\. Then 



(f) dt < 


(n — m — 1 )! [((n — m — l)p + 1 ) ((n — m — l)p + 2 )] p 

Proof. By Corollary 39.36. 

A generalized discrete Opial inequality follows: 


(/V’wrE 

(39.27) 


Corollary 39.47. Let / : Z —> R, m, n £ N, m < n, n — m is odd, a,b £ Z; 
a < b; p, q > 1 : i + | = 1 . Assume A k + m f ( a ) = 0, fc = 0,1, ..., n — m—l, and 
that |A n /| is increasing on [a, 6 ]. Then 


b—1 


x;iA m /(t)iiA n /(*)i< 


(b — a)“ 

(n — m — 1)! 



[{t - t - l) (n - rn ~ 1) 



E(a n f(t)) 2q 


1 

Q 


Proof. By Corollary 39.37. 

A generalized Ostrowski inequality follows: 


(39.28) 
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Corollary 39.48. Let / £ C" (R), m, n £ N, m < n, a, b, c £ R : a < c < b. 
Assume that (c) = 0, k = 1, n — m — 1. Then 


f (m) (c) 


M 

a \n-m-\- 1 . / 7 \n — ra+l\ 

C - a) + (6 - c) + ) 


(™) ; 


< 


(n — m + 1 )! (b — a) 


f 


(«) 


I oo, [a,fa] 


(39.29) 


Proof. By Corollary 39.38. ■ 

A generalized discrete Ostrowski inequality comes next: 

Corollary 39.49. Let / : Z —> R, m, n £ N, m < n, n — m is odd, a,b,c £ Z : 
a < c < b. Assume that A k+m f ( c ) = 0, k = 1,..., n — m — 1. Then 


6-1 


6 l_£ A ”7 ( t)- A ”7 ( c) 


< 


(q - c) ( "~ m+1) + (ft - c) (n ~ m+1) 
(n — m + 1 )! (6 — a) 

Proof. By Corollary 39.39. 

A generalized Hilbert-Pachpatte comes: 


|A’7II 


oo,[a,6] 


(39.30) 


Corollary 39.50. Let e > 0, * = 1, 2; /; £ C" (R), m, n £ N, m < n, with 

• - 


Ak+m) 

Call 


/> rn) ( cii ) = 0, A: = 0,1, 1; a* < 6 ;; cn,bi G ®L Let p, q > 1 : £ + | = 1. 


p* (*i) = 
G* (i 2 ) = 


(ti -ai ) p(n ~ m ~ 1)+1 


((n — m — l)!) p (p(n — m — 1 ) + 1 ) 

1 (fa -a 2 ) g(n ~ m ~ 1)+1 

((n — m — l )!) 9 (g (n — m — 1 ) + 1 ) 


, V ti £ [ai, for], 
, V t 2 G [ 02 , 62 ] • 


Then 


rs 

J a\ J a 


* r* |/i (m) (ii)ll/r ; (i2) 


("0 , 


a2 U+ £H£i) + £HAi 
1 p q 


dtidt .2 < (61 — ai) (62 — a 2 ) • 


( £ 


f a 1 \ri n) (n )| 9 dn j 9 ( jf 2 |/ 2 (n) (r 2 )| P dr 2 j P . (39.31) 


Proof. By Corollary 39.40. 

It follows a generalized discrete Hilbert-Pachpatte inequality. 
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Corollary 39.51. Let e > 0, i = 1, 2; /; : Z —> R, m, n £ N, m < n, n — m 
is odd, with A k + m f i = 0, k = 0,1, ...,n — m — 1; a; < bi\ at,bi £ Z. Let 


> 1 : - + - = L Set 


and 


Then 


F (h) = 


G (t 2 ) = 


E^= ni ((*i - n - °) t 


(( n-m - l)!) p 




(n — m — 1) ' 


b i — l &2 — 1 

E E 


((n — m — l)!) 13 


A m /i (ti)| |A m f 2 (t 2 )| 


, V ti £ [01,61] n I 


V t 2 £ [a 2 , b 2 ] n Z. 


— ,— I c | £A*i) I G fa) 

*!=«! t2= a 2 \ ' p ' g 


< ( 6 i - ai) (&2 - 02 ) - 


6i—1 \ q / ^2 1 

E i A ”Mnr) E i a ’7 2 (t 2 )i ! 

\n=a 1 / \T2=a 2 

Proof. By Corollary 39.41. 


(39.32) 


Remark 39.52. ([2], [119]) Consider q > 1, q z = {g fc : fc € Z}, and the time 
scale T = q z = g z U {0}, which very important in g-difference equations. 

It holds [2], [119] that 


h k ( t,s ) = f] 


t — q 1 ' s 

L 

0 z^=oy 


Vs,teT; 


a{t) = qt, p(t) = ~, VieT, 

/ A (0 = /( f ) _~iw (t) ’ V ^ T - {0}, 

v ' s ^0 s 

We present a related g-Ostrowski type inequality. 


Corollary 39.53. Let / € C\ 


n is odd, a,b,c E q z : a < c < b. Suppose 


that / (c) = 0, k = 1,..., n — 1. Then 

fb 


(f) 

Then 

t- f f{t) At -/(c) 

a J a 


< 
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n: = o 




4 n: =1 


n b—q v c 


=° 


b — a 




a,b]nq z 


Proof. By Theorem 39.24. 

We finish with a generalized q-Ostrowski type inequality. 


(39.33) 


q & : a < c < b. Assume that f A + (c) = 0, k = 1,..., n — m — 1. Then 

r b 


Corollary 39.54. Let / € C” d ( qj , m,n£ N, m< n, n-m is odd, a,b,c € 




< 


n n — m a — q u c , i - fn-m 6— 

p=o E i/ =o^ m Il^=o 




b — a 


\r 


a,b]r\q z 


(39.34) 


Proof. By Corollary 39.53. 

One can give many similar applications for other time scales. 
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Nabla Inequalities on Time Scales 


Here first we collect and develop necessary background on nabla time scales 
required for this chapter. Then we give nabla time scales integral inequalities of 
types: Poincare, Sobolev, Opial, Ostrowski and Hilbert-Pachpatte. We present 
also the generalized analogs of all these nabla inequalities involving high order 
nabla derivatives of functions on time scales. We finish with many applications: 
all these nabla inequalities on the specific time scales R, Z and q z , q > 1. In 
most of these nabla inequalities the nabla differentiability order is any n € N, as 
opposed to delta time scales approach where n is always odd. This chapter relies 
on [59]. 


40.1 Preliminaries 

Here we use [94], [103], [119], [223]. Let T be a time scale (a closed subset of R) 
([187]), [a, 6] be the closed and bounded interval in T, i.e. [a, b] ~ {t £ T : a < 
t < b} and a, b £ T. 

Clearly, a time scale T may or may not be connected. Therefore we have the 
concept of forward and backward jump operators as follows. Define a, p : T i —> T 
by 

cr (t) = inf{s £ T : s > t} and p ( t ) = sup{s £ T : s < t}, 

(inf0 :=supT, sup0 :=infT). 

If a ( t ) = t, o (t) > t, p (t) = t, p (t) < t, then t £ T is called right- 
dense, right-scattered, left-dense, left-scattered, respectively. The set T*, which is 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 641 -672 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 


%o£/tcMta£ica/ 



650 


40. Nabla Inequalities on Time Scales 


derived from T is as follows: if T has a right-scattered minimum m, then = 
T — {m}, otherwise T*, = T. We also define the backwards graininess function 
v : T i—♦ [0,oo) as v (t) = t — p(t). If / : T i—> R is a function, we define the 
function f p : Tj, i—> R by f p ( t ) = / (p (t)) for all t £ T*, and o° (t) = p° (t) = tj 
Tfcn + l := (Tfcn) fc . 

Definition 40.1. If / : T i—> R is a function and t £ T*,, then we define the 
nabla derivative of / at a point t to be the number / v (t) (provided it exists) 
with the property that, for each e > 0, there is a neighborhood of U of t such 
that 

| [/ (p (*)) - / (a)] - f (t) [P (t) - a] | < £ IP (f) - s \, 

for all s £ U. 

Note that in the case T = R, then / v (t) = f' (t), and if T = Z, then / v (t) = 
V/(t) = /(t)-/(f-l). 


Definition 40.2. A function F : T —> R we call a nabla-antiderivative of 
/ : T —> R provided that F v (t) = f ( t ) for all f £ T^. We then define the Cauchy 
V-integral from a to t of / by 



F{t)-F (a), for all t £ T. 


Note that in the case T = Rwe have 




dt, 


and in the case T = Z we have 



E 

k=a -\-1 


where a, b £ T with a < b. 

Definition 40.3. A function / : T —> R is left-dense continuous (or ld- 
continuous) provided that it is continuous at left-dense points in T and its right¬ 
sided limits exist at right-dense points of T. 

If T = R, then / is ld-continuous iff / is continuous. If T = Z, then any 
function is ld-continuous. 

Theorem 40.4. Let T be a time scale, / : T —> R, and t £ T*,. The following 
holds: 

1. If / is nabla differentiable at t, then / is continuous at t. 
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2. If / is continuous at t and t, is left-scaterred, then / is nabla differentiable 
at t and 

fw dw-y . 

t- pit) 

3. If t is left-dense, then / is nabla differentiable at t if and only if the limit 

s->t t — S 

exists as a finite number. In this case, 

/v (() = Hm M. 

s—£ — s 

4. If / is nabla differentiable at t, then / (p (t)) — f (t) — u ( t ) / v (t). 

For any time scale T, when / is a constant, then / v = 0; if / (t) = kt for some 
constant k, then / v = k. 


Theorem 40.5. Suppose /,g : T —> R are nabla differentiable at i £ Tj. 
Then, 

1. the sum f + g : T —> R is nabla differentiable at t and (/ + g) v ( t ) = 
/ v (f) + 5 v (t); 

2. for any constant a, af : T —> R is nabla differentiable at t and (a/) V (t) = 

a f v (t ); 

3. the product fg : T —> R is nabla differentiable at t and 

(/5) V (t) = f v (t) g ( t ) + / p (t) 5 V (t) = / V (t) <? p (t) + / (t) <? V (t). 


Some results concerning ld-continuity are useful: 

Theorem 40.6. Let T be a time scale, / : T — > M. 

1. If / is continuous, then / is Id-continuous. 

2. The backward jump operator p is Id-continuous. 

3. If / is ld-continuous, then f p is also ld-continuous. 

4. If T = R, then / is continuous if and only if / is ld-continuous. 

5. If T = Z, then / is ld-continuous. 

Theorem 40.7. Every ld-continuous function has a nabla antiderivative. In 
particular, if a € T, then the function F defined by 

F(t)= f /(r)Vr, £ € T, 

J a 

is a nabla antiderivative of /. 
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The set of all ld-continuous functions / : T —> R is denoted by C;d (T, R), 
and the set of all nabla differentiable functions with ld-continuous derivative by 
Cl d (T,R). 


Theorem 40.8. If / € Cm (T,R) and t G Tfc, then 

/ / (r) Vr = v (t) f (t ). 

J P (t) 

Theorem 40.9. If a, b, c G T, a < c < b, a G R, and /, g G Cm (T, R), then: 

1- fa (/ it) + 9 (t)) vt = f a b f (t) Vt + / a 6 5 (t) Vt; 

2. f b af(t)Vt = af b f(t)Vt; 

3. faf(t)Vt = ~f b a f(t)Vt- 

4. /“ / (f) Vt = 0; 

5. /“ 6 / (t) Vt = /; / (t) Vt + / c 6 / (t) Vt; 

6. If / (t) > 0 for all a < t < b, then / (t) Vt > 0; 

7 . / a 6 r ( t ) <? v (t) vt = I(/ 5 ) (t)]*=« - /a / V (0 5 (*) Vt; 

8. / a 6 / (t) <? v (t) Vt = [(/<?) - / a 6 / V (t) (t) Vt; 

9. If / (t) > 0, a < t < b, then / (t) Vt > 0; 

10. If / (t) > 0, a € c < b, then J b f (t) Vt > J a c / (t) Vt; 

11. If / and / v are jointly continuous in (t, s), then 

f(p(t),t)+ f f v (t, s) Vs, 

J a 

+ J f V (t, s) Vs; 

12. If f (t) > g (t), then / a 6 / (t) Vt > g (t) Vt; 

13. |/ a 6 /WVt| </ a 6 |/(t)|Vt; 

14. f b lVt = b — a. 

Similarly we define higher order nabla derivatives on T fcn +i by 
/V n+1 := (/ V ") V , nGN. 

If T = R, then / v ” +1 = / (n+1) , and if T = Z, then / v ” +1 (t) = V n+1 f(t ) = 
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Let hk : T 2 —> R, k £ No = N U {0}, defined recursively as follows: 

ho ( t , s) = 1, all s,t £ T, 
and, given hk for k £ No, the function hk+ i is 

hfc+i (t, s) = f hk (r, s) Vr, for all s, t £ T. 

J S 

Note that hk are all well defined, since each is ld-continuous in t. 

If we let h Jf (t, s) denote for each fixed s the nabla derivative of hk (t, s) with 
respect to t, then 

hj ( t , s) = h k - i (t, s), for k £ N, t £ T*,. 

Observe that hi ( t , s) = t — s, for all s, t £ T. 

Example 40.10. 1. If T = R, then p (t) = t, t £ R, so that hk ( t,s ) = 
for all s,t £ R, k £ No- 

2. If T = Z, then p (f) = t — 1, t £ Z, and hk ( t,s ) = , for all s,t £ Z, 

k £ No, where t k := t (t + 1)... (t + k — 1), k £ N; := 1. 

Definition 40.11. The set CJ^^R), n £ N, denotes the set of all n times 

V7 V72 

continuously nabla differentiable functions from T into R, i.e. all /, / , / ,..., 

/ v ”eC u (T,l). 

This definition requires T*, = T. 

We need 

Theorem 40.12. ([93], Nabla Taylor’s formula) Suppose / is n times nabla 
differentiable on T k n , n £ N. Let a £ T fc n-i, f £ T. Then 

n ~ 1 ^ k rt ^ 

f (t) = ^2hk(t,a) / v (a) + / h„-i (t,p(r)) f v (t)Vt. 

k=0 

If f £ C[h (T, R), then nabla Taylor formula is true for all t, a £ T. 

Corollary 40.13. (to Theorem 40.12) Suppose / £ CJ'j (T), n £ N, and 
s, t £ T. Let m £ N with m < n. Then 

n — m—1 r, 1 

(t) = f vL+m {s)h k (t,s) + / L-m-i (f,p(T))/ v ”(r)Vr. 

fc=0 “' s 

Proof. Use Theorem 40.12 with n and / replaced by n - m and / v , 
respectively. ■ 
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Define [a,b] k = [a, b] if a is right-dense, and [a, b], = [a(a),b] if a is right- 
scattered. 

Proposition 40.14. ([223]) Assume a, b € T, a < b, and / 6 Cid([a, b] ,R) is 
such that / > 0 on [a, b\. If [f f (t) Vt = 0, then / = 0 on [o, b] k . 

Theorem 40.15. (Nabla Holder’s inequality) Let a, b £ T, a < b. For f,g G 
Cu ([a, 6]) we have 


f 


|/(t)|| 5 (t)|Vt< / |/ ft)| p Vt 


f 


f 


is wr vt 


where p,q > 1 : ^ ^ = 1. 


i + i 

P <3 

Proof. For a, p > 0 we have Yang’s inequality 

i i „ a B 
apf5i < —)— . 
P q 


Assume, without loss of generality, that {f^\f (t)| p Vt}{ g (t)\ q Vt} ^ 0. 
Apply Yang’s inequality for 


= OL (t) = 


I mi 


ri/wrvr 

Is ( 01 * 


P = P(t)= -r 

fa Is ( r )ft Vt 


that is for 


and 


up = (a (t)) p = 


l/ft)l 


pi =(P(t))i = 


(/^l/wrvr) 1 

Iff ft)I 

(fa IsWrVr) ■ 


and integrate the resulted inequality from a to b (this is valid since all involved 
functions are ld-continuous) to obtain 


f 

f 

J a 


l/ft)l 


Is ft) 


(/ a 6 |/W| P Vr) F (/a Is ( T )| 9 Vr) 

i/ft)r , i iff ft)r 


-Vt < 


+ -- 


[p fa l/( T )rVr q ff \g(r)\ q VrJ 


Vt 
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= u b ( b \f(tw ) m+ ir b ( mr + 

pJ<* \f a \f(r)\ P VrJ <lJa \f a \g(r)\ q VrJ P 9 

proving the claim. ■ 

Next define go ( t,s ) = 1, 

dn+ 1 (t, s)= [ g n (p (t) , s) Vt, n £ N, s, t € T. 

J S 

Notice that g„ +1 (t, s) = g„ (p (t), s), t € T k ; g\ (t , s) = t— s, for all s,t € T. 

If T has a left-scattered maximum M, define T fe := T — {A/}; otherwise, set 

T fc = T. Similarly define T fc ” +1 := (V") . Notice T fc „+i C T fc and T fc " +1 C T fc . 

Theorem 40.16. ([93]) Let i £ It flT 1 , s £ T fc , and n > 0. Then 
h n ( t,s ) = (-1 ) n g n ( s,t ). 


Remark 40.17. Let the time scale T be such that T fe = = T. Clearly 

both h n , are nabla differentiable in their first variables, therefore both are 
continuous in their first variables. 

Using now Theorem 40.16 we obtain that also both h n , ’g n are continuous in 
their second variables. 

Consequently h n ( t , s) is ld-continuous in each variable and thus h„ ( t , p (s)) is 
ld-continuous in s. 

Notice also in general that if t > s then h\(t,s) > 0, /i 2 (i, s) > 0,..., 
h n - 1 (t,s) > 0. So that h n - i (t,p(r)) > 0 for all s < r < t. 

Also in general it holds 

hk (t, s) < (t — s) k , V t > s, k G No- 

We need 

Theorem 40.18. ([103]) (Nabla chain rule) Let / : R —► R be continuously 
differentiable and suppose that g : T —> R is nabla differentiable on T. Then 
/ o g : T —> R is nabla differentiable on T and the formula 

(/ ° g ) v CO = | f (g ( t ) + ^ (0 5 V (0) 5 V (0 

holds. 

We formulate 

Assumption 40.19. Let the time scale T be such that T fc = Tfc = T. 
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Remark 40.20. Suppose that p is a continuous function, = T, h n - i (t, s) 
and h n -2 ( t,s ) are jointly continuous in (t,s) £ T 2 ; p > 1. Clearly hn-i ( t,s ) = 
h n - 2 ( t,s ) in i £ T. Also h n - i (t, p(s)), hn -2 ( t,p(s )) are jointly continuous in 
(t,s) £ T 2 . 

By Theorem 40.18 we have that ((h„- 1 (t,p(r))^ ^ exists in t £ T, where 


r is fixed in T, and 


{(hn-1 (Tp(r))j P ) 
p{y (hn-1 (t,p{r)) + hu(t)hn-2 (t, p(r))j d/i j h n _ 2 (t, p (r)). 

By bounded convergence theorem we obtain that ^ (h n - i (t, p (r))^ ^ is jointly 

continuous in ( t , r), and of course (t, p (r))^ is jointly continuous in ( t , r). 

Therefore by Theorem 40.9 (40.11), we derive for 

u(t)= I h n -i (t, p (r)) p Vr 

J a 


(t £ [a,b] C T), that 

n V it) = J (%„-! (t, p Vr + (h n -i{p{t) ,p(t))Y . 

I.e. 

M V (1) = J (hn -1 (t, p (r)) p ) Vr. 

That is u (t) is nabla differentiable, hence continuous and therefore ld-continuous 
on [a, b] C T. 


We formulate 

Assumption 40.21. We assume that p is a continuous function and h n - 1 ( t , s), 
hn-2 ( t , s) are jointly continuous in (t, s) £ T 2 . 

Assumption 40.22. We assume that p is a continuous function and 
hn-m -1 {t, s) , hn-m- 2 (t, s) are jointly continuous in (t, s) £ T 2 . 


40.2 Main Results 

In all of the main results we assume Assumption 40.19. We present a Nabla time 
scales Poincare type inequality. 
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Theorem 40.23. Suppose Assumption 40.21. Let / € (T), n £ N, a, b £ T; 

a < b; p, g>l;i + i = l. Assume / v (a) = 0, k — 0,1,..., n — 1. Then 

j\f(t)\ q Vt< ^(£L-i(Lp( t )) p Vt) P Vtj (£|/ V ” WfVr). 

(40.1) 

Proof. Since / v (a) = 0, k — 0,1,..., n — 1, by Theorem 40.12 we obtain 
f(t)= [ i-i(t,/)(r))/ V (r) Vr, 

J a 

V i £ [a, 6], where a,b € T. 

Thus 

l/(*)l< / ftn-1 (t,p{r)) |/ V " (r)| Vr 

J a 11 

< (y ftn-1 (Lp(t)) p Vrj |/ v " (t )] 5 Vrj 

< (y /in-1 (t,p(r)) p Vrj (y |/ v " (t )| 9 Vrj . 

Therefore 

l/(t)r < ^ ftn-i (t,p(r)) p Vrj (y |/ V "(r)fVr). (40.2) 

for all a < t < b. Next by integrating (40.2) we are proving the claim. ■ 

Next we give a Nabla time scales Sobolev type inequality. 

Theorem 40.24. Here all terms and assumptions are in Theorem 40.23. Let 
r > 1. Denote 

Then 

i!/ii r < (y 6 (y^ n -i (t,p(T) ) p v r ) p v*j \\r\\ q . (40-3) 

Proof. As in the proof of Theorem 40.23 we have (a < t < b) 

1/(01 < (y ^n -1 {t,p(r)) p Vrj (y |/ V ” ("r)] 9 Vrj . 
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Hence 

1/ Wr < ^ h n -i (t,p(r)) p Vr^ ^J |/ V ' 1 (r)| ? Vrj , 

and 

j\f(t)\ r Vt< Vtj (/> v »rw)\ 

(40.4) 

Next raise both sides of (40.4) to power A Thus establishing the claim. ■ 
We present a Nabla time scales Opial type inequality. 

Theorem 40.25. Suppose Assumption 40.21. Let / € C™ d (T), n £ N, a, b £ T; 
a<6;p,g>l:i + i = l. Assume / v (a) = 0, fc = 0,1, ...,n — 1, and that 
|/ v | is increasing on [a,b]. 

Then 

riming 

J a 

(b-a) L « (J* (J*h n - 1 (t,p(T)) P X7T S )my ( 40 - 5 ) 

Proof. It holds 

f(t)= f h„-i (t,p(r))/ v (t) Vr, 

J a 

V f £ [a, 6], where a, 6 £ T. 

Hence 

!/(*)!<(/ ^n-i (f,p(r)) p Vrj (/ Iz-Wl'w) 

< (/ h„_i (t,p(r)) p Vrj |/ V ” (t)| (f-a)« • 

Therefore 

l/(i)l|/ V (*)| < ^ hn-i (f,p(r)) p Vrj (/ V (t)) (t - a)* , 
for all a < t < b. 
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Consequently we find 


J l/Wl|/ V (f)|vt< J yj h n -i {t,p{r)Y VtJ ( f v (f)) (i-a)iVf 

< (/ (^J h„-i (t,p(r)) p Vrj Vtj (/ V " (f)) 9 (t-o)Vtj 


- {b ~ a)1 \L (/ ^■ l(t ’ P(r))PVr ) V V (/ ( /V " (t) ) 2 ' V V ’ 

proving the claim. ■ 

We proceed with a Nabla time scales Ostrowski type inequality. 

Theorem 40.26. Let / £ CJj (T), n is an odd number, a,b, c € T : a < c < b. 
Assume that / v (c) = 0, k = 1,..., n — 1. Then 


/ (t) Vt — / (c) < 


h n+ 1 (a, c) + h„+i (6, c) 


. (40.6) 


Proof. By assumptions and Theorem 40.12, we get 


(c) = f h n -i (t, p (t)) / v ” (r) Vr, V t £ [a, 6]. 

J C 

E{x) :=^ Jjmt-f(c) = 

— [ b /(c) Vt=-^- f b (/ (*) - / (c)) Vt. 

-“A b-a J a b-a J a 

\E(x)\ < J b |/ (t) — f (c)| Vt. 


However we see that {c < t < b) 


\f(t)-f(c)\< h„-i (t,p(r)) / (r) Vr 


< / ft„_i (f,p(r))Vr / 


Also when a < t < c, we have 


1/(*) — / (c)| = £ h„-i (f,p(r))/ v (r)Vr 


J^iLfLCL P/tyliel 
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l |^-i(i-PW)||/ V ”W|Vr<(^ |L- 1 (t,p(r))|Vr)|/ v "L^ ] . 

Since hi (t, s) = t — s, if t < s then hi (t, s) < 0. Then h 2 ( t , s) = f* hi (r, s) Vr 
= - // fti (r, s) Vr = / t s (r, s) j Vr > 0. 

That is h 2 (t, s) > 0, for any t,s € T. 

We continue with (t < s) 

r, s) Vr = — ^ /12 (r, s) Vr < 0. 

Consequently by induction, we obtain (f < s) 

\hk (t,s)| = (-l) k h k (t,s) , fc € N 0 . 

Thus hk (t, s ) > 0, for any t, s € T, when k is even. 

Therefore when a < t < c, we derive 


h 3 (t,s) = 


f M 

J S 


\f(t)~f(c)\< / hn—i (t, p (r)) Vr ) / 


I 00,[a, 6 ] 


By Theorem 40.16 we notice that (c < t < b) 


J hn-i (t, P (r)) Vr = g n -1 (p (r), t) Vr : 


- J 9n- 1 (p (r),t)Vr = (c, t) = (-1)" g n (c, t) = h„ (t, c). 

Also it holds (a < t < c) 

/ C pc 

i-i(i,p(r))Vra J p„_i (p (r), f) Vr 

= 5n (c,t) = (t,c) . 

So we found that (c < t < b) 


I /W - /(C) | < ftn (t, 


I 00, [a, b] 


and (o < f < c) 


\f(t)-f(c)\<(-l) n h n (t, 



Thus we have 




1 


b — a 


f l/(t)-/M|Vt+ f b \f (t) — f (c)| Vf 

J a J c 


< 
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b — a 


(-1)” f h n (t,c)X7t+ j h n (t,c)Vt 

J a J c 

[/“ h n ( t , c) Vt + hn +1 ( b , c) 


I oo, [a,6] 


b — a 

[h„+i (a, c) + h n +1 (6, c) 


r 


I oo, [a, 6] 


o, [a,6] 


b — a 

proving the claim. ■ 

It follows a time scales Nabla Hilbert-Pachpatte type inequality. 

Theorem 40.27. Let e > 0, i == 1, 2; fi € Cf d (T;), n £ N, with ff (a) = 0, 
k = 0, l,...,n — 1; a; < 6;; ai,bt £ T,, time scale. Let also p,q > 1 such that 
— — 1. Put 


F(ti) = 


J CLl 


pi (ri)) p Vn, for all fr £ [ai, foi] . 


and 


r*2 

G(t 2 ) = / , 

*/ ao 


(£ 2 , p 2 (r 2)) 9 Vt 2 , for all t 2 G [a 2 , 62 ] 


(where p^ the corresponding h. n -i,p to T, * ==.l, 2 ). 

Here T,, * = 1,2 and their terms fulfill Assumptions 40.19, 40.21. 
We further suppose that 


A(fi) = 


rb 2 
J ao 


I /2 (fa)| 


02 / e + Efhl + 

V p 9 


- Vr 2 


is an ld-continuous function on Ti. 

Then 

r " 2 |/i (£i)| I /2 (£ 2 )| 


(fei - a 1 ) (62 - a 2 ) 


Si 

J a\ J a 
rb 1 
J ai 


a2 u+ £ 0 i 1 + g(M 

' V Q 


-VtiVt2 ^ 


fi (n) Vn 


/ 


/ 2 V (r 2 ) Vr 2 


(40.7) 


(above double time scales nabla integration is considered in the natural iterative 
way). 

Proof. Since /, v (a;) = 0, k = 0,1,..., n — 1; * = 1,2, by Theorem 40.12 we get 


fi {U) = 


- f'h it, 

J a 7 - 


-1 {ti,pi{Ti))f7 (Tj)Vri, 
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V U £ [ ai,bi ], where in,bi £ TV 
Hence 


l/i (H)| < ( / h (ti,pi (ti)) p Vti 


/i V 


Vri 


and 


= F (ti)p 


fi 


Vri 


*2 


\h{t 2 )\<[ hi 2 !i(t2,P2(r 2 )) 9 Vr 2 


/ 2 V (r 2 ) Vr 2 


*=G(ta)5 


/ 2 V 


Vr 2 


Young’s inequality for a, b > 0 says that 


Therefore we have 


l,l „ a b 
apbi < —I—. 
P Q 


l/l (tl)I 1/2 (t 2 )| < 


F(ti)*G(t 2 )*[ fi 


Vri 


f(*i) t G(t 2 ) 


The last gives (e > 0) 

l/i (Ml I h (t 2 )I 


/i 


Vn 


|/ 2 V 

*2 


f? 


£ H" 


+ G(t 2 ) j 


< 


/l V " (Tl) ' 


Vri 


f? 


for all ti £ [a-i, 6»], * = 1, 2. 
Next we observe that 


61 ^ i/i m l / 2 te)l 
^2 (£+^ + ^ 


-VtlV*2 ^ 


VT 2 < 


VT 2 


Vr 2 



/i v 


ai \t/ ai 


*2 | 


Vn Vti 



a2 a 2 


fi (r 2 )\ Vr 2 Vt 2 < 
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(/ 6l (X 1 i /iVn (ri) r Vri ) vti ) 9 {bi - ai) * ■ 

U ' 2 (X 2 (r 2 ) f Vr2 ) vt2 ) p (&2 - a2)Lq - 
{.C (X 1 i /iVn (ri) f Vri ) vti ) g (61 - ai) " • 

C/T (X \^ n (t2) T Vr2 ) Vh ) P ( &2 - a *y q = 

(bi -ai) (62-02) (^J |/i V " (n)| 9 Vnj (^j |/ 2 V " (t 2 )| P Vt 2 


establishing the claim. ■ 

Based on Corollary 40.13 we get the following results: 

First a generalized time scales nabla Poincare type inequality. 


Proposition 40.28. Suppose Assumption 40.22. Let / € CJ l d (T), m,n € N, 
m < n, a, b € T; a < b; p, q > 1 : ^ + i = 1. Suppose / v + (a) = 0, k = 

0 , 1 ,..., n — m + 1 . 

Then 

/ / v (t) vt< 

J a 

(la {Ja' iln ~ m ~ l{t,P( - T ) )PVT ) P (/> V " ( ^r-)- (40 ' 8) 

Proof. As in Theorem 40.23. ■ 

It follows a generalized time scales nabla Sobolev type inequality. 


Proposition 40.29. Here all terms and assumptions are as in Proposition 
40.28. Let r > 1. Then 


< 


/ / 


h n -m -1 (t, p (r)) p Vt Vt 



(40.9) 


Proof. As in Theorem 40.24. ■ 

Next comes a generalized time scales nabla Opial type inequality. 

Proposition 40.30. Suppose Assumption 40.22. Let / € C[j(T), m, n € N, 
m < n, a, b € T; a < b; p, q > 1 : i + i = 1. Assume / v + (a) = 0, k = 

0 , 1 ,..., n — 1 , and that |/ v I is increasing on [a, 6 ]. 
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Then 


f 

J a 


f (t) / v (t) vt < 


(40.10) 


(&-«)«(/ ^J hn-m -1 (t,p(r)) p Vrj Vtj (^J (/ V " (t)) 9 Vt 


Proof. As in Theorem 40.25. ■ 

We continue with a generalized nabla Ostrowski type inequality over time 
scales. 


Proposition 40.31. Let / £ CJ l d ( T), m,n £ N, m < n, n — m is odd; 
a, b, c £ T : a < c < b. Assume that / v (c) = 0, k = 1,..., n — m — 1. Then 

7- / / V (i) Vt - / v (c) 

0 - a J a 

(40.11) 


< 1 

''■n —m+1 

l, C/ -f /Tn-m+l 1,0, C 

— f Vn 



b — a 

00 , [a, 6] 


Proof. As in Theorem 40.26. ■ 

We finish with the generalized nabla Hilbert-Pachpatte type inequality on time 
scales. 


Proposition 40.32. Let e > 0, * = 1, 2; fi £ C[*r (Ti), m,n £ N, m < n, with 
/i 7 + (oj) = 0, fc = 0, 1, ...,n — m — 1; at < 6»; cn,bi £ Ti, time scale. Let also 
> 1 : ^ ^ Set 


and 


F*{ti)=f h ( ^l rn _ 1 (ti,pi (ti)) p Vti, 
J a\ 

G*{t 2 )=f hi 2 2 m _! (t 2 ,p 2 {r 2 )) q Vr 2 , 
J a<2 


for all ti £ [or, 6 i] , 


for all t 2 £ [ 02 , 62 ] , 


(where h^_ m _ 1 , p*- 1 -* the corresponding h n -m-i,p to T*, z = 1,2). 
Here Ti, * = 1,2 and terms fulfill Assumptions 40.19, 40.22. 
We further suppose that 


A* 




f¥ m (t 2 ) 

F*(t 1) . 

p ~ 1 ) 


V 72 


is an ld-continuous function on Ti. 
Then 


b i r >>2 /i v (ti) \f 2 (* 2 ) 


// 

J a 1 «/ a 


, , F*(t 1) , G* (t 2 ) 
P " r 9 


-VtlVt 2 ^ 


(40.12) 
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(bi - ai) ( 6 2 - a 2 ) yj |/i (n)| Vn 

Proof. As in Theorem 40.27. 


ni: 


fZ (T2) V T2 


40.3 Applications 

A Poincare inequality comes: 

Corollary 40.33. Let / G C n (R), n € N, a, b € R; a < 6; p, q > 1 : jj + i = 1. 
Assume /^ (a) = 0, k = 0,1,..., n — 1. Then 

/ 6 i/(or^< 

J a 

- {b -^ -r-ri)— ( [ 6 |/ (n) (0T dt) . (40.13) 

((n — l)!) 9 (p(n — 1) + 1) (9 nq\J a ' ' ) 

Proof. Based on Theorem 40.23. ■ 

A discrete nabla Poincare follows: 


Corollary 40.34. Let / : Z —> R, n € N, a, b € Z; a < b; p, q > 1 : jj + i = 1. 
Assume V fc / (a) = 0, k = 0,1,..., n — 1. Then 

£ l/( 0 l 9 < 

t=a+l 


((»-!)!)’ 


i: (t 

1 t=a+l \r=a+l 


£ Iv n /(7 

r=a +1 


(40.14) 


Proof. Based on Theorem 40.23. 
A Sobolev inequality comes: 


Corollary 40.35. All as in Corollary 40.33. Let r > 1. Then 

Qj/(t)r<tt) p < 

_ (fc-g)( n ~ 1+ r + ^) _ 

(n - 1)! ((n - l)p+ l)p ((n - 1 + r + l) r 


f 

J a 


dt 


(40.15) 
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Proof. Based on Theorem 40.24. 

A discrete nabla Sobolev inequality follows: 

Corollary 40.36. All as in Corollary 40.34 and let r > 1. Then 


E i/wr 


t=a-\-1 


< 


E E ((i-r+i/"- 1 ')' 


(n — 1)! \ ^ 

v ' \t=a+l \r=a+l 


Proof. Based on Theorem 40.24. 
An Opial inequality follows: 


E i vn /cor 

t=a +1 


(40.16) 


Corollary 40.37. Let / G C n (R), n G N, a, b G R; a < b\ p, q > 1 : ^ ^ = 1. 

Assume /^ (a) = 0, k = 0,1,..., n — 1, and |/*■") | is increasing on [a, b]. 

Then 


/ 


\f(t)\ dt< 


(■ b ~ a) r 


(n - 1)! [((n- l)p + 1) ((n - l)p + 2)]3 
Proof. Based on Theorem 40.25. 

A discrete nabla Opial inequality follows: 


{t)) 2q dty . (40.17) 


n G N, a, b G Z; a < 6; p, q > 1 : i + ^ = 1. 


Corollary 40.38. Let / : Z — 

Assume V fc / (a) = 0, k = 0,1,..., n — 1, and that | V n /| is increasing on [a, b\. 
Then 


E i/wiiv”/wi< 


t=a+l 


(b — a)i 
(n- 1)! 


E E (W+D^y 


t=a -\-1 \r=a+l 


E ( v "/w) 

t=a+l 


2 <? 


Proof. By Theorem 40.25. 

An Ostrowski inequality follows: 


(40.18) 
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Corollary 40.39. Let / £ C n (R), n £ N, a, b, c £ R : a < c < b. Suppose 
that (c) = 0, k = 1 ,n — 1. Then 


b — a 


[ f (t) dt — f (c) 
J a 


< 


[ ( C - a) n+1 + (b- c) n+1 ] || (n) , 

(n + 1)! (b — a) IK 


oo, [a, 6] 


. (40.19) 


Proof. Based on Theorem 40.26. ■ 

A discrete nabla Ostrowski inequality follows: 

Corollary 40.40. Let / : Z —> R, n is an odd number, a,b,c £ Z : a < c < b. 
Assume that V k f (c) = 0, k = 1,..., n — 1. Then 


rr I] /(K-/(c) 


b — a 


t=a -\-1 


< 


(a — c)K +1 ) + (6 — c)K +1 ) 


(n + 1)! (6 — a) 


|V”/|| 


Proof. By Theorem 40.26. 

A Hilbert-Pachpatte inequality follows: 


oo,[a,6] ' 

(40.20) 


Corollary 40.41. Let e > 0, i = 1, 2; /, £ C n (R), n £ N, with (cn) = 0, 
k = 0,1,..., n — 1; a,i <bi\ cn,bi £ R. Let p, q r >l:i + | = l. Put 

1 /+ \p(n —1) + 1 

f, ^) = ( (n- 1 ) ! y ( ^n- 1) + 1 ) ’ 

G (fe) = i i \ ? Vt 2 £ [02,62]. 


Then 


(61 - ai) (b 2 - a 2 ) 


((n-l)ir (q (n — 1 ) + 1 ) 

rbl rb2 |/i (*i)| |/2 (*2)| 


rs 

J ai «/ a 

r \* 

J ai 


a2 (£ + mi + 2MI 

1 p q 


dtidt, 2 < 


(ti) dri 


f 


/ 2 n) ( 75 ) r *- 2 


(40.21) 


Proof. Based on Theorem 40.27. 

Notice here that A (t 1 ) is a continuous function on [ai, 61 ] by bounded conver¬ 
gence theorem. ■ 

It follows a discrete nabla Hilbert-Pachpatte inequality. 


Corollary 40.42. Let e > 0, * = 1, 2; fi : Z —+ R, n £ N, with V k fi (ai) = 0, 
k = 0,1,..., n — 1; a» < 6 »; Oj, bi £ Z. Let p, q>l:- + ^ = l. Set 


F(ti) = 


n\ =„ 1+1 ((*i - ti+1)^- 1 )) 
(( n ~ 1)!) P 


P 9 
P 


-, V ti £ [ai, fci], 
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G(t 2 ) = 


({t 2 - t 2 + l)( n 

((n-1)!) 9 


, V t 2 G [a 2 , b 2 ] . 


Y' y' /i (ti)| 1/2 (t 2 )\ 
ti=oi+it 2 =a 2 +i (e H- p H -j 


(61 - 01 ) (62 - 02 ) ( £ |V n /i (n )| 9 J £ !V ? 72(r 2 )r • (40.22) 


Proof. By Theorem 40.27. ■ 

Another generalized Poincare inequality comes: 

Corollary 40.43. Let / € C n (R), m, n € N, m < n; a, b £ R; a < ft; 
p,q > 1 : 4 + 4 = 1. Assume (a) = 0, k = 0,1,..., n — m — 1. Then 


J |/ <m, W| dt< 

_ (ft - a ) ( "~ m) g _ 

((n — m — l )!) 9 (p (n — m — 1 ) + l)*- 9-1 ^ (n — m) q 


(40.23) 


f I / W (t) 

J a 


Proof. By Corollary 40.33, n 1 —► n — m, / 1 —> / ( - m \ 1 —> y(fc+m) j n ^ 0 

(40.13). ■ 

A generalized discrete nabla Poincare inequality follows: 

Corollary 40.44. Let / : Z —> R, m, n £ N, m < n, a, ft G Z; a < 6; 
p, g > 1 : 4 + 4 = 1. Assume \/ k + m f ( a ) = 0, fc = 0,1,..., n — m — 1. Then 


E iv m /(t)r< 


((n — m — l )!) 9 


E ( E ((l-r + l )^-™- 1 )) 1 


t=a+l \r=a+l 


(40.24) 


E 1 yn /( 9 
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Proof. By Corollary 40.34. 

A generalized Sobolev inequality comes. 

Corollary 40.45. All as in Corollary 40.43, r > 1. Then 


dt\ < 


/, \(n — m — 1 + — + — 

(b-a)\ » 

(n — m— 1 )! ((n — m — l)p + l)p — 

(/>-»<«) 


n — m — 1 + 


5 ) r+1 ) 


Proof. By Corollary 40.35. 

A generalized discrete nabla Sobolev inequality follows: 
Corollary 40.46. All as in Corollary 40.44, r > 1. Then 


E iv m /(i)r 


(n — m — 1 )! 


(40.25) 


E ( E ((t-r + l) (n -’ n - 1 )) P J ] ( E |V n /(i)r) 9 . (40.26) 


yt=a+l \r=a+l / y \t=a+l / 

Proof. By Corollary 40.36. ■ 

A generalized Opial inequality follows: 

Corollary 40.47. Let / € C n (R), m, n € N, m < n, a, b € R; a < b; 
p,q > 1 : i + i =s: 1 . Assume f ( - k + rn '> (a) = 0, k = 0,1,..., n — m — 1, and | /*■") | is 
increasing on [a, b}. 


f a \f (m) ot)||/ (n) (t)\dt< 


_ (b-a)"- m+ 7 _ / r 

(n — m — 1 )! [((n — m — l)p + 1 ) ((n — m — l)p + 2 )]p Wa 

Proof. By Corollary 40.37. 

A generalized discrete nabla Opial inequality follows: 


F (/>"’<')) 


2q \ Q 

dt. I 


(40.27) 
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Corollary 40.48. Let / : Z —> R, m, n £ N, m < n, a, b £ Z; a < 6; 
p,q > 1 : ^ + i = 1. Assume \/ k + m f (a) = 0, k = 0,1, n — m — 1, and that 
|V n /| is increasing on [a, b\. 

Then 


E |v m /(t)l|v'7(t)|< 


t=a -\-1 


(b — a) 7 


(n — m— 1 )! 


E E ((*-r+ 1 ) (n - m - 1 )) i 


i t=a+l \r=a+l 


Proof. By Corollary 40.38. 

A generalized Ostrowski inequality comes next: 


E ( v ”/(i)) 2? 

t=a +1 

(40.28) 


Corollary 40.49. Let / £ C n (R), m,n £ N, m < n, a,b,c £ 9 \ a < c < b. 
Assume that f( k+rn '> (c) = 0, k = 1 ,...,n — m— 1. Then 


b — a 


f 


f (m) (c) 


(*») - 


< 


f / \n — m+1 , / 7 \n — m+ll 

K c ~«) + ( fe - c) + j (n) 

(n — m + 1 )! (b — a) 1 


Proof. By Corollary 40.39. 

A generalized discrete nabla Ostrowski inequality follows: 


oo,[a,b] 

(40.29) 


Corollary 40.50. Let / : Z —> R, m, n £ N, m < n, n — m is odd, a,b,c £ Z : 
a < c < b. Assume that V k+m f (c) == 0, k = 1,..., n — m— 1. Then 


6 ^ E V" 7 (t)-V" 7 (c) 


t=a -\-1 


< 


( a _ c )(«-m+i) + (ft _ c )(n-m+i) 


(n — m + 1 )! (b — a) 
Proof. By Corollary 40.40. 

A generalized Hilbert-Pachpatte comes: 


|v’7ll 


oo,[a,b] 


(40.30) 


Corollary 40.51. Let e > 0, i = 1, 2; ft £ C n 

r(k+m) 


m, n € N, m < n, with 
. 1 . 1 .. 


f- m (a-i) = 0, k p* 0,1, ...,n — m— 1; a< < 6 ;; a,i,bi £ R. Let p,q> 1 : + | = 1. 

Put 


P* (ti) = 
G* (t a ) = 


1 (fi - ai )r("-’"-P+ 1 

((n — m — l)!) p (p(n — m — 1 ) + 1 ) 

1 (t 2 - ogEEEE 

((n — m — l )!) 9 (q (n — m — 1 ) + 1 ) 


, V fi £ [ai, bi], 
, V t 2 £ [ 02 , 62 ] • 
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Then 


// 

J a\ J a 


"1 r* \A m) (ti)\\fr (t 2 ) 


(m) 


a 2 [e + ^i + 9im 

‘ p q 


-dt\dt2 < 


( 6 i - a i) ( 6 2 - a 2 ) 


/ 1 |/i (,l) 

J ai 


(n) dr 1 


f 


/ 2 n) (^ 2 ) dr 2 


(40.31) 


Proof. By Corollary 40.41. 

It follows a generalized discrete nabla Hilbert-Pachpatte inequality. 


Corollary 40.52. Let e > 0, • = 1,2; : Z -* R, m,n £ N, m < n, with 

Vfe+mj. = 0 , fc = 0,1,..., n—m— 1; a, < bi; m, bi € Z. Let p,<? > 1 : i + i = 1. 
Set 


F* (ti) = 


gUr ((*i-Ti + l)("- m - i y 


((n — m — 1 )!) ? 


and 


G (t 2 ) = 


E *2 

To — 


T 2= a 2 + 1 


((t 2 -r 2 + l)(”- m - 1 )) ? 


((n — m — l )!) 5 


V fi G [oi, 61 ], 


, V t 2 G [a 2 , 6 2 ]. 


Then 


iv m /i(ti)iiv f y2(fa)i 

1^+1 t 2 ig+i (e+^ + ^) 


E E 


< 


(fei - ai) (fc 2 - o 2 ) I l vn /i( T i) 

\n=ai + l 

Proof. By Corollary 40.42. 

We make 


f >2 

E |V n / 2 (r 2 )| p ) . (40.32) 
T 2= a 2 + 1 


Remark 40.53. ([93]) We consider the time scale T = q L = {0,1, q, q , q 2 , q ,...}, 
for some q > 1. Here p (t) = V t £ T. We have that 


hk ( t,s ) = 


g r f — s 
Li y 77 7 J' 

=0 ^3 =0 y 


for all s, t £ T, 


for all k £ No- 

We give a related nabla q-Ostrowski type inequality. 
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Corollary 40.54. Let / £ Cm j n is odd, a,b,c £ q z : a < c < b. Assume 
that / v (c) = 0, k = 1,..., n — 1. Then 


oo,[a,6] 

(40.33) 

Proof. By Theorem 40.26. ■ 

We finish with a generalized nabla g-Ostrowski type inequality. 


b — a 


f 

J a 


/ (t) m-f (c) 


< 


n: 


=° ELn & 


+ u:l 


q u b—c 


=0 El 


) 0 .^ 


b — a 


Corollary 40.55. Let / £ CJ l d ^q J, m, n £ N, m < n, n — m is odd, a,b,c £ 
: a < c < b. Assume that / v + (c) = 0, k = 1, ..., n — m — 1. Then 


1 

b — a 


/V m (f)Vf-/ vm 

J a 


(c) 


< 


n"-" 

IC=o 


=° ELn! 1 * 


+n 


q u b—c 


n—m 

0 EE=o a 1 


b — a 


i,b\ 


By Corollary 40.54. 

One can give many similar applications for other time scales. 


(40.34) 
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The Principle of Duality in Time 
Scales with Inequalities 


Here we present and extend the principle of duality in time scales. Using this 
principle and based on a variety of important delta inequalities we produce the 
corresponding nabla ones. We give several applications. This chapter relies on 

[52]. 


41.1 Preliminaries 

Here we use the seminal book by Bohner and Peterson [119]. 

A time scale is any closed nonempty subset T of R. The jump operators cr, p : 
T —> T are defined by 

aft) = inf{s £ T : s > t}, and pft) = sup{s £ T : s < t}, 

and inf 0 := sup T, sup 0 := inf T. A point t £ T is called right-dense if a(t) = t, 
right-scattered if aft) > t, left-dense if p(t) = t, left-scattered if p(t) < t. 

The forward graininess p : T —> R is defined by p(t) = aft) — t, and the 
backward graininess v : T —> R is defined by u(t) = t — p(t). 

Given a time scale T, we denote T fe := T\(p(supT), supT], if sup T < oo and 
T fc := T if sup T = oo. Also := T\[inf T, <r(inf T)) if inf T > — oo and =: T 
if inf T = —oo. In particular, if a, b £ T with a < 6, we denote by [a, b] the interval 
[a, 6] fi T. 

Notice that R itself is one obvious example of time scale, but one could also 
take T to be the Cantor set or the integers Z. 
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Let / be a function defined on T, we say that: 


Definition 41.1. / is rd-continuous (or right-dense continuous) we write f £ 
C r d if it is continuous at the right-dense points and its left-sided limits exist 
(finite) at all left-dense points; / is ld-continuous (or left-dense continuous) if it 
is continuous at the left-dense points and its right-sided limits exist (finite) at all 
right-dense points. 

Definition 41.2. A function / : T —> R is said to be delta differentiable at 
t £ T fe if for all e >0 there exists U a neighborhood of t such that for some a, 
the inequality 

I f(<r(t)) ~ f(s) ~ a(<r(t) - s)| < e\a(t) - s\ (41.1) 

is true for all s £ U. We write / A (t) = a. 


Definition 41.3. / : T —► R is said to be delta differentiable on T if / : T — > R 
is delta differentiable for all t £ T k . 

Definition 41.4. A function / : T —> R is said to be nabla differentiable at 
t £ Tfe if for all s > 0 there exists U a neighborhood of t such that for some (3, 
the inequality 

I f(p(t)) ~ f(s) - P{p{t) - s)| < e| pit) - s\ (41.2) 

is true for all s £ U. We write / v (t) = 0. 


Definition 41.5. / : T — > R is said to be nabla differentiable on T if / : T —> R 
is nabla differentiable for all t £ T*. 

Definition 41.6. / is rd-continuously delta differentiable (we write / £ C^ d ) 
if f A (t) exists for all t £ T k and / A £ C r d, and f is ld-continuously nabla 
differentiable (we write / £ C } d ) if / v (t) exists for all t £ Tk and / v £ Cu- 
Similarly one can define higher order such spaces. 

Remark 41.7. If T = R then the notion of delta derivative and nabla deriva¬ 
tive coincide and they denote the standard derivative, however, when T = Z, 
then they do not coincide (see [119]) and they are the forward and backward 
differences (respectively). 
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41.2 The Dual Time Scale 

In this section we mention the definition of a dual time scale, (see [127]). 

A dual time scale is just the “reverse” time scale of a given time scale. 

Definition 41.8. Given a time scale T we define the dual time scale T* := 
{s £ R| — s £ T}. 

Let T be a time scale. If p and a denote its associate jump functions, then 
we denote by p and a the jump functions associated to T*. If p and v denote 
respectively the forward graininess and backward graininess associated to T, then 
denote by p and v respectively the forward graininess and the backward graininess 
associated to T*. 

We need 

Definition 41.9. ([127]) Given a function / : T —> R defined on time scale T 
we define the dual function f* : T* —> R on the time scale T* := (s £ R| — s £ T} 
by f*(s) := f(—s) for all s £ T*. 

That is /*(— s) = f(s),s £ T. 

Definition 41.10. Given a time scale T we refer to the delta calculus (resp. 
nabla calculus) any calculation that involves delta derivatives (resp. nabla deriva¬ 
tives). 


41.3 Dual Correspondences 

In this section we mention some basic lemmas ([127]) which follow easily from 
the definitions. These lemmas concern the relationship between dual objects. We 
will use the following notation: given a time scale T with jumps functions, cr, p, 
and its associated forward graininess p and backward graininess v , hence given 
the quintuple (T, a, p, p, u), its dual will be (T*, a, p, p, />), where a,p,p, and v 
are given as in Lemmas 41.12, 41.13. Also, A and V will denote the derivatives 
for the time scale T and A and V will denote the derivatives for the time scale 
T*. 

Lemma 41.11. ([127]) Given a time scale T, then 

(T fc )* = (T*)*,, and (T fc )* = (T*) fc . (41.3) 

Lemma 41.12. ([127]) Given <r, p : T —> T, the jump operators for T, then 
the jump operators for T*, a and p : T* —► T*, are given by the following two 
identities: 

<*(«) = -p(s) = ~P*(s) 

p(s) = —a(—s) = —a*(s) (41-4) 
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for all s <= T*. 

Lemma 41.13. ([127]) Given /r : T —► R, the forward graininess of T, then 
the backwards graininess of T*, v : T* —> R is given by the identity 

v(s ) = fj* (s) for all s € T*. (41-5) 

Similarly, given v : T —♦ R, the backward graininess of T, then the forward 
graininess of T*, fi : T* —> R is given by the identity 

fi(s) = v* (s) for all s € T*. (41-6) 

Lemma 41.14. ([127]) Given / : T —> R, / is rd- 
continuous (resp. Id-continuous) if and only if its dual /* : T* —> R is ld- 
continuous (resp. rd-continuous). 

The next lemma connects delta derivatives to nabla derivatives, showing that 
the two fundamental concepts of the two types of calculus are, in a certain sense, 
the dual of each other. 

Lemma 41.15. ([127]) Let / : T —> R be delta (resp. nabla) differentiable at 
to € T fe (resp. at to € T*,), then /* : T* —► R is nabla (resp. delta) differentiable 
at —to £ (T*)fc (resp. at —to £ (T*) i! ), and the following identities hold true 

/ A (to) = ~(ff (-to) (resp. / v (t 0 ) = -(/*) A (-to)), 

or , 

/ A (*o) = -arfnto) (re SP . / v (t 0 ) = -arfnto)), (41.7) 

or, 

(f A n-t 0 ) = ~((ff)(-to) (resp. (f V n-t 0 ) = -(/*) A (-to)), 

where A,V denote the derivatives for the time scale T and A, V denote the 
derivatives for the time scale T*. 

That is 

(/ A r = -iff, (/ v )‘ = -cn A (41.8) 

More generally we obtain 

iff" = (-1 ) n (/ An )*, and (/*) A ” = (-1 T(f vn y. (41.9) 


We need 

Lemma 41.16. ([127]) Given a function / : T —> R, / belongs to C^. d (resp. 
Cf d ) if and only if its dual /* : T* —► R belongs to Cl d (resp. Cl d ). 

Using Lemmas 41.14, 41.15 we get 
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Proposition 41.17. ([127]) (i) Let / : [a, b] —> R be a rd-continuous, then the 
following two integrals are equal 

[ b [ a /*(s)Vs; (41.10) 

J a J-b 


(ii) Let / : [a, 6] —> R be a ld-continuous, then the following two integrals are 
equal 



/>*D 

f VOOAS. 

-b 

(41.11) 

That is, 

[ b n-t)x/t= 

J a 

r b n^ 

(41.12) 

and 


f a f(-s)As. 

-b 

(41.13) 

Notice also that (/*)* 

=/• 




In this chapter we will be acting under the following 


Duality Principle ([127]) For any statement true in the nahla (resp. delta) 
calculus in the time scale T there is an equivalent dual statement in the delta 
(resp. nahla) calculus for the dual time scale T*. 

We make 

Remark 41.18. We observe that 



/ A = (-l)((/‘f)\ 

(41.14) 


f A2 = (f A ) A = ((rf 2 )\ 

(41.15) 

and in general 

/ A ‘-(-i) fc ( ( /fy, 

(41.16) 

any k € N. 

Similarly we have 

/ v = -(cn A )\ 

(41.17) 

and 

/ v2 = (/ v ) v = ((n A2 )*, 

(41.18) 

and in general 

/ vfe = (-i) fc ((n A y, 

(41.19) 

any k € N. 
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41.4 Dual Generalized Monomials 


We make 

Remark 41.19. Assume h 0 (t,s) = 1, V s,t £ T, and 

hk+i{t, s)= f hk(T,s)VT, Vs,t 6 T. (41.20) 

J S 

Thus 

hk(t, s) = hk-i(t,s), V fc € N, t£T k . (41.21) 

Here h k are all well defined, since each is ld-continuous in t, V k £ No = N U {0}. 
Notice hi(t, s) = t — s, V s,t € T. 

Next assume h* 0 (t, s) = 1, V s,t £ T* = —T, and 

ht +1 (t,s)= f ht(0,s)AO, V s,t 6 T*. (41.22) 

J S 

Furthermore 

hi (t,s) = h* k _ 1 (t,s), V k £ N, t £ {T*) k . (41.23) 

Here hi are all well defined, since each is rd-continuous in t, V k £ No- 
Notice h\ (t, s) = t — s, V t, s £ T*. 

Here s,t £ T iff — s, —t £ T*. 

We see that 

hi(t,s) = t — s =—s — (—t) (41.24) 

= (—1)(— t — (—s)) = (—1 )hl(—t, —s), true for k = 1. 

Suppose for fixed k £ N that 

hk(t, s) = (— l) k hl(—t, — s), Vt,s£T. (41.25) 

That is 

hk(r, s) = (-l) k hl(-r, -s), V t,s £ T. (41.26) 

Therefore we obtain 

h k +i(t,s)= / hk(r, s)Vr == 

J S 

( i \k T \ t- 7 (by (41.12)) 

(-1) / h k (-T,-S)VT 

J S 

(-l) k j a hl(0,-s)Ae = 

(-l ) fc+1 / t hl(0,-s)A0 = 

J —s 

(-l) k+1 h* k+1 (-t,-s). 
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That is proving 

h k+ i(t,s) = (-1 ) k+1 ht +1 (-t,-s). (41.27) 

So by mathematical induction we have proved that 

h k (t,s) = (-l) k h* k (-t,-s), Vfc € No, (41.28) 

V t, s € T. That is V t, s £ T, V k £ No holds 

ht(-t,-s) = (~l) k h k (t,s). (41.29) 

We make 


Remark 41.20. Suppose h 0 {t,s) = 1, V s,t € T, and 

hk+i{t,s)= f h k (r, s) At, V s,t € T. 

J S 

That is 

hk(t,s) = hk-i(t,s), VfcGN, teT k . 

Also suppose ho(t,s) = 1, V s,t € T* = —T, 

h* k+ i(t,s)= f h* k (e,s)ve, 

J s 

V s,t € T*. Then 

h* k v {t,s) = hk-i(t, s), Vfc £ N, t € ( T*)k■ 

One can prove similarly to (41.28) that 

h k (t, s) = (—1 ) k hl(—t — s), V k € No, V t, s £ T. 
Indeed we have for k = 1 that 

hi(t,s) = t — s = —s — (-f) = (-l)(-t - (-«)) = (-l)ftj(-t, -s). 
Suppose that 

hk(t,s) = (-1 ) k h* k (-t,-s), 

true for a fixed k £ No- 
That is 

hk{r,s) = (—l) k h k (—T,—s), Mt,s£T. 

Therefore 

hk+i(t,s)= f h k (r, s)At = (-l) fc f h* k (-T,-s)Ar 
J s J s 

(by (41.10)) , , k f S i*, a a 

= (-1) J h k (6, —s)V9 = 

(-l ) k+1 j * hl(0,-s)V0 = (-l) k+1 hl +1 (-t,-s), 

J —S 

proving (41.34). 


(41.30) 

(41.31) 

(41.32) 

(41.33) 

(41.34) 

(41.35) 

(41.36) 

(41.37) 


(41.38) 
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41.5 Time Scales Integral Inequalities 


We need the following delta Ostrowski inequality. 

Theorem 41.21. ([57]) We assume T k = T. Let f £ C^T), n is odd, a,6, c 
€ T : a < c < b. 

Suppose f A (c) = 0, k = 1,..., n — 1. Then 


f 


f{t) At - f(c ) 


< 


b — a 

{h n +i (a, c) + h n+ 1 (6, c)].. A ” ,, 

, / oo,[a,6lnT 

b — a 


(41.39) 


We reprove differently the following nabla Ostrowski inequality using (41.39). 


Theorem 41.22. ([59]) We assume Tk = T. Let / £ C/^T), n is odd, a, b, c, £ 
T : a < c < b. Suppose / v (c) = 0, k = 1,..., n — 1. Then 


< 


thCmvt-rn 


[h-n+i (a, c) + h„+i(b,c)] .. V " 
6-o 117 


| oo,[a,6]nT* 


(41.40) 


Proof. See that a < c < b is equivalent to —b < —c < —a and b—a = (—a) —(—6). 

By assumption T = T k we get T* = (T fc )‘ (6l/( =- 3)) (T*) fc , i.e. T* = ( T*) k . 
And by (41.9) we find 


(/*) Afc (-c) = (-l) fc (/ vfc )*(-c) 

= (— 1 ) fe (/ vfc )(c) = o, k= 1, ...,n— 1, 

A fc 

by assumption. That is (/*) (—c) = 0, k = 1,..., n — 1. 

' Also (/)* £ C” d (T*) iff / £ CfcCT), by Lemma 41.16. 

Then we see that 


(6y(41.28)) 


1 


(by (41.11)) 


f b fWt-f(c ) 

J a 

hpsiL !’{•)*•-n-0 


(- a ) - (-1 

<■» ( «' 39)) M+iH,-c) + fe* +1 (-a,-c)] 


(-a) - (-6) 

ii(n A II oo,[— b, — a](lT* 

^hn +1 (6, c) + h„+i (a, c)] 


b — a 


II f || oo,[a,6]nT, 
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because by (41.9) we have 

l|(/*)^ (I b. a/v/♦ = 

l|(/ V )*||oo,[-i>,-a]nT* = ||(/ V )||oo.[a,6]nT, 


proving the claim. ■ 

Similarly, one can prove (41.39) by the use of (41.40). 

We mention a delta Poincare type inequality. 

Theorem 41.23. ([57]) Here T k = T. 

Let / € C™ d (T), n is odd, a, b € T : a < b; p,q > 1: £ + | = 1. Suppose 

f A (a) = 0, k = 0,1,... ,n — 1. Here a is continuous and h n -i(t,s) jointly 
continuous. Then 

|j/W |9 At< (f (//"-rt^M)^)^^) 

(41.41) 

We present a nabla Poincare’ type inequality. 

Theorem 41.24. Here Tk = T. Let / € C™ d (T), n is odd, a,b £ T : a < 
b- p,q > 1 : i + i = 1. 

Suppose / v (6) = 0, k = 0,1,..., n — 1. Here p is continuous and h n -i(t, s) 
is jointly continuous. Then 

£\mrvt< h n -i(t, P (T)) p vry vtj (£\rt*)\'v*y 

(41.42) 

Proof. Notice that ^/ v j (6) = 0, k = 0,1,... , n — 1, which is same as 
(/ V *)*H>) = o, fc = o,i,...n —i, 

and 

( . n A \-b) (M = 9)) (-i) fe (/ vfc )*(-6) = o, 

k = 0,1,..., n — 1. 

That is _ k 

(f*) Ak (~b) = 0, fc = 0,1, ...,n-l. (41.43) 

Also T* = ( T*) k . 

Observe /* € C? d (T*) iff / € C£(T). 

By (41.28) and assumption we get h^-i is jointly continuous on (T*) 2 . 


J^iLfLCL P/tyliel 



682 41. The Principle of Duality in Time Scales with Inequalities 


Also a(s) —p(—s) 5 s £ T* ; j s continuous. Notice also that (|/| 9 )*(s) = 

l/l 9 H0 = |/(-s)| 9 , ser. 

We observe that (|/| 9 £ Cid(T)) 

[ b \f{t)\ q X7t (bv( = 13)) [ a \f(-s)\ q As 
J a J-b 

< ‘ ,<r ’’ (.C (/>- ftH' 4 ) (/>*>"<< A.). 

(41.44) 

We notice the following 


J “ (J ' K^^aWyAry At 

= / ^ J Ci(t,-p(-T)) P Arj At 

(by( = 28)) j] a ( hn-i(-t,p(-r)) p Ar j ” At 

(bV ” 13)) ft {ft* 171 ' 1 (_t ’ p(r))PVr ) " At 

(6a( = 13)) J" Qf 6 fc»-i(t,p(r)) p Vr) Vt, 


notice the integrand of last integral is continuous in t by dominated convergence 
theorem. 

So we have established that 



q /p 

d(r)) p Ar ) At 


Next we observe that 



h n -i(t, p(r )) p Vt 


Vt. 

(41.45) 


y7l<n i >>|w <*•<£•■» 

£"!(/-■)•(,)( A,, 

/Vm** 
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Notice here (t £ T*) 

(|/ vB r)*w=|/ v T (-*)= |/ v "(-o| w • 

So we proved 

[ °| (rf n (t)\ q m= ( (4i.46) 

J-b 1 1 Ja 1 

Finally using (41.45), (41.46) into (41.44) we establish (41.42). ■ 

We mention the Delta Sobolev type inequality. 

Theorem 41.25. ([57]) Here all terms and assumptions as in Theorem 41.23. 
Let r > 1. Then 



We give the following Nabla Sobolev type inequality. 


(41.47) 


Theorem 41.26. Here all as in Theorem 41.24. 
Let r > 1. Then 



Proof. Similar to the proof of Theorem 41.24, using (41.47). 
We mention the following delta Opial type inequality. 


(41.48) 


Theorem 41.27. ([57]) Here T k = T. 

Let / £ C™ d (T), n is an odd number, a, b £ T\ a < b; p, q > 1 : L + i = 1. 
Suppose / A (a) = 0, k = 0,1, ...,n — 1, and that |/ A | is increasing on 
[a, b] Pi T. 

Here a is continuous and h n ~i(t,s) jointly continuous. Then 

J |/ A (*)|A* < (b- a)< ■ (41.49) 

(f (/.’ '‘- I,, "’ (T)) ’ aT ) At )' (f A ‘)' • 
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Comment 41.28. Let f,g:T—> R and f*,g* : T* —* R, where T* = —T, 
with g*(t) = g*(t) = g{-t), t € T*. 

Consider the product f.g : T —» R, then 

(= f(-t).g(-t) = f*(t).g*(t). 


I.e. 

(. f-9)* = f*-9 *■ (41-50) 

Let t < s, t, s € T*, and f* • T* — > R being increasing, i.e. f*(t) < /*(«), 
equivalently, /(—t) < /(—s), here — t > —s. 

So /* is increasing on T* (decreasing) iff / is decreasing on T (increasing). 
We give the following nabla Opial type inequality. 

Theorem 41.29. Here Tk = T. Let / € C{j(T), n is odd, a, 6 £ T : a < b; 
p, q > 1 : 1 + 1 = 1. Suppose / v (6) = 0, k = 0,1,..., n— 1. Here p is continuous 
and is jointly continuous. Assume also that |/ v | is decreasing on 

[a, 6] (~| T. 

Then 


J |/ V "(^)| Vf < (6-a)« • 

(f (j* h n -i(t,p(T)) p Vr^ Vt) P - 

(fA r{t) T^) q - (4L5i) 

Proof. Here again we have T* = (T*) k , and (/*)^ (—6) = 0, fc = 0, 1..., n — 1. 
By (41.9) and |/|* = |/*| we find that 

|(/*) An | = |(/ Vn )‘| = |/ V ”f (41-52) 

is increasing on T*. 

Notice also that 

|/ vn |*(t)=|/ vn (-t)|, 

and 

((/ v ") 2? ) (t) = (f vn (-t)) 29 , ter* 


(41.53) 

(41.54) 
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Furthermore by (41.11), (41.50), (41.19) we get 

( b \mwf\mt = 

J a 

f ~ b a \m\*\r n (t)\*Am 
J b a \mn(rf n (t)\At 

(M41.53 ))|j /( _ f)||/V “ ( _ t)| A *==/,. 

We further notice 

f°(iff'(»)" A. <w £”’ 

/"'(/ v "(-l)) 2 "At l « 4 i"” 

J‘ (/ V "(i)) 2, v 1 . 

That is 


/ — a . „ \ 2q 

t ((n A >)) At = 

As in the proof of Theorem 41.24 we derive that 


J ^J /i*_i(t,d-(r)) p A 


TJ At = 

I vt. 


(41.55) 


(41.56) 


(41.57) 
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So we apply (41.49) for /* on T* to obtain 


Ii<(b- a) 1/q ■ 

(/ t (f\ K - l{t ' ^ (T))PAr ) At ) ' P ' 

a (cn An co) 2 " &tj 1/q (by (41 - 57) =” d (4156)) 

(6-a) 1/9 • 

(la (l! hn ~ l{t,P{T))PVT ) Vt ) 7 ' 

(j" if*" ^) 2q Vt ) ' 9 ' ( 4L5§ ) 


proving (41.51). 

We need the delta Hilbert-Pachpatte type inequality which follows: 


Theorem 41.30. ([57]) Let e > 0, i = 1,2; /; £ C™ d (Ti), n is odd, with 
ft (oi) = 0, k = 0, 1, ..., n — 1; a< < 6;; at, bi £ Ti, time scale. Here Tf = Ti, 
i = 1,2. Let also p, q > 1 such that ^ + L = 1. Put 

F(ti) = f hl 1 2 1 (H,cr(ri)) p An, (41.59) 

J ai 

for all t\ £ [oi, 5i] H Ti, and 

G(t 2 ) = f h^l 1 (t 2 ,a 2 (T 2 )) q AT 2 , (41.60) 

j CL2 

for all t 2 £ [ 02 , & 2 ]nT 2 (where the corresponding a to T, i = 1, 2). 

Here a, is continuous and h^L x {U, Si) jointly continuous in ti, Si £ Ti. 

We further suppose that 



(41.61) 


is an rd-continuous function on T\. 
Then 


n t>2 

2 


£ , gfti) , G(t 2 ) 
' p ' q 


AtiAt2 < (6i — ai)(b2 — 02 )* 


rb 1 
J a\ 


fi (ti) An 


pb2 
J ao 


ft (T2) At 2 


(41.62) 
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(above double time scales integration is considered in the natural iterative way). 
We give the following nabla Hilbert-Pachpatte type inequality. 


Theorem 41.31. Let e > 0, i = 1, 2; /* £ C™ d ( T,), n is odd, with /, v ( bi ) = 0, 
k == 0,1, ..., n — 1; Oj < bp, cn, bi £ Ti, time scale. Let also p, q > 1 such that 
- + i = 1. Put 

P <3 


F{ti) = ( ^ 1 2 1 (ti,pi(n)) p Vri, for all ti £ [ai, fei] H Ti (41.63) 

Jt i 


and 


r b 2 

G(t 2 ) = / fti 2 2 i(t 2 ,P 2 (r 2 )) 9 Vr 2 , for all t 2 G [a 2 , 62 ] Pi T 2 . (41.64) 

Jto 


Here h^ lt p ^ are the corresponding h n -i,p to T;, * = 1,2, and are all 
assumed continuous. Also T;, * = 1,2, are such that Ti fc = Ti. 

We further suppose that 


0 (fi) = / 

J a 




02 , e + £hi) + GJtai 
V p « 


- Vt 2 


(41.65) 


is an ld-continuous function on Ti. 
Then 


61 /- 6 2 


J J 

ai «/ a 


IAMLMM! 


a2 ( £ + £(£ 1 ) + G(M 
1 p g 


-VtlVt2 ^ 


(61 - aiXfc - 02 ) ^ 1 i/r(ti)rv tl ) 9 (jf 2 i/ 2 v »rvf 2 


(41.66) 


(above double time scales nabla integration is considered in the natural iterative 
way). 

Proof. We have that (—6») = 0, fc = 0,1, ..., n — 1, and T* = (T *) k , 

i = 1,2. 

Also /* £ Cr d (T*) iff 


a € cam), i = 1 , 2 . 

By (41.28) and assumption we get that are jointly continuous on (T*) 2 , 

i = 1,2. 

Also di(si) (by ^ A>> — pj(—Sj), Si € T*, is continuous. 
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We notice that 

F*(ti) = F(-ti) (4 = 63) [ hi 1 2 1 (-ti,pi(ri)) p Vn 

J-tl 

(4 =° [ 

(4 = 8) [ /in_ ) i(ii,o-i(-ri)) p Vri 

J-tl 

(4 = 3) (n)f An 

= T\ti) ,v ti € [- 61 , —ai] n Ti, 

where F as in (41.59). 

Similarly we get 

G*(t 2 ) = G(-t 2 ) (4 = 64) [ b2 fti 2 2 1 (-t 2 ,P2(r 2 )) 9 Vr 2 
J — t 2 

(4 = 4) f hi 2 2 1 (-t 2 ,-CT 2 (- 7 - 2 )) 9 Vr 2 

J-t 2 

(41 = 28) [ b2 h* n ™(t 2 ,a 2 (-T 2 )yvT 2 

J-t 2 

(41 = 13) f h* n ^\{t 2 ,a 2 (T 2 )) q AT 2 

J-b 2 

= G{t 2 ), V t 2 £ [— b 2 ,— a 2 ] nr 2 ‘, 


where G as in (41.60). 
So we proved that 


F*(ti) = F{ti), V ti £ [- 61 , -ai] n Ti*, (41.67) 


and 


G (t 2 ) = G(t 2 ), V t 2 £ [—fc 2 , — a 2 ] fl T 2 . (41.68) 


Here we have that 


/1 := 




'01 Ja 2 (e + F p 1 ^ + 


<2 


l 

L 


\fi{ti)\e(ti)vti (41 = n) 


ai 
-ai 


l/r(ti)ir(ti)AG. 


(41.69) 
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Next we observe (V ti £ [— 61 ,—ai] flTi*) 


d(-tl) 



(41.65) 

pb 2 

1/2(42)1 

- 

L' 

( s + r, ;‘'’ + 

(41.67) 

pb2 

1/2(42)1 

- 

L' 

( £+ ^ l) + c 


- Vt 2 


- Vt 2 


(notice G(t 2 ) is continuous in £2 £ [a. 2 , ^> 2 ] fl T 2 , 

(by (41.11).?(41 -13)) f~ a2 I/2 (*2)| 


/ 


6 2 ( e + £(£ii + 

V p 1 


-At 2 


(41J38) J 


1 / 2 * (* 2 ) | 


_ 6 2 ^ + + 

(41 = 61) A(ti), V ti £ [- 61 , -aij n Ti. 

Clearly here A(ti) is an rd-continuous function on [— 61 , — ai] H T*. 
So here 

6*(ti) = A(ti), V ti £ [— 61 , —ai] n T*. 

Therefore we obtain 


-A t 2 


(41.70) 


j ( 4 TJ°) 




i>i 


- / 


-ai 

bl 

-ai r-a 2 


l/i (*i)l 

CL 


|/i (ti)|A(ti)Ati 


r a2 \mc\ Afa 

L b2 (s + n*i1 + 20*1' 
V p 9 , 


Atr 


I/lMMMJ 


( £ 


bi -t-b 2 1 e + AAil + £IA1 


-AtiAt 2 


(by (41.62)) 

< (fcl - Ol)( 6 2 - 02 ) 


-01 \ i/9 

l(/i*) A ”(* 1 )l*At 1 

-bl 


~ a 2 
— b 2 


i(/ 2 *) An (t 2 )rAt 2 j 


i/p 


(41 = 6) (61 - ai )(& 2 - a 2 ) 


bl \ Vi 

l/i V (ii)| 9 Vti 


*>2 


i/ 2 v (t 2 )rv * 2 


i/p 


(41.71) 




proving (41.66). 
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One can go reverse, and using the nabla inequalities to prove the delta ones, 
etc. 

Also one can prove similarly other inequalities by applying this principle of 
time scales duality. 


41.6 Applications 

For applications to delta Ostrowski inequalities, see [57] and to nabla Ostrowski 
inequalities, see [59]. 

For applications to the rest of delta inequalities mentioned in this chapter, see 
[57]. 

Here we give applications to the rest of derived nabla inequalities. 

I) Here T = R, the real numbers, then p(t) = t, t £ R, hk(t, s) = for all 

s,t £ R, k £ N 0 . 

Also / v ( t) = fc £ No, and f b f{t)X7t = f b f(t)dt. 

Furthermore / € Cf d (R) iff / £ C n (R), n £ N 0 . 

A Poincare type inequality follows: 

Theorem 41.32. Let / 6 C n (R), n is odd, a, b £ R : a < b; p, q > 1: ^ + ^ = 1. 
Suppose / ^ (6) = 0, k = 0,1,..., n — 1. Then 

f b \m\ut< _ {b ~ a)nq _ 

A jl - ng((n-l)!p((n-l)p+ip-i 
(/j/ n (t)| 9 *)- (41-72) 

Proof. By (41.42). ■ 

We give next a Sobolev type inequality. 


Theorem 41.33. Here all as in Theorem 41.32. Let r > 1. Then 

_ (b-a) (n ~ 1+ r + ^ _ 

(n - l)!((n - 1 )p + 1 ) p ((n - 1 + 4)r + 1 ) r 

||/ (n) || r • (41-73) 

■ 

We give next an Opial type inequality. 

Theorem 41.34. Let / £ C n (R), n odd, a, b £ R; a < b\ p, q > 1 : 
4 + 4 = 1. Suppose f k (b) = 0, k = 0, l,...,n — 1; l/^l is decreasing on 


ll/llr,[a,6] — 

Proof. By (41.48). 
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[a, 6], Then 


£\m\\f w (t)\dt< 


( h ~ a) 1 


(n - 1)! {(pin - 1) + l)(p(n - 1) + 2))p 


(41.74) 


Proof. By (41.51). ■ 

We continue with a Hilbert-Pachpatte inequality. 

Theorem 41.35. Let e > 0, * = 1, 2, /, € C n (R), n is odd, f[ k \bi ) = 0, 
k = 0, 1,.. n — 1; a; < be, m, bi € R. Let p,q> l;i + | = l. 

Put 


and 


Then 


— (b-, - M (n_1)p+1 

G(t2) = ((n — l)\) q (q(n — 1) + 1) ’ V ^ 2 £ 


n l>2 


|/i(ti)||/ 2 (fc)| 


02 ( e + mi + £IM 

' p q 


dtidt.2 < 


Proof. By (41.66). 

II) Here T = Z, the integers. 
Then 

r b 


[ mm= f(k), where 

J a i I -i 


k=a -\-1 


my / : Z —» R is id-continuous. 
Also f vk (t) = V k f(t) 


(41.75) 

(41.76) 


(bi - ai)(b 2 - a 2 ) (^J |/ 1 (n) (fi)|' ? dh j (^J \f 2 n) (t 2 )^ dt 2 ^j . (41.77) 


= £(-d" 


k 

m 


f(t — to), k £ No- 
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Furthermore here 


h k (t,s) = — p- ’ , V s,t£Z, k £ No, 

AC! 

t k = t(t + 1)... (t + k - 1), k £ N; 
t° = 1. Also p(t) t — 1, 1 e z. 

We present a nabla discrete Poincare inequality. 


Theorem 41.36. Let / : Z 

1. Suppose V k f(b ) = 0, k = 0, 1,..., n — 1. Then 


, n is odd, a, b £ Z : a < b\ p, q > 1 : L + L = 




= 0+1 V \T = t + 
b 

E i v "/wi 




t=a -\-1 


(41.78) 


Proof. By (41.42). I 

We give a nabla discrete Sobolev inequality. 

Theorem 41.37. Same assumptions as in Theorem 41.36. Let r > 1. Then 


E i/(or 

t=a+l 

b / b 


1/r 


< 


l 


(n- 1)! 


E E 0--+1 r 1 )’ 


t=a+l \r=t+l 
b \ 

E i v ”/wr 

t=a+l 

Proof. By (41.48). 

We give a nabla discrete Opial inequality. 


r/ P \ 


(41.79) 


Theorem 41.38. Let / : Z —> R, n is odd, a,b £ Z : a < b; p,q > 1 : 
i + i = 1. Suppose V fe /( 6 ) = 0, k = 0,1, ...,n — 1. Suppose |V"/| is 
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decreasing on [a, b] fl Z. Then 


E 1/(01 iv"/(t)i < (6 o)1/< 

t=a-\-1 

(£ (£ 


t=a -\-1 \r=£+1 


E ( v "/w) 2 


Proof. By (41.51). 

We present a nabla discrete Hilbert-Pachpatte inequality. 


(41.80) 


Theorem 41.39. Let e > 0, i = 1, 2; /, : Z —> M, n is odd, V fc /i(6i) = 0, 
fc = 0,1,... ,n — 1; Oj < 6»; o», 6» € Z. Let p, g > 1 : | + | = 1. Set 


_ ^1, [{tl~Tl + 

= E 

r=t i + l u 


-n + l)^) J 
((n- 1 )!)p 


v fi € [ai, 6i] n; 


_ ia, ((f 2 - T2 + 

G{t2) = E ((^n 

t 2 =£ 2 + 1 VV 


-T 2 + 1 )"- 1 )' 

((n- 1)!)® 


v f2 e [a2,62] n z. 


y y l/i (^1)11/2 (^2) | 

^ ( 1 T(*i) , G(t 2 ) \ 

ti=ai + lt 2 =a 2 + l Y 3-p-1- — J 

/ bi \ 1/9 / f > 2 

<(&i-a 1 )(6 2 -a 2 ) E |V n /i(ti)| 9 E l V "/^)l 


(41.81) 

Proof. By (41.66). ■ 

III) Here T = gf = {0,1, g*, gE 1 , g*, gE 2 , • • •}> for some g* > 1, see [93]. We 
have p(t) = t/q *, Vt G gj and 


MM) = ^—-, 

r=0 E <?* 


(41.82) 


V s, t G g*, for all /c £ No- 
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We finish with a g-Opial type nabla inequality. 

Theorem 41.40. Let / £ C^q J), n is odd, a, b £ gj : a < 6; p, q > 1 : 
i + i = 1. Assume / v (fe) = 0, A; = 0,1,..., n — 1. Suppose |/ v | is decreasing 
on [o, b] H gj. Then 


[ b \m\\f vn (t)\rn<(b-a) 1/q - 

J a 



/ r b / \ 2 q \ 1/q 

(j (/ V (t)) VtJ . (41.83) 

Proof. By (41.51). ■ 

One can give many similar applications for other time scales. 
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42 

Foundations of Delta Fractional 
Calculus on Time Scales with 
Inequalities 


Here we present the Delta Fractional Calculus on Time Scales. Then we prove 
related integral inequalities of types: Poincare, Sobolev, Opial, Ostrowski and 
Hilbert-Pachpatte. At the end we give inequalities applications on the time scale 
R. This chapter is based on [56]. 


42.1 Background and Foundation Results 


For the basics on time scales we use [119], [113] and [2], [4], [57], [114], [116], 
[181], [186], [187], [215], 

By [282], p. 256, for /r, v > 0 we have that 


i; 


(x — sY (s — ty 

—nfi f>F 


-ds = 


(x-t) 


H+v—l 


r 0 + v) 


(42.1) 


where Y is the gamma function. 

Here we consider time scales T such that T k = T. 

Consider the coordinate wise rd-continuous functions h a : T x T —> R, a > 0, 
such that ho ( t , s) = 1, 


T.a + 1 


(t,s)= f 

J S 


h a (t, s) At, 


(42.2) 


V s,t G T. 


710. 
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42. Foundations of Delta Fractional Calculus 


Here a is the forward jump operator and /r (t) = cr (t) — t. 
Furthermore for a, (3 > 1 we suppose that 



h a -1 (i, a (r)) h/_ 3-1 (r, a ( u )) Ar = /i a+/3 _i (t, <r (u)), 


for all u < t; u,t £ T. 

In the case of T = R; then a ( t ) = 
and define 

h a ( t,s) = 


t, and h k ( t , s) = (t 


(t ~ 

r(a + 1)’ 


a > 0 . 


, k £ No 


Notice that 


r (r-sr (t-sr +i 

Js r(« + i) r r (a + 2) 


ha-\- 1 (I; s) ; 


fulfilling (42.2). 

Furthermore we see that (a, /? > 1) 


/' 


h a -1 (i, r) hp-i (r, w) dr 


(" (t-T )*- 1 (r-nf - 1 

Ju T(a) F(/l) 


dr 


(by (42.1)) (t-u) 


ol+(3 — 1 


^cx-\-/3 —1 (^j ^0 : 


r (a + 0 ) 

fulfilling (42.3). 

By Theorem 4.1 of [115], we have for fc, m £ No that 


f 

J t 0 


hk (f, a (t)) h m (r, to) Ar = hk+m+i (t, to) ■ 


Let now T = Z, t £ Z, then <r (t) = t + 1, and dfc ( t , s) = V 

t, s € Z, where t® = 1, t^ = n(i — *) for fc £ N. 

Als ° fa f (*) Ar = Eta f (t), a <b. 

By (42.4) we obtain that 

y^ (t-r- l) w (r — t 0 ) (m) = (f-t 0 ) (fc+m+1) 
fe! m! (fc + m + 1)! ’ 

T-=t 0 

which leads to 

y^ (t-r-l)^"^ (r — to — l) (m ~ 1) _ (t - to - l)( fe+m ~ 1 ) 
(fc — 1)! (m — 1)! (fe+ m—l)! 


(42.3) 

NU{ 0 }, 


(42.4) 
6 No, V 

(42.5) 
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confirming (42.3). 

In general let n, v > 0, and t £ 7V M+J/ := (p + v, fi + v + 1, fj, + v + 2,...}, 
here t ^ and a (s) = s + 1. Let r £ {0,1,..., t — (/x + v )}, by proof of 

Theorem 2.2 of [104] we obtain 


rMrw 


E ( i “ (J ( s )) (M (s-crM)' 1 ' 1} = flvTn) ^ ~~ 15 ’ 


which is 


t — fJ, 

E 

s=r+i/ 


(t — s — l )^ 1 1) (s — r — 1 ) 


(—i) 


(*-r- j) 


(i'+M— 1 ) 




r iy) 


V{u + n) 


/i, v > 0, (42.6) 


that is almost confirming (42.3). By Lemma 19 of [48] for only — 1 < a < 0, 
t, s £ Z, t > s, we get 


E 


(«) 


(t- s) 

F (a + 1) 


(i t-s) (a+1) 1 

r(o + 2) r(a + 2)r(-a)’ 


(42.7) 


missing (42.2). 

So in case of T = Z, because of the deficiencies of (42.6) and (42.7) we gave 
a special treatment to the subject of discrete fractional calculus and inequalities, 
presented in [48], see also related [51]. 

We need 

Theorem 42.1. (Theorem 1.75 of [119]) If / £ C r d and t £ T k , then 

rcj(t) 

J / (r) At = /i (t) f ( t ). (42.8) 

For a > 1 we define the time scale A-Riemann-Liouvillc type fractional integral 
(a, b £ T) 

Kaf(t)=[ hoc—i (t, (t (t)) f (t) At, (42.9) 

J a 

(by [116] is an integral on [o, t) H T) 

K°J = /, 

where / £ Li ([a, 6 ] Cl T) (Lebesgue A-integrable functions on [a, 6 ] fl T, see [181], 
[113], [114]), t £ [a, b] FT. 

Notice Kaf (t) = J* f (t) At is absolutely continuous in t £ [a, 6 ] fl T, 
see [116]. 
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Lemma 42.2. Let a > 1, f € L\ ([a, 6] fl T). Suppose h a -i (s, a (t)) is 
additionally Lebesgue A-measurable on ([a, 6 ]flT) 2 ; a, b £ T. Then K%f £ 
Li ([a, b] l~l T). 

Proof. Define A : fl = ([a, b] Pi T ) 2 —> R, by 

A / . _ / h a -i (s,a (t)) , if a < t < s < b, 

S ’ | 0, if a < s < t < b. 


Clearly A (s, t) is Lebesgue A-measurable on ([a, 6 ] fl T) . 
Then 


nb n rb 

/ A(s,t)As = / A(s,f)As+ / A(s,t)As 

Ja J[a,t) Jt 

/ b rb 

A(s,t)As = J ha-i {s,a (t)) As 

rait) rb 

= / h a -i (s, a (t)) As + / h a -i (s,a (t)) As 

Jt Ja(t) 


(by (42.8) and (42.2)) 


fl (t) h a - 1 (t, a ( t )) + h a (fc, U (t)) £ R. 

Next we consider the repeated double Lebesgue A-integral 

/ (/ As ) At = J (/ 4(s,()As1a( = 


j' 


[ 1/ Wl {h(t) ha-1 (t, a (t)) + ha ( b,a(t ))} At = 

J a 

\f{t)\fi(t)h a -i{t,a(t))At+ ( |/(t)| h a {b,a (t)) At 

J a 


which exists and is finite. Thus the function ( s , t) —> A (s, t) f (t) is Lebesgue 
A-integrable over fl by Tonelli’s theorem. 

Let now the characteristic function 


X[o,s)nT (t) 


1 , if t £ [a,s)flT 
0 , else, 


where s £ [a, 6 ] D T. 

Then the function (s, t ) —> X[«,s)nT ( t ) A ( s , t ) / (t) is Lebesgue A-integrable on 
fl. Hence by Fubini’s theorem we obtain that 


f 

J a 


L 


X[o,»)nr (f) A (s, t) f ( t) At= ha- 1 (s, a ( t )) / (f) At = A'“/ (s), 


is Lebesgue A-integrable in s on [a, b] fl T, proving the claim. 
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For u < f; u, t € T, we define (a, /3 > 1) 


6 



h a — 1 


(t, a (t)) Zi/3-i (r, a («)) At 


(42.10) 


(by (J2.8)) ^ ^ ^ a ^_ 1 a ( w )) . 

Next we notice for a,/3 > 1; a, b € T, / € ii ([a, 6] flT) and fta-i ( s,cr(t )) 
continuous on ([a, fe] H T) 2 for any a > 1, that 


KaK%f(t)=l h a -i (t,a (t)) At f hp-i (t, a (u)) f (u) Au 

J a J a 


(by Fubini’s theorem) 

= I f (u) Au j h a -i (t, cr (t)) hp-! (t, a (u)) At 

J a J u 


L 


f (u) Au- 


r a \u) 

/ h a -i(t,a(T))hp-i(T,cr(u))AT 
J U 

+ h a -i (t,a (t)) hp-! (t,ct (u)) At 

J cr(u ) 

= f f(u) Au(h a+ p-! (t,a(u)) +6(t,u)) 

J a 

j ha+p-! (t,a (u))f(u) Au+ j f(u)9(t,u)Au 

J a J a 

= K +P f{t)+ f f(u)0{t,u)Au. 

J a 


Thus 


KK*f (t) - f f («) 0 (t,«) Au = FT“ +/3 / (t), vte [a, 6] r-l T. (42.11) 

J a 

So we have proved the semigroup property 

K%K%f(t)- f f{u)n{u) ha-i (t, a (u)) hp-i (u,a(u)) Au = Ka + ^f (t ), 

J a 

(42.12) 

V t G [a, b\ fl T, with a,b £ T. 

We call the Lebesgue A-integral 

E (/, a, j3, T, t) = f f (u) n(u) h a -i (t,a (u)) hp-i (u,a (u)) Au, (42.13) 

J a 
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t £ [o,5] fl T; a,b £ T, the forward graininess deviation functional of f £ 
Li ([a, 6] n T). 

If T = R, then E (/, a, f3, T, t) = 0. 

Putting things together we have 

Theorem 42.3. Let T = T k , a,b £ T, f £ Li([o,6]n T); a,f3 > 1; 
h a -1 (s, a ( t )) is continuous on ([a, 6] fl T) 2 for any a > 1. Then 

KK*f it) - E (/, a, (3, T, t ) = tf“ +/3 / (t), (42.14) 

V f £ [a, 6] n T. 

We make 

Remark 42.4. Let /x>2:m—l</r<m£N, i.e. m = \fi\ (ceiling of the 
number), v = m — fi (0 < v < 1). 

Here we take / £ C (5 ([a, 6] fl T). Clearly here ([181]) f A is a Lcbesgue A- 
integrable function. 

We define the delta fractional derivative on time scale T of order fj, — 1 as 
follows: 

AL' 1 / (t) = (K +1 f Am ) it) = I * ftp (t, a (t)) / Am (r) Ar, (42.15) 

V t £ [a, b\ fl T. 

Notice here that A a* 1 f £ C ([a, b] fl T) by a simple argument using dominated 
convergence theorem in Lebesgue A-sense. 

If n = m, then u = 0 and by (42.15) we obtain 

A™ -1 / (t) = Kaf Am (■ t ) = / Am_1 (t) . (42.16) 

More generally, by [116], given that f A is everywhere finite and absolutely 
continuous on [a, 6] Cl T, then f A exists A-a.e. and is Lebesgue A-integrable on 
[a, t) l~l T, V t £ [a, b] H T and one can plug it into (42.15). 

We see that 

= [r: r 1 Kl + 1 f Am ) ( t ) 

(by (42.14)) ^ K g +V j. A ^ ( t ) + J j A ( M ) ^ ( w ) ft M _ 2 (t, a («)) ft 5 (w, (7 (it)) Aw = 

(^r/^) W + J / A ™ («) M («) ^V -2 (L O' («)) ftp (w, CT (w)) Aw. 

Therefore 

K a~ X ^a* 1 f (t) ~ [ / A {u)n(u)h l _ l - 2 (t,a(u))h 7> (u,a{u))Au = 
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) (i) = J hm-i (t, a (r)) / Am (r) Ar. (42.17) 

We have established 

Theorem 42.5. Let /r > 2, m — 1 < /r < m £ N, v = m ~ fj; f £ 
C™ d ([a, 6] fl T), a,b £ T, T k = T. Assume h , M _2 (s, cr (t)), h„ (s, cr (t)) to be con¬ 
tinuous on ([a, 6] fl T) 2 . 

Then 

f hm-i (t,a(r))f A (t) At = (42.18) 

J a 

- f A {u) n (u) hp -2 (t, cr («)) hj> (u, a (u)) Aw 
J a 

+ [ h ^-2 (t,a(r)) A^V(r) Ar, 

J a 

V t £ [a, 6] n T. 

We need the delta time scales Taylor formula 

Theorem 42.6. ([115], [186]) Let / € C™ d (T), m £ N, T k = T; a,b £ T. 
Then 


k ft m 

f (t) = ^2 h k(t,a) f A (a)+ h m -i(t,a(T)) f A (r) 
fc=o 


At, 


(42.19) 


V f £ [a, 6] n T. 

Next we present the fractional time scales delta Taylor formula 

Theorem 42.7. Let /r > 2, m—1 < n < m £ N,v = m — \i ; / £ (7)0 (T) , a,b £ 
T, T k = T. Assume h ^-2 (s, a ( t )), (s, cr (t)) to be continuous on ([a, b] H T) 2 . 
Then 

m— 1 

f(t)=J2 h k(t,a)f Ak (a)- (42.20) 

fc =0 

/ / A (w) fi (u) hy,- 2 (£, a (u)) (u, a (w)) Aw+ 

J a 

f K-2{t,a{r)) A^7 1 /(t)At, 

J a 

V t £ [a, 6] fl T. 

Corollary 42.8. All as in Theorem 42.7. Additionally suppose / A (a) = 0, 
k = 0,1,..., m — 1. Then 


5(f) := f (t) + E (/ A ”*, /r — 1,71 + 1, T, t) 


(42.21) 
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f(t)+[ f A (u) M (u) h ^-2 (t, a (u)) hz (u, a (u)) Au 
J a 


L 


= I h ^-2 {t, a (r)) A£* / (r) Ar 

V t G [a, 6] n T. 

Notice that E ^/ A , p — 1, v + 1, T, tj G CVd ([a, b] H T). Also 
(42.21) is a continuous function in t G [a, 6] fl T. 


the R.H.S 


42.2 Fractional Delta Inequalities on Time Scales 

We give a Poincare type related inequality. 

Theorem 42.9. Let /r > 2, m — 1 < (i < m £ N, v = m — p; / G C™ d (T), 
a,b G T, a < b, T k = T. Suppose 2 (s, a ( t )), hz (s, a (t)) to be continu¬ 
ous on ([a, b] (~| T) 2 , and f A (a) — 0. k — 0,1,..., m — 1. Here B (t) = f (t ) + 


E ^ f A , fi — 1, v -(- 1, T, t'j , f G [n, 6] n T) 


and let p, q > 1 : i + i = 1. 


Then 

rb 


J \B(t)\ q At< (^J \h„- 2 (t,o-(r))| p Arj Atj ^ | A£* V (t)| 9 Afj . 

(42.22) 


Proof. By Corollary 42.8 we obtain that 


B(t)= f h^-2 (t,a (t)) A£, 1 /(t) 
J a 


At. 


Hence 


\B{t)\< ( \hfi -2 (t,a (r))| | A„* 1 / ( 
J a 

(by Holder’s inequality) 

< 


< 


r) Ar 


J \hp-2(t,cr(T))\ p ArJ \^J \A P ~ X f {r)\ q At ' 

J \hn-2 {t,a(r))\ p Arj (^J \A P ~ 1 f (r)\ q A 
q r b 

/ \A p ~ 1 f (t)\ 9 At ) , (42.23) 

J a 


Therefore 

I B{t)\ 9 < (^J \hp -2 (t,cr(r))| 
V t G [a, 6] fl T. 
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Next by integrating (42.23) we are proving the claim. ■ 

It follows a related Sobolev inequality. 

Theorem 42.10. Here all as in Theorem 42.9. Let r > 1 and denote 

"/" r = (/j/(t)rAt) r . 

Then 

Afj || A £t7|| 9 . (42.24) 

Proof. As in the proof of Theorem 42.9 we have 

!*(*)!<(/ |/v -2 (t,a{r))\ p ArJ \ A^" 1 / (r)) 9 At j . 

Thus 

\B(t)\ r < (^J \h^-2 {t,o(r))\ p Arj (/ lA-VWl’At) , 

and 

J \B (t)\ r At < ^ j ^j \h^-2 {t,a(r))\ v Arj At 

(42.25) 

Next raise (42.25) to power Hence proving the claim. ■ 

Next we give an Opial type related inequality. 

Theorem 42.11. Here all as in Theorem 42.9. Additionally suppose that 
(AaF 1 /) is increasing on [a, b] PlT. Then 

/V(t)l|A';- 1 /(t)|At< 

J a 

(b-a)*^J (/ l fe M -2 (L<r(' r ))| P At) At) (A»- 1 f{t)) 2q Atj . 

(42.26) 

Proof. As in the proof of Theorem 42.9 we obtain 

IVatUWirArJ (^ p^ 1 /{r)| ? Ar^) 
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< yj \h „-2 (t,a(r))\ p Arj |A£„ 1 f(t)\ (t-a)i . 

Therefore 

\B f {t)\ < ( ( (t,cr(r))| p Ar^ (A Z* 1 f (t)) 2 {t - a)* , 


for all t € [a, 6] fl T. 

Consequently we obtain 


/ fc |s(t)||A{;- 1 /(t)| 

J a 


At < 


f 


|h M -2 (t,a (t))| p At ) (A£, V ( t)Y (t-a)i 


At 


< 


|h M _2 (t, a (t ))| p At ) At 


(A Z~ 1 f{t)) 2q (t — a) At 


< (b — a)i 


\hfi -2 (t, a (r))| p At ) At 


{Aa* X f (t)y q At ) , 


2q 


proving the claim. 

It follows related Ostrowski type inequalities. 


Theorem 42.12. Let p > 2, m — 1 < /r < m £ N, v = m — fj,; f £ C™ d (T ), 
a,b £ T, a < b, T k = T. Assume 2 ( s , cr (t)), hz, (s, a (t)) to be continu¬ 
ous on ([a, 6] n T) 2 , and f A (a) = 0, k = 1,..., m — 1. Denote B (t) = f ( t ) + 
E + t £ [ a,b}HT. 

rb 


Then 


b — 


1 _ ,0 

~ a Ja 


B ( t ) At- f (a) 


< 


b — a 


\hn -2 (t, a (t))| Ar ) At) ||A£* 1 /|| 


a \J a 


I oo,[a,6]nT 


(42.27) 


Proof. By (42.20) we obtain 

B (t) - / (a) = f h ^-2 (t, a (r)) A^T 1 / (r) Ar, V t £ [a, b\ C T. 

J a 


Then 


|S(t)-/(a)| < (^J |h/i- 2 (t, cr (t))| Arj ||A^* 1 /|| c 


a,b]DT ’ 
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V t € [a, b] fi T. 

Therefore we obtain 

r^— f B(t)At-f(a) =-l— I" (B (t) - f (a)) At 
b-a J a b- a J a 

< ^ J b \B(t)-f(a)\At 

(/ At) \\K^ f\\, 

proving the claim. ■ 

Theorem 42.13. All as in Theorem 42.12. Let p, q > 1 : 4 + 4 •■== 1. Then 
T~~ [ b B (t) At - f (a) < 

b~a J a 

b^ (/ (/ l fe M-2(f,^(T))| p A r y Atj II A a*' 1 /|| 3i[a , 6]nT - (42.28) 

Proof. By (42.20) we find 

\B(t)-f{a)\< ( \hp-2 {t, a (r))| \A %~ 1 f (r)| At 

J a 

< i^J \hft -2 it,o (r))| p At^ lAjf-VMl'Ar) 

“ (/ l^- 2 (^ a ( T ))| P Ar ) P ll A a*“ 1 /|l 9 , [ a,6 ] nT- 

That is we have 

\ B (t) - f (a)\ < \hu-2 (t,cr(T))\ p Arj || A^- 1 /!^ [o b]nr , V t € [a, 6 ] H T. 

Therefore we derive 

r^- I'B(t)At-f(a) < -±- f \B (t) - f (o)| At 
b~a J a b-a J a 

^ rhi. (/ (/ \ h ^(t,a(r))\ p A r y A?j || ^ f\\ t , [aMnT , 
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proving the claim. ■ 

We finish general fractional delta time scales inequalities with a related 
Hilbert-Pachpatte type inequality. 


Theorem 42.14. Let e > 0, /z > 2, m — 1 < /z < m £ N, v = m — /z; 
ft £ C™ d (Ti), cii,bi £ Ti , a; < bi, Tf = Ti time scale, i = 1,2. Assume 
h^_ 2 (Si, (Ti (ti)) , h(si , (j i (U)) to be continuous on ([ a t ,bi] C Ti) 2 , and / A (at) = 
0, k = 0,1,..., m- 1; i = 1, 2. Here Bi (U) = /; (U) + Ei(f^ , /z- 1, v+ 1, Ti,U), 
U £ [ai, 6i] l~l Ti; i = 1, 2, and p, g>l;i + i = l. 

Set 

^(*i) = J (1^-2 (*1.^1 (n))|) P Ati, 

for all H £ [ai,foi], and 

G(t 2 )= j (1^-2 (^2,ct 2 (t 2 ))|V At 2 , 

J a 2 


for all t 2 £ [ d 2 ,b 2 ] (where h^_ 2 , ai are the corresponding /i M _ 2, <7 to T), i = 1, 2). 
Then 

r bi r b2 \Bi (*i)i \b 2 (t 2 )\ 

J a\ J <12 


r , F(t 1) G(t 2 ) 

^ p ^ q 


AtiAt 2 < 


(bi - or) (62 - a 2 ) (^J lA^.ViCtiJl'Ati) (^J \ A£ 2 * f 2 (t 2 )\ P At 2 

(42.29) 

(above double time scales Riemann delta integration is considered in the natural 
iterative way). 

Proof. We notice that 



A 




\B 2 (t 2 )\ 

F(t 1 ) , £Ct2)\ 
p ~ 1 J 


A t 2 


is a Riemann A-integrable function on [ 01 , bi] fl Ti. 

Because / A (a;) = 0, k = 0, 1 — 1; i — 1,2, by Corollary 42.8 we get 

that 

Bi (U) = j 1 2 (U, < 7 i fa)) A%~*fi (n) An, 

J CLi 

V ti £ [ di,bi\ n Ti, where di,b t £ T. 

Consequently 


\Bi (*i)| < 


/"(I 

J a 1 


C -2 


(Tl (ti)) ) An 


(/:: 


\Kjh (ri)\ q An 
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= F(ti)p(( lA^/i (n)| 9 An 


and 


!*(*)!<(/ ( h ^-2 (* 2,(72 (r 2 )) ) 9 At 2 ^ ^ |A^* 1 / 2 (T- 2 )| P Ar 2 j 


*2 


= G{t 2 )i ( / |A^ 2 ,V 2 (t 2 )| p Ar 2 


Young’s inequality for a, b > 0 says that 


!,l „ a b 
a pbi < —|—. 

P Q 


Therefore we have 


\Bi (ii)||B 2 (f 2 )| < 


(F(h))$ ( G (t a ))i I |A^/i (n)r An) ’ ( P \A^f 2 (r 2 )\ P Ar 2 


< 


Y«o , cwur'| AK/ .(n)in n ) ! fr|A:-n, n )r^ 


V p 


The last gives (e > 0) 


\Bi (ti)\\ B 2 (*2)1 /V^ViM'An 


r p_L ^(tl) , C?(t 2 ) 

P ~ r 9 


<2 


K 2 .V a (r 2 )| P At 2 


for all tj G [a*, 6»] fl T), * = 1, 2. 
Next we see that 


6i rb 2 


\Bi (ti)\\B 2 (t 2 ) | 


/oi J a 2 (e + AfAl + 


AtiAt 2 < 


b 1 / /-tl 



/ ai \«/ ai 

rf > 2 / ft? 



(n)| 9 An J Afr 
| A^ f 2 (r 2 )| P At 2 ) At 2 ) < 


' 0-2 \ J a 2 

(by Holder’s inequality) 


in / ft i 


ai \*/ ai 


(n)| 9 An ) Aii) (&i-ai)p 
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(/ (./ I A “ 2 * 1 ^' 2 M” Ar2 ) A t 2 ) ( &2 “ a 4 * 

< | A£-7i (n)r An) Ad) " (D - ffll )p • 

(/ (/ l A “ 2* 1 -/’ 2 ( T2 )r Ar 2 ) At 2 ) (& 2 — a 2 )« 

= (61 - ai) (& 2 - a 2 ) ^ |ASr.Vi (n)| 9 An) (^J | A^“ 1 / 2 (r 2 )| P Ar 2 ) , 

proving the claim. ■ 


42.3 Applications 

Here is T = R case. 

Let n > 2 such that m — 1 < /r < m £ N, v = m — /r, / £ C m ([a, &]), a, b £ R. 
The delta fractional derivative on R of order fj,— 1 is defined as follows: 

A£rV (*) = (■ K +1 f (m) ) (t) = 1 £ (t - rf / {m) (r) dr, (42.30) 

V t £ [a, 6 ]. 

Notice that A a* 1 f £ C ([a, 6 ]), and B (t) = f (t), V t £ [a, 6 ]. 

We give a Poincare type inequality. 


Theorem 42.15. Let /r > 2, m — 1 < /i < m £ N, / £ C m (R), a,b £ I 
a < b. Suppose (a) = 0, k = 0,1,..., m — 1. Let p, g > 1 : 4 + 4 ==T. Then 


fum- 

J a 


dt < 


(&-a) 




(r( M -i)p( M -i) 9 (( M - 2 )p + ir 


Proof. By Theorem 42.9. 

We present a Sobolev type inequality. 


- yy i a„* vwr*) • 

(42.31) 


Theorem 42.16. All as in Theorem 42.15. Let r > 1. Then 

( b _ a p- 2 +A^_ |i a jx-r 


Hr < 


r (m - 1) ((m - 2) P + 1) p ((m - 2) r + £ + l) 


/|L ■ (42.32) 
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Proof. By Theorem 42.10. ■ 

We continue with an Opial type inequality. 

Theorem 42.17. All as in Theorem 42.15. Suppose | A^»T 1 y| is increasing on 
[a, b\. Then 


/ 1/ (t)\ |A£* 1 f(t )| dt 

J a 


< 


0 b-aY 


r (p - 1) [((p - 2) P + 1) ((P - 2) p + 2)] p \ja 
Proof. By Theorem 42.11. 

Some Ostrowski type inequalities follow. 


T (j\A^ 1 f(t)) 2q dtY . (42.33) 


Theorem 42.18. Let p > 2, m — 1 < p < m £ N, / £ C 71 
a < b. Suppose (a) = 0, k = 1,..., m — 1. Then 


7“ [ f (t) dt — f (a) 

a J a 


b- 


Proof. By Theorem 42.12. 


< 


( 6 -a) 


M-l 


r(M+ 1 ) 




^11 oo,[a,b 


), a,b £ 


(42.34) 


Theorem 42.19. Here all as in Theorem 42.18. Let p, q > 1 : L + L. = 1. Then 

^ p q 


b — a 


f 


f (t) dt- f (a) 


< 


(fe-a) 


M-i - 1 


r(p- 1) (p- i) ((p — 2) p +1) 


rK-'VII 


9. [“.*>] ' 


(42.35) 

Proof. By Theorem 42.13. ■ 

We finish this section and chapter with a Hilbert-Pachpatte inequality on R. 


Theorem 42.20. Let e > 0, p > 2, m— 1 < p < m £ N, i = 1, 2; /; £ C" 
a-i, bi £ R, a; < bi, f[ k) ( a,i) = 0, k = 0,1 ,..., to - 1 ; p, q>l\ ± + ± = l. 

Set 


t\ £ [oi, bi], 
and 


t2 £ [02, 62]- 


F(ti) = 


G(t 2 ) = 


(fi - ai ) (,i - 2)p+1 

(r (p — i)) p ((p — 2) p +1) ’ 

(ta - a 2 ) ( ' i " 2)9+1 

(r (p — 1)) 9 ((p — 2) 9 +1) ’ 
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Then 


f'J 

J a\ J a 


62 LMOEM7 

02 ( £ + mi + 2ihi 

x p q 


dtidt2 < 


(6i — ai) (6 2 — o 2 ) ^ (t 2 )| P df 2 j • 

(42.36) 


Proof. By Theorem 42.14. 
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43 

Principles of Nabla Fractional Calculus 
on Time Scales with Inequalities 


Here we present the Nabla Fractional Calculus on Time Scales. Then we prove 
related integral inequalities of types: Poincare, Sobolev, Opial, Ostrowski and 
Hilbert-Pachpatte. At the end we give inequalities applications on the time scales 
R, Z. This chapter relies on [53]. 


43.1 Background and Foundation Results 


For the basics on time scales we use [59], [93], [94], [103], [119], [187], [223], [113], 

[114], [181]. 

By [282], p. 256, for fi, v > 0 we have that 


i; 


(x — sY (s — ty 

—nfi oW 


-ds = 


(x-t) 


H+v—l 


F (M + 0 


(43.1) 


where V is the gamma function. 

Here we consider time scales T such that Tk = T. 

Consider the coordinatewise ld-continuous functions h a : T x T —> R, a > 0, 
such that ho ( t , s) = 1, 


h a +i(t,s)= / L (r,s)Vr, 

J S 


(43.2) 


V s,teT. 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 711 ^-729] 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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Here p is the backward jump operator and v (t) = t — p(t). 

Furthermore for a,/3> 1 we suppose that 

f ha-1 (t,p{r))hp-i (t,p(u)) Vt = h a+ p-i (t,p{u)), (43.3) 

J p(u) 

valid for all u,t £ T : u <t. 

In the case of T = R; then p ( t ) = t, and hk (t , s) = , fc £ No = N U {0}, 


and define 


Notice that 


h a (M)= p* (a «^°- 

(r — s)“ , (t-s) Q+1 r \ 

r (a + i) dT - r(a + 2) 


fulfilling (43.2). 

Furthermore we see that (a, /3 > 1) 


/ h a -i (t, t) hp-i (r, u) dr = / 

J U J U 


(t-T) a 1 {T-uf 1 

F(a) T(fi) 


(by (43.1)) ( t~u) C 


ha-\-p—i (t, u) ■ 


F {a+ /3) +p ~ y ’ 

fulfilling (43.3). 

By Theorem 2.2 of [251], we have for k, m £ No that 


/ hk (t,p(r)) h m (r,t 0 ) Vr = hk+m+i (t, t 0 ) ■ (43.4) 

Jt 0 

Let T = Z, then p (t) = t — 1, t £ Z. Define t° := 1, := t (t + 1) ... (t + k — 1), 

k £ N, and by (43.2) we have hk ( t , s) = , s,t £ Z, k £ No- 

Here It 0 Vr = Et 0+ i ■ 

Therefore by (43.4) we obtain 

y. (t - r + if (r - tor ( t - t 0 ) k+m+1 

k\ m\ (fc + m + 1)! 

T = to + l 

which results into 


C t-T + l) fc_1 (r — to + l) m_1 _ (t - to + 1)* 


(k — 1)! (m — 1)! 


(k + m — 1)! 
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confirming (43.3). 

Next we follow [105]. 

Let a, a £ R, define t a = , (el- {..., —2, —1, 0}, N a = {a, a ± 1, a ± 

2,...}, notice No = Z, 0“ = 0, t° = 1, and / : N a —> R. Here p(s) = s — 1, 
a (s) = s + 1, v ( t ) = 1. Also define 

s=a ' ' 

and in general 

s=a ' ' 

where v € R — {..., —2, —1, 0}. 

Here we put 

(f ’ a)= r f (a+i) ’ a -°- 

We need 

Lemma 43.1. Let a > —1, x > a + 1. Then 

L (a;) = 1 ( T(x+ 1) _ r(x) \ 

r (a; — a) (a + 1) \ T (x — a) r (* — a — 1) / 

Proof. Obvious. ■ 


Proposition 43.2. Let a > — 1. It holds 


(T ~ «)“ ( 1 - 5 ) Q + 1 

r(a + l) r (a + 2 ) 


t > s. 


That is h a , a > 0, on N a confirm (43.2). 
Proof. Let t > s. We have that 


/ 


t 


(r - 

T (a + 1 ) 


Vr = 


1 

r(o + 1 ) 


t 


E (r-s)° = 

T = S + 1 


1 

r(a + l) 


t 


E 

T = S + 1 


T (r — s + a) 

r (t-s) 


E 


T (r — s + a) 

r (a + 1 ) ^ r (r — s + a — a) 

v T=S+1 v 7 

(notice here r — s > 1 and x > a + 1 > 0 ) 


E 


r(s) 


T(a+ 1 ) ^ r (a; — a) 

a;=a + l 


l 


r(a + i) 


t — s+o: 

r (a + 1) + E 


x=oc-\- 2 


r(x) 
r (* — a) 


= 1 + 


t —S + Q: 

E 


F(*) 


r (« + !) ^E^-a) 
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(by Lemma 43.1) 1 / T {x + 1) T (x) \ 

+ T(a + 2) ^ 2 lr(®-a) " T (x - a - 1)) 

' , + n^{ (r| “ + 3 ) - r( “ + 2 ))+ ( E Tilr' r< “ +3) ) + 

/ T (a + 5) F (a + 4) \ / T (a + 6) r (a + 5) \ 

V r( 4 ) r( 3 ) J + \ r( 5 ) r( 4 ) J + - 

(r(t-s + a) T(t — s + a — 1)\ /T(t-s + a+l) r (t — s + a)^) 
\r(t- s- i) “ r (t - s + a - 2) J + V r (t - s) r(t-s- 1 ))) 

(telescoping sum) 


= 1 + 


r (a + 2 ) 


T(f-s + a + l) 
F (t-s) 


- r (a + 2) 


T(t-s + a + l) (t - s) a+1 

~ T{a + 2 )r(t- s) ~ r (a + 2) 

That is proving the claim. ■ 

Next for fj,,u > 1, t < t, from the proof of Theorem 2.1 ([105]) we obtain that 

y' tt-p (£ )f^ (* - p (r)p 1 (t - p (r)f^ 
i? T r(i/) r(/x) r^i + i/) 5 

where r € {a, t}. 

So for t, to € N a with to < t we get 

V (t-T+l)~(r-t 0 + l)~ _ (t-fp + ir^ 

ho r ^+^) ’ 


that is confirming (43.3) fractionally on the time scale T = N a . 
Notice also here that 



b 

vt= E /(*)• 

t=a+l 


So fractional conditions (43.2) and (43.3) are very natural and common on time 
scales. 

For a > 1 we define the time scale V-Riemann-Liouvillc type fractional integral 
(a, b£T ) 

Jaf(t)=f h a -i (t,p(r))f(r) Vr, (43.7) 

J a 

(by [116] the last integral is on ( a,t] f~l T) 

Jaf ( t ) = / (t) , 
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where / € L\ ([a, 6] fl T ) (Lebesgue V-integrable functions on [a, b] C\T, see [113], 
[114], [181]), t £ [a, b] n T. 

Notice Jaf (t) ~ Ja f ( r ) ^ T is absolutely continuous in t £ [a, feJOT, see [116]. 


Lemma 43.3. Let a > 1, / € Li ([a, b] PlT). Suppose that h a - 1 (s,p(t)) is 
Lebesgue V-measurable on ([a, b] C T) 2 ; a,b £ T. Then J“/ € Li ([a, b]C\T). 


Proof. Define K : fl := ([a, b] fl T ) 


l, by 


K(s,t) 


_ j h a - 1 ( s , p (t)), if a < t < s < b, 
0, if a < s < t < b. 


Clearly K ( s,t ) is Lebesgue V-measurable on ([a, b] fl T) 2 . 
Then 


/ 


K (s,t) Vs = [ K (s,t) Vs + / K(s,t)Vs 
J[a,t) 

■b 


L 


/ b nb 

K(s,t)'Vs = J h a -i (s,p(t)) Vs 


[' k- 
J P (t) 


f 

J P (t) 


-1 (s,p (t)) Vs - / ha-i (s, p (t)) Vs 


= h a (b, p {t)) - v ( t ) h Q -i (t, p (t)) G R. 

Next we consider the repeated double Lebesgue V-integral 

la Uj K{S,t) l/W|VS ) Vt = /j /WI {jj K{S,t)VS ) Vt = 

J 1 /0)1 | (b,p(t)) -v{t)h a - i (t,p0))} Vt 
= [ \f (t)\h a (b,p(t))Vt- j \f(t)\v(t)h a -i (t,p(t)) Vt, 

J a J a 

which exists and is finite. Thus the function (s,t) — > K (s,t) f (t) is Lebesgue 
V-integrable over fl by Tonelli’s theorem. 

Let now the characteristic function 


X(a,s]nT (t) 


_ J 1, if t £ (a, s] fl T 
0, else, 


where s £ [a, 6] fl T. 

Then the function (s, t) —> X(a, s ]nT (t) K ( s , t) f ( t ) is Lebesgue V-integrable 
on fl. Hence by Fubini’s theorem we obtain that 


f 

J a 


L 


X(a,s]nr (t) K (s, t) f (t) Vt = / h a - 1 (s, p (t)) / (t) Vt = J“/ (s) 
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is Lcbesgue V-integrable in s on [a, b] H T, proving the claim. ■ 

For u < t; u,t £ T, we define 

/* U 

s(t,u)= / /ia-i (i, p(r)) hp-i (r, p(tt)) Vr 

Jp(u) 

= V (it) h a -i (t, p (it)) hp -1 (it, p (it)), (43.8) 

where a, f3 > 1. 

Next we notice for a, (3 > 1; a, b £ T, f £ L\ ([a, 6] n T), and h a -1 (s, p (t)) is 
continuous on ([a, b] H T) 2 for any a > 1, that 

JaJaf{t)=[ L-i(i,p(r))VT f ftp-i (t, p (it)) / (it) Vtt 
J a J a 

(by Fubini’s theorem) 

= [ f{u)Vu j h a -i (t, p (r))/ip-i (t, p (m))Vt = / /(it) Vtt- 

J a J u, J a 

rt ru 

/ /ia-i (i,p(r)) hp_i (r,p(it)) Vr - / ha_i (i, p (r)) hp_i (r, p (u)) Vr 

J p(u) J p(,v-) 

(by (43.3)) J j, ^ ^/ia+p-i (*, p (it)) - £ (t, It) j 

= [ h a+ 0 -i (t,p(u))f(u) Vtt- f f (it) £ (i, u)Vu 

= Ja + 0 f(t)- [ f (u)e (t,u) Vtt. 

J a 


JZJitf (t) + f f («) £ (t,«) Vtt = J a Q+/3 / (t), Vte [a, 6] n T. 

J a 


So we have established the semigroup property 


JaJaf(t)+[ f{u)y{u)h a -\{t,p{u))hp-i{u,p(u))S7u=Ja +l3 f{t), (43.9) 

J a 


V t £ [a, 6] fl T, with a,b £ T. 

We call the Lebesgue V-integral 


'( f,a,/3,T,t) = f f(u)v(u)h a -i(t,p(u))h 0 -i(u,p(u))Vu, (43.10) 

J a 
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t £ [a,b\ D T; a,b £ T, the backward graininess deviation functional of f £ 
Li ([a, b] n T). 

If T — R, then D (/, a, (3, R, t) = 0. 

Putting things together we have 

Theorem 43.4. Let Tk = T, a,b £ T, f £ Li([a, 6]flT); a, (3 > 1; 
h a - i ( s,p(t )) is continuous on ([a, b] (~\T) 2 for any a > 1. Then 

JSJSf (t) + D (/, a, (3, T, t ) = J“ +/3 / (t), (43.11) 


V i £ [a, 6] n T. 

We make 

Remark 43.5. Let /x > 2 such that m— 1 < /x < m £ N, i.e. m = [/x] (ceiling 
of the number), v = m — /x (0 < lx < 1). 

Let / € CJ2 ([a, 6] flT). Clearly here ([181]) / v is a Lebesgue V-integrable 
function. 

We define the nabla fractional derivative on time scale T of order /x — 1 as 
follows: 

V£-V(f) = (4 +1 / vm ) (t) = j\(t,p(T))f* m (t)Vt, (43.12) 

V t £ [a, 6] fi T. 

Notice here that VaP 1 / £ C ([o, 6] fl T) by a simple argument using dominated 
convergence theorem in Lebesgue V-sense. 

If n = m, then D = 0 and by (43.12) we find 

V™" 1 / (t) = Jaf Vm ( t ) = / vm_1 (t). (43.13) 

More generally, by [116], given that / v is everywhere finite and absolutely 
continuous on [a, b] H T, then / v exists V-a.e. and is Lebesgue V-integrable on 
(a, t] fl T, V t £ [a, 6] fl T, and one can plug it into (43.12). 

We observe that 

= (ja M_1 4 +1 / Vm ) (t) 

(by (43.11)) f (u)v(u)h tl - 2 {t,p{u))hz(u,p(u))'Vu = 

(jaf ) (I) - J / v {u)v(u)h IJ ,- 2 (t,p{u))h^(u,p(u))'Vu. 

Hence 

f {t) + f / V (u)u(u)h fl .-2{t,p(u))h^(u,p(u))Vu = 


J^iLfLCL P/tyliel 



718 


43. Principles of Nabla Fractional Calculus on Time Scales 


(■C f vm ) (t) = j hm-1 (t, p (r)) / vm (r) Vr. 


We have proved 


Theorem 43.6. Let p > 2, to — 1 < p < m £ N, u = m ~ p; f £ 
CJ2 ([o, 6] flT), a,b £ T, Tk = T. Assume 2 ( s,p(t )), (s,p{t)) to be con¬ 
tinuous on ([a, 6] Cl T) 2 . 

Then 


f 


[ hm-i (t,p(r))/ v (r) Vr ■ 

J a 

f 

J a 


(43.14) 


/ v (u) 1/ (u) /l M -2 (t, P ( U )) (m, p ( M )) Vu+ / fe M _2 (t, P (t)) Va* 1 f (r) Vr. 


Vie [a,6]n T. 

We need the nabla time scales Taylor formula 

Theorem 43.7. ([93]) Let / € CJJ (T), m £ N, Tk = T- a,b £ T. Then 

m “ 1 ^ k f 1 ^ rr» 

f (t) = ^2hk{t,a) f v (a) + / hm -1 (t, p (r)) f v (r)Vr, (43.15) 

fc=o 

ViG [a, 6] n T. 

Next we present the fractional time scales nabla Taylor formula 

Theorem 43.8. Let p> 2, m— 1 < p < m £ N, v = m — p\ f £ CJ2 ( T), a,b £ 
T, Tk = T. Assume /i ^_2 (s,p(t)), hz, ( s,p(t )) to be continuous on ([a, 6] PlT) 2 . 
Then 


/ (*) = ^ k (^ a )/ v (°)+ 


(43.16) 


[ / Vm (u) W ^-2 (i, /) («)) fe (u, p («)) V«+ f h^-2 (t,p(r)) V£, 1 f (t) Vr, 

•/a */ a 

V t £ [a, 6] n T. 

Corollary 43.9. All as in Theorem 43.8. Additionally suppose / v (a) = 0, 
k = 0,1,..., to — 1. Then 


A it) := / (t) - D (/ v ,p- l,u + l,T,f) 

rt 

I V7 m ^ 

■fit)- l f {u)u{u)h ll -2{t,p{u))hzi{u,p{u))'Vu 
J a 


(43.17) 
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[ ftp -2 (t,p(r))V^ 1 /(r)Vr, 

J a 


V t £ [a, 6 ] n T. 

Notice here that D ^/ v , p — 1, v + 1, T, tj £ Cid, ([a, b] ClT). Also the R.H.S 
(43.17) is a continuous function in t £ [a, b] fl T. 


43.2 Fractional Nabla Inequalities on Time Scales 

We present a Poincare type related inequality. 

Theorem 43.10. Let p > 2, m — 1 < p < m £ N, v = m — fj; f £ CJ2 (T), 
a,b £ T, a < b, Tk = T. Suppose ft M -2 (s, p (t)), h„(s,p(t)) to be continu¬ 
ous on ([a, b] fl T) 2 , and / v (o) ss 0, k = 0,1,..., m — 1. Here A(t) = / (t) — 
D ^/ v , fj, — l,v + l,T,tj, t £ [a, 6] fl T; and let p, q > 1 : ^ | = 1. 

Then 


/ 


b / pb / ft 

q 




(43.18) 


Proof. By Corollary 43.9 we obtain that 

A(t)= f /v _2 (*,p(r)) VSb/W Vt. 

J a 


Hence 


N(4I< / |ftp -2 (*,/o(r))| |V£, V(r)| Vr 

J a ' 1 

(by Holder’s inequality) 


< 


< 


J |ft M _ 2 (t,p(r))| P VrJ P IVS.-VWl'Vr 
J |ftp -2 (t, p (t))| P Vrj (^j | V^“ 1 /(r)|‘ !, Vr 


Therefore 


|7l(t)r< ^|ftp-2(t,p(r))| P Vry (/V^VWrVr),. (43.19) 


V f £ [a, 6 ] fl T. 

Next by integrating (43.19) we are proving the claim. 
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Next we give a related Sobolev inequality. 

Theorem 43.11. Here all as in Theorem 43.10. Let r > 1 and denote 


[ b \f(t)\ T 

J a 


vt 


Then 


J a yj a \K-2(t, P (T))\ p vry mj nv^Vii, 

Proof. As in the proof of Theorem 43.10 we have 

\A{t)\< ^\K. 2 {t,p{T))\ P Vt^ P (/V^VWl'Vr 


(43.20) 


Therefore 

\A(t)\ r < {1*^-2 (t,p(r))\ P , 

and 

£ IA(t)| r V* < £ (£ |h M -2 (t,p(r))| P Vt) ” Vt | V^ 1 /(t)| 9 Vt) * . 

(43.21) 

Next raise (43.21) to power A Hence proving the claim. ■ 

Next we give an Opial type related inequality. 

Theorem 43.12. Here all as in Theorem 43.10. Additionally suppose that 
| VOF 1 /1 is increasing on [a, b] n T. Then 

/V(*)l|v-\f(*)|vt< 

J a 

(b — a )q (£ ^ f |V 2 (t,p(r))| P Vr) Vt) ” (V^ 1 /(t)) 2 * Vt) * . 

(43.22) 

Proof. As in the proof of Theorem 43.10 we obtain 

|A(f)| < (£ |h M _2 (t,p(r))| P Vt) (£ | V^7(r)| 9 Vr) * 
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<([ K -2 {t,p(r)) P Vt) |V£„ 1 /(t)| {t-a)* . 


Therefore 

\ A (*)l |V^V {t)\ < (J |h M -2 (t,p(r))| P Vrj (V^T 1 /(t)) 2 (t- a)? 

for all t € [a, 6] fl T. 

Consequently we derive 


f 


/VwiIvL-Vwl vt< 

J a 

1 

/V -2 (t.pMjrVr) (VS-V (*)) 2 (t - a) 9 


Vt 


< 


/i M _ 2 (t,p(r)) "Vr) Vt) ' ( / (V£t 7 (t))' 9 (t - a) Vt 


< (6 — a)i 


V»(‘>pW)'VT)vt)‘ (/ (vg- 1 /(*)) 2w v* 


proving the claim. ■ 

It follows related Ostrowski type inequalities. 

Theorem 43.13. Let p > 2, m — 1 < p < to £ N, v = m — p; / £ CJJ (T), 

a,b £ T, a < b, Tk = T. Suppose h M _2 (s, p (t)), (s, p (t)) to be continu¬ 
ous on ([a, 6] fl T) 2 , and / v (a) = 0, fc = 1,..., to — 1. Denote A (t) = / (t) — 

D ^/ v , p — 1,17 + 1, T, f j, f € [a, 6] fl T. 


Then 


6 - 


a Ja 


A(t)Vt-f(a) 


< 


1 


b / rt i 


b — a 

Proof. By (43.16) we obtain 

rt 


V 2 (f,p(r)) Vr Vi ||V 


7M— 1 H 


I oo,[a,6]nT 


(43.23) 


Then 


A(t)~ f (a) = f hf ,-2 (t, p (r)) x f (r) Vr, V 1 € [a, 6] n T. 

J a 


< ( / h M - 2 (t,p(r)) |Vr ||Va* /|L, [a , 6]nT , 


PiiAe P/tyliel 



722 


43. Principles of Nabla Fractional Calculus on Time Scales 


v te [o,6]n T. 

Therefore we get that 

[ b A(t)m-f(a) =-— [ b 
b - a Ja b — a J a 

< T^— [ b \A(t)~ f(a)\Vt 
b~ a J a 

(I* | Vt ) Vt ) l f\L lla , b] nT - 

proving the claim. ■ 


Theorem 43.14. All as in Theorem 43.13. Let p, q > 1 : i + ^ s= 1. Then 

J A (t) Vt — f (a) < 

bh ( Ja {Ja l^' 2 {t ' p{T)) \ V Vr ) " V j H V “*' 1/ ll«.[«.HnT ' ( 43 - 24 ) 

Proof. By (43.16) we derive 

\A(t)-f(a)\< J |h,x-2 (t,p(r))| |V^V(r)| Vr 

< (J* \K- 2 (t,p(T))\ P Vry (/V^vwrvry 

< (£|h,- 2 (Lp(r))| P Vr) P ||V^- 1 /|| 9i[aifc]nT . 

That is we have 

\A(t)-f(a)\ < (J* |^- 2 (t, p (t))| P P I! VaF 1 /|| 9 j o6]nT ) V f £ [a, 6] n T. 

Therefore we obtain 

^ J b A(t)Vt-f(a) <^— a j b \A(t)-f{a)\Vt 
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proving the claim. ■ 

We finish general fractional nabla time scales inequalities with a related 
Hilbert-Pachpatte type inequality. 

Theorem 43.15. Let e > 0, fi > 2, m — 1 < /z < m G N, v = m — 
Ml fi G Cu{Ti) , a-i,bi G Ti , a t < bi, Tk = T, time scale, i = 1,2. Sup¬ 
pose 6^1 2 (si,pi (ti )), h~^ (si,pi (U)) to be continuous on ([a,, bi] fl Ti) 2 , and 

f 7 k (o») = 0, k = 0,1,..., m — 1; * = 1,2. Here A; (7,) = fi (£») - A(/, ym ,/r - 1, 
71 + 1, Ti, tf), U G [a,,6i] fl Ti; z = 1, 2, and p, q>l : i + l = l. 

Set 


F(ti)= I ( 1^2 (ii.Pi (ti))| )' Vn, 

*/ 

for all 1 1 G [oi, 6 i], and 


G(t 2 )=[ (h™ 2 (t2,P2(T 2 ))Y'VT2, 

J ao ' ' 


for all t 2 G [ 02 , 62 ] (where h^_ 2 , pi are the corresponding 6 M _ 2 , p to Ti , z = 1, 2). 
Then 

|Ai (ti)| |A 2 (72)1 


// 

*/ ai */ a 


a 2 ( e + 

' P q 


ViiV7 2 ^ 


(61 _ ai ) ( &2 _ a 2 ) ^ 1 | V^- 1 /! (7i)| 9 Vtij " 2 | V ^/2 (7 2 )| P V7 2 

(43.25) 

(above double time scales Riemann nabla integration is considered in the natural 
interative way). 

Proof. We notice that 


A(fi)= [ 

J a 


|A 2 (t2)| 


a2 ( £+ £Pil + £(M 

V p q 


-V^2 


is a Riemann V-integrable function on [ai, 61 ] D Ti. 

ry fc . . 

Since fi (ai) = 0, k = 0,1 ,..., m — 1; z = 1, 2, by Corollary 43.9 we get that 


/ 

«/ a 7 


A; (7i) = / 6^1 2 (ti, pi (ri)) V£.7i (Ti) Vri, 


M - 1 h 


V 7i G [oi,6»] CTi, where a,, bi G T. 
Therefore 


|Ar (7r)| < (|/£2 2 (7i, Pi (n))|) P Vnj ” ' | V^/r (n)| 9 Vn 
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= T(fi)7 


7/A—1 


fi (n)| 9 Vn 


and 


1^2 (£ 2 )| <(( (h™ 2 {t 2 ,p 2 (r 2 )) ) 9 Vt 2 




/2 (r 2 )| P Vr 2 


= G(f 2 )i 


■7^—1 


/2 (r 2 )| P Vr 2 


Young’s inequality for a,b > 0 says that 


Hence we have 


!,l „ a b 
apbi < —|—. 
V Q 


|4i (G)| 1^4.2 {t 2 )\ < 


(F(H))F (G(i 2 ))« / |V^-Vi M'Vn 


|V^- 1 /2(r 2 )rVr 2 


< 


/F(ti) , G(fa) 
VP 9 


IVSr.ViWl’Vn 


The last gives (e > 0) 


|V^- 1 /2(r 2 )rVr 2 


|4i (ti)| |4 2 (f 2 )| 

( , fdl) , G(t2)' 
l ~ r p ^ <1 I 


< 


7/x —1 


/i (n)| 9 Vn 


<2 


|V^- 1 /2(r 2 )| P Vr 2 


for all ti G [o», 6»] fl Tf, * = 1, 2. 
Next we observe that 


b 1 rb 2 


4i (fi)| |4 2 (f 2 )| 
/«! a 2 (e + + 2i*ai' 


■VtlVt2 ^ 



|VS-Vi (n)| 9 Vn)’ Vti 


ai \«/ai 
*2 

2 

(by Holder’s inequality) 



7M— 1 


/2(t 2 )| P Vt 2 ) Vf 2 < 


V£“7i (n)r Vn) Vti) " (6i - n)p • 


ai \*/ ai 
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(f (J* 2 |V-/ 2 (r 2 )| P Vr 2 j Vt 2 ) ” (b 2 - a 2 )i 
< |VSr.Vi (n)| 9 Vnj VH j " (6i - Bl )p • 

(/ &2 (/ b2 l v “ 2 ~* 1/2 ( r 2 ) l P Vr2 ) Vt2 ) " (&2 “ a2) ' 

= (bi - ai) (b 2 - a 2 ) ^ |VSr.Vi (n)| 9 Vnj * |V£-.V 2 (ts)|" Vr 2 j ” , 

proving the claim. ■ 


43.3 Applications 

I) Here T = R case. 

Let n > 2 such that m — 1 < /r < m £ N, u = m — /r, / £ C m ([a, b]), a, b £ R. 
The nabla fractional derivative on R of order fj, — 1 is defined as follows: 

V^ 1 / (t) = ( 4 +1 / (m) ) (t) = Y^TT) I* (t ~ rf f (m) (r) dr, (43.26) 
V t £ [a, b]. 

Notice that VaA/ £ C ([a,b]), and A(t) = f ( t ), V £ £ [a, b]. 

We give a Poincare type inequality. 


Theorem 43.16. Let /r > 2, m — 1 < /i < m £ N, / £ C m (R), a,b 6 I 
a < b. Suppose (a) = 0, k = 0,1,..., m — 1. Let p, q > 1 : - + i =?‘- l. Then 


fum- 

J a 


dt < 


(b~a) 




(r( M -i)) 9 (M-i)A(M-2)p + ir 


Proof. By Theorem 43.10. 

We present a Sobolev type inequality. 


- (/Vrvwrdt). 

(43.27) 


Theorem 43.17. All as in Theorem 43.16. Let r > 1. Then 

_ ( b - ar ~ 2+ ^ _11^-1 


Hr < 


r (m - 1) ((m - 2)P + 1) p ((m - 2) r + £ + 1 ) 


/|L - ( 4 3-28) 
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Proof. By Theorem 43.11. ■ 

We continue with an Opial type inequality. 

Theorem 43.18. All as in Theorem 43.16. Assume (VaF 1 /! is increasing 
on [o, b\. 


J a 


_ {b-aY “ _ f I" 

r (M - 1) [((M - 2 ) P + 1) i(P - 2) p + 2)] p \Ja 
Proof. By Theorem 43.12. 

Some Ostrowski type inequalities follow. 


¥ {la ( V “* _l f W ) 29 dt Y ' (43 ' 29) 


Theorem 43.19. Let fi > 2, m — 1 < /i < m £ N, f € C m (R), a,b £ R, 
a < b. Suppose (a) = 0, k = 1,..., m — 1. Then 

rb />* - ' <«>| « TTyryr H vs -■ <«■*» 

Proof. By Theorem 43.13. ■ 


Theorem 43.20. Here all as in Theorem 43.19. Let p,q > 1 : - + - = 1. Then 

^ p q 


f (t) dt — f (a) < 


(fe-a) 


M-i-i 


'(M- 1) (m~ f) ((M-2)p+ 1 )p 


(43.31) 


Proof. By Theorem 43.14. 

We finish this subsection with a Hilbert-Pachpatte inequality on R. 


Theorem 43.21. Let e > 0, /r > 2, m— 1 < n < m £ N, i — 1, 2; fi € C n 
a-i, bi £ R, a; < bi, f[ k) ( cn) = 0, k = 0,1,..., m - 1: p,q > 1 : ± ± = 1. 

Put 


fi £ [oi, 6i], and 


t2 £ [a 2, £>2]- 


F{ ii) = 


G(f 2 ) = 


(fi - ai ) (,i - 2)p+1 

(r(/r-l)r(( M -2)p+l)’ 

(* 2 - a 2 )^- 2)q+1 
(r (A* - 1))* ((/z - 2) a + 1 )’ 
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PI 

J a\ J a 


f b2 1AMIAMI 

a 2 ( £ + mi + 2(M 
V p q 


-dt\dt2 < 


(bi ~ Oi) (62 - 02) Iv^, 1 /! (ti)| 9 dti^ ^ |V^ 2 *V 2 (t 2 )| P dt 2 j • 

(43.32) 

Proof. By Theorem 43.15. ■ 

II) Here T = Z case. 

Let fj, > 2 such that to — 1 < /r < m £ N, v = m — fi, a, 6 £ Z, a < b. Here 
/ : Z —► R, and / v "* (t) = V™/ (*) = £™o ("l)" ( ™ ) / (t - A) • 

The nabla fractional derivative on Z of order fj, — 1 is defined as follows: 


' 1 /(t)=(^ +1 (V m /))(t) = f ^ T y E (*-r + lf(V m /)(r) ! 


V t £ [a, 00) n z. 

Notice here that 1 / (t) = 1, V t £ Z, and 


(43.33) 


A (t) = / (t) - 7? (V"7, M - 1, i/ + 1, Z, t) 


= /w- E ( vm /(«)) 


(i — u + 1) M ~ 

r (m -1) 


(43.34) 


v t e [a, 00) n z. 

We give a discrete fractional Poincare type inequality. 

Theorem 43.22. Let /1 > 2, to — 1 < /r < to £ N, a,b £ Z, a < b, / : Z - 
Assume V fc / (a) = 0, k = 0,1,..., to — 1. Let p, q > 1 : i + 7 «= 1. Then 


E ku*)r< 


(r(p-i)r 


E f E (t-r+!)(—>)) ( e iv- 1 /wr) 

t=a+1 \r=a+l / / \t=a+l / 


Proof. By Theorem 43.10. 

We continue with a discrete fractional Sobolev type inequality. 


(43.35) 


Theorem 43.23. Here all as in Theorem 43.22. Let r > 1 and denote 


= E I/(*)!’ 
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E ( E + 


r (u - i) l ^ l ^ 

> \t=a+l \r=a+l 


Proof. By Theorem 43.11. 

Next we give a discrete fractional Opial type inequality. 


|V£t7|L- (43.36) 


Theorem 43.24. Here all as in Theorem 43.22. Suppose that |Va* 1 f | is 
increasing on [a, b] D Z. Then 

b 

E l^(*)l|V77(i)|< 




E ( V -“7W) 29 


Proof. By Theorem 43.12. 

It follows related discrete fractional Ostrowski type inequalities. 


(43.37) 


Theorem 43.25. Let p > 2, m — 1 < p < m £ N, a,b £ Z, a < b, f : Z 
Assume V k f (a) = 0, k = 1,..., m — 1. 

Then 


(b-a)Tfa- 1) 


— E A ( t )-f ( a ) < 


E E (t-r+ir- 2 ||v77|| 

t=a+l \r=a+l / / 


oo,[a,6]f)Z 


. (43.38) 


Proof. By Theorem 43.13. 


Theorem 43.26. All as in Theorem 43.25. Let p, g>l;i + L = l. Then 


t - E ^ (*)-/(«) ^ 


(b-a)F(p-l) 


E E (t-r + l) ( *- 2 >) ||V77|| 9 , [a , 6]nZ . 


t=a+l \r=a+l 


Proof. By Theorem 43.14. 


(43.39) 
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We finish chapter with a discrete fractional Hilbert-Pachpatte type inequality. 


Theorem 43.27. Let e > 0, fi > 2, m — 1 < /r < m £ N; * = 1, 2; fi : Z —> R, 
ai,bi e Z, a; < bi. Suppose V fe /; (ai) = 0, k = 0,1 1. Here Ai (tf) = 

fi (*i)-El‘ i= Oi+i (V m / K)) 2 » V ^ £ [ai, oo)nZ; p,q > l:± + ± = l. 

Set 




^(H)= E 

r i =a i+i 


(r(M-i)f 


V ti G [ai, oo ) PI Z, and 


*2 


G (fe) — E 


v t 2 g [a2,00) n z. 

Then 


T 2= a 2 + 1 


^2 


( t 2 - r 2 + l )(' 1 - 2 ) 9 

(r(p-i)r 


[Ai (ti)| |A 2 (fa)] 

n^I+it a ^+i [e + ^ + ^i) 


E E 


< 


(bi - ai) (6 2 - a 2 ) I E I(*i)|‘ 

\tl=ai + l 


E |V^/2(f2)| 

t2= a 2 + l 


Proof. By Theorem 43.15. 


1 



(43.40) 
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44 

Optimal Error Estimate for the 
Numerical Solution of 
Multidimensional Dirichlet Problem 


For the multivariate Dirichlet problem of the Poisson equation on an arbitrary 
compact domain, this chapter examines convergence properties with rates of ap¬ 
proximate solutions, obtained by a standard difference scheme over inscribed uni¬ 
form grids. Sharp quantitative estimates are proved by the use of second moduli 
of continuity of the second single partial derivatives of the exact solution. This 
is achieved by engaging the probabilistic method of simple random walk. This 
chapter is based on [63]. 


44.1 Introduction 

Consider O C Ft, l > 1, an open subset with compact closure O and a regular 
boundary 30, and the Laplacian 


A := ^2 d 2 Xi. 
i= 1 

The Dirichlet problem in O has a solution u on O so that 
Au(x) = (V) i£il, 

lim u(x) = tp(y), (V) y € 30, 

x^y 
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where /, ip are appropriate real valued functions defined on 11, d 17, 
respectively. 

Let Qh be the inscribed in 12 uniform grid of mesh h = A;, n £ N, with 
boundary dfth- Also, we consider the discrete Dirichlet problem of finding Uh 
such that 


A h u h {x) =-f{x), (V) x £ Qh, 
Uh(x) = ip(x), (V) X £ dn h , 

where 


A h Uh(x) := h 2 


‘ i 

Y. Uh(x ± he k ) - 2luh(x) , 

k= 1 


(V) X £ Q h , 


is the discrete Laplacian. Here e* is the natural basis in R*. Using the probabilistic 
method of simple random walk we are able to establish that 


(i) j Y w 2,i( h ’d*i u ) + D h, 

i =1 

where || • ||q is the supremum norm in Q.h- 

Here W 2 ,i is the second modulus of continuity of the second single partial of u 
with respect to Xi, i = 1,..., Z; and Dh = Distance(f2, fih) —> 0 as h —> 0. See 
Theorems 44.3 (case of Dh = 0) and 44.7. 

When S4 = {x : 0 < Xi < 1}, case of Dh = 0, inequality (i) is proved to be 
sharp using a similar method as in [124], See Theorem 44.6, along with Remark 
44.4. 

This chapter has been greatly motivated by the pioneering very important 
work of Biittgenbach, Esser, Liittgens and Nessel (1992), see [124], There the 
above authors worked on a square and produced basic results for the two- 
dimensional Dirichlet problem, whose generalizations in R* are found in this 
chapter. Their method was purely analytical and totally different than the prob¬ 
abilistic approach here. 


44.2 Background 

44-2-1 Dirichlet Problem: Continuous Case 

Let 11 C R* be an open subset with compact closure 11 and A = 
d 2 ci + ... + d 2 l be the Laplacian. The Dirichlet problem in 11 consists in 


J^iLfLCL P/tyliel 



44.2 Background 733 


finding a function on SI such that for given functions /, defined in SI, and ip, 
defined on 9SI, we have 

( A u(x) = -f(x), (V) x <= si, 

< lim x _ v it(a;) =. (V) y £ dfi. (44.1) 

It is well-known fact [147, pp. 8, 49, 85] that if SI has regular boundary (for 
example dil is a smooth surface) and / is a bounded locally Holder function and 
ip is a continuous function then the problem (44.1) has a unique solution u(x), 
which can be represented in the form 

u(x) = Gnf(x) + Hn<p(x), (44.2) 

where 

Gnf{x)= [ gn(x, y)f(y)dy (44.3) 

Jn 

H n p{x) = f p(y)U Q (x,dy) (44.4) 

J an 

are the Green potential of the function / and the harmonic in SI function with 
boundary values ip, respectively. In (44.3) gn{x,y) is the so-called Green function 
of SI which is determined uniquely by the following properties 

(i) Agn(x, y) = —S(x — y), x,y € SI, where <5 is the Dirac delta function, 

(ii) gn(x,y) = 0, x £ dQ or y £ <9S2. 

The Kernel Hn(x,dy) is the so-called measure of domain SI or Poisson kernel 
of SI and if di 1 is a smooth surface then IIq (x\dy) = Un(x,y)do, where do is a 
surface measure <9S2. The function IIq (x,y), x £ SI, y £ di I can be defined by 
the following relation 

d 

nn(*,y) = -r^gn(x,y), x € $2, y £ dQ, (44.5) 

where is the normal derivative at the boundary Oil. 

Following the main idea of this chapter we briefly give here the important 
probabilistic counterpart of the analytical facts mentioned above. We refer to 
reader to [151], [152], and [147]. 

Let ( Xt,P x ), x £ R 1 be the Wiener process in R ! starting at the point x. 
Denote by tq the first exit time of SI 

tq := inf{f > 0 : Xt £ R l \il}. 

As usual we denote by E x F(u>) the mathematical expectation corresponding 
to the measure P x . We have 
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Gnf(x) = E x 



(44.6) 


Hnip{x) = E x [<p(x Tn ),m < oo]. (44.7) 

In particular, if 17 = {x : \x\ < i?} is a ball of radius R then it is easy to 
see that the function u(x) = ^ (R 2 — x 2 ) is a solution of the following Dirichlet 
problem 


Thus 


A u(x) = —1, x € fl, 
u(x) = 0, x € dfl. 


Gnl(x) = ^(R 2 -x 2 ) 

and we finally get that 


E x [r n ] = ^(R 2 -x 2 )<^R 2 . (44.8) 

As an easy but important consequence of this fact, we find that for each 
bounded domain the corresponding first exit time rn is finite almost surely 
and 


E x tci < n, 

where dn is the diameter of f l. Indeed, let SI' be a ball of the radius |dn such 
that Q C fl'. Then tq < tqi and we obtain 


1 2 

E x t n < E x r n f < — d n . 

ol 

Another useful fact we would like to mention here is the following property. Let 
C n be an increasing sequence of subdomains of fl such that U„>iH„ = Q. Let 
for each h > 1, r n be the first exit time of fl„. It is clear that ri < T 2 < ... < rn. 
Using the continuity of the sample path t ^ xt we easily find that 

lim T n = rn. 

n —»oo 

Now assume that the function <p(x) is well defined in some neighborhood of 

dfl and is Lipschitz continuous there. Denote by u n the solution of the Dirichlet 

problem in fl n with functions f n = / and <p n '■= ‘fil ■ We estimate the 

I fl n I dfl n 

difference u — u„ on the fixed compact K C $7. By (44.6)- (44.7) we derive 
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| u{x) - u n (x)\ < El 


u: 


f(x t )dt + E x \ip(x Tn ) - <p{x T J\ 


^ || f\\ C(Cl) Ex 7"n) + Lq • Ex\%tq 


< 


\\f\\c(ClE x (rci T n ) + Ln • Y Ex(Xt£i x Tn ) 


where 


\c(nE x (rn — tv,, ) + Ln • \JE x (rn — Tn), 
I^Qe) - tp{y)\ 


Ln := sup ■ 


I* - V | 


is Lipschitz constant of <p. Thus, if we denote by 


5n(k) := sup \JE x (rn - T n ), 

x(£K 

then we derive the following estimate 

sup |«(a:) - m„(®)| < f\\c(nSl{k) + Ln ■ S„(k). (44.9) 

X^lK 

Thus, using the fact that 5 n (k) | 0 as n —> oo we find 

sup ||u(*) — u n (x)\ ~ Ln • S n (K). (44.10) 

x£K 

We denote that (44.10) gives us the estimation of the speed of the convergence 
u n —> u in the geometrical terms {<5n(7f)}. 


44-2.2 Dirichlet Problem: Discrete Case 

Let 2 '} be an l- dimensional integer-valued lattice. This lattice consists of points 
(vectors) of the type x = xiei-k. .+xiei, where ei,..., e; comprises the orthonor¬ 
mal basis of R(, and the coordinates xi ,..., xi are arbitrary integers. Increasing 
or decreasing one of the coordinates by one unit and leaving the other coordinates 
unchanged, we obtain the 21 neighboring lattice points to x. Let B a subset of 
points of a lattice Z l . We call a point x (j B a boundary point for the set B if 
at least one point of the type x ± eu belongs to B. The collection of boundary 
points of the set B is called the boundary of B, denoting it dB. 

Let / be a function defined at the points of a lattice Z l . We put 
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1 , - 

p f( x ) ■= Yi^l^ x±ek ^ 

1 k= 1 

It is logical to call P the averaging operator. It is well known that the linear 
operator P — E, where E is the unit operator, is the discrete analog of the 
Laplacian A. Indeed, for a sufficiently smooth function f(x) specified over the 
space R 1 , 


Af(x) = lim 

h —>0 


ELi -f( x ± e k ) - 2lf{x) 

h 2 


so that the Laplacian is obtained by passing to the limit from the operator P — E 
as the lattice is infinitely partitioned. 

Let II C Z 1 be a finite subset (i.e., cardinality |I7| < oo). The Dirichlet problem 
in II consists in finding a function u(x), x £ IIU <917 such that for given functions 
/ defined in II and ip defined in (917 we have 


[ (P~ E)u(x) = -/(*), x £ II, 

< u(x) = if(x), x £ <917. (44.11) 

First of all we note that if ui and U 2 are two solutions of the problem (44.11) 
then ui = U 2 - This fact follows immediately from the well-known minimum prin¬ 
ciple [152, Ch. 1, Problems 18, 19]: if II is connected, i.e., each two points x, y £ II 
can be connected by a chain of points x\ = x, X 2 , ■.. ,x n = y from 17, such that 
each of the differences Xi — Xi-i = ie* for some k <1, u is a function on II such 
that Pu < u, and u reaches its minimum value on 17 U 917 at a point x £ II, then 
u is constant on II U <917. 

Next our remark concerns the decomposition u = u i + U 2 of the solution u of 
the problem (44.11), where 


(P — E)u\(x) = —f(x), x £ II, 

«i(a:) = 0, x £ <917, (44.12) 


(P — E)u 2 {x) = 0, x £ II, 

U 2 {x) = if(x), x £ <917. (44.13) 


This decomposition is a discrete analog of the decomposition (44.2). Following 
the same reasoning as in Part 44.2.1 of this chapter we give the probabilistic 
representation of the ’’discrete” Green potential in := Gnf and the ’’discrete” 
harmonic function U 2 := Plnip- In this part of our exposition we follow the mono¬ 
graphs [152] and [270]. 

A simple random walk on the lattice 7} is a random process ( x(n),P ) with 
values x(u) £ Z 1 such that the increments x(n + 1) — x(n), n = 0,1,..., are 
independent identically distributed random variables and 
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P(x( 1) — *(0) = x) = Yi when x = ±et, 


= 0 when x ±ek- 

It is easy to find that for each bounded function f(x) 

E{f(x(l)),x(0) =x) = Pf(x), 

and more generally 

E{f(x(n)),x{ 0) = x) = P n f(x). 

Fix the finite subset Q. C Z l and let rn be the time of first visit of the ’’particle” 
x(-) to the set Z l \fl (first exit time of fl). Following [270, p.107] we introduce the 
next functions, 


Qn(n;x,y) - P(x(n) = y,n < m;x(0) = x), x, y £ Q, 
= 0, otherwise, 


(44.14) 


9 n{x,y) 


Y Qn(n, x, y) 

n =0 


(44.15) 


Hn{x,y) = P(x(rn) = y,m < oo,x(0) m x)\ x £ Q, ye dQ, 

= S(x, y), otherwise. 

Define also the following operators 

Gnf{x ) := Y f(y)9n(x,y) 

yeQ, 

Hnv{x)~ Y v(y)Hn{x,y). 

y£dCl 

The proofs of the following basic facts can be found in [151, Ch. 1, Problem 
21] and [270, p.108]. 

(A) The function Gnf(x ) gives the unique solution of the problem (44.12) and 
the following representation of Gnf holds true 


(44.16) 

(44.17) 

(44.18) 
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In particular 


Gnf(x) = E 


th-i 

Y *(o) 

k =0 



(44.19) 


Gq 1(®) = i?{rn; *(0) = *}. (44.20) 

(B) The function Hn<p{x) gives the unique solution of the problem (44.13). 
An auxiliary result that it needed for later follows. 


Theorem 44.1. For every function u on 12 U fill the following inequality holds 
true: 


IM|n < cn||(P — E)u\\n + |M|an, (44.21) 

where 


and 


u||n := max{|u(a:)|, x £ 12 U <312} 


cn := maxGnl(a:). 

i6!i 


Proof. Define the following functions 

( f(x) = -(P - E)u(x), x £ 12, 

| ip(x) = u(x), x £ 312. 

Then we have 

(i) (P - E)u(x) = -f(x), x £ 12 

(ii) u(x) = <p{x), x £ 312. 

By (A) and (B) we get that 

u{x) = Gnf{x) + H n ip(x). 
From this identity we immediately find that 

IMIn < ||Gnl||n ||/||n + ||-ffn<p||n 

< cn||(P — E)u ||n + ||<£||an 

= cn||(P — E)u\\n + |M|an- 





44.2 Background 739 


The following result turns out to be useful in the following considerations. 
Theorem 44.2. Let be a finite subset of Z l . Denote 

Nn ■= sup{ |, i = 1,... ,1, (xi,... ,xi) G ft}. 

Then 

cn := sup{Gnl(*), x € ft} < l(Nn + l) 2 . 

If ft = {(* 1 ,... ,xi) £ Z l : 1 < Xi < Nn, i= 1,... ,1} then also 

cn > —^{Nn + l) 2 . 

7 T z 

Proof. Let ft = {x £ Z l : |*i| < A’n} be a minimal slab that contains ft. Then 
clearly tq < and consequently 

Gnl(x) = 15{rn,*(0) = *} 

< E {m, x (0) =x} = Gfjl(x). 

Now note that for each 2 < k < l and a: £ ft we have 

Gnl(*±e fc ) = G 0 1 (x), 

thus Gq1(*) = Gq1(*i, 0,..., 0). Let P t be the average operator for the one¬ 
dimensional random walk on Zj := {na, n = 0, ±1,...}. Then it is clear that 

P-E=\Y j {P,-E). 

i— 1 

Using these remarks we find that the function m(x i) := G^l(x) is a solution 
of the following one-dimensional Dirichlet problem 

( (Pi — E)m(x) = —l, —Nn < x < Nn, 

< m(x) = 0, x = ±(Nn + 1)- (*) 

Now consider the function n(x) := l • [(TVh + l) 2 — a: 2 ], \x\ < Nn and n(x)=0, 
and |*| = ±{Nn + 1). It is easy to see that the function n(x ) is a solution to the 
Dirichlet problem (*). Thus by uniqueness m(x) = n(x) and we finally find 

cn = \\Gnl\\n<\\G Cl l\\n<l(Nn + lf. 
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To prove the lower bound cn > |Z(ATn + l) 2 for the grid = { x : \xi\ < 
Nn, *= 1, 2,...,/} we use the same method. Namely, we consider the function 


u(s) := sin 


(Nn + 1) 


and denote by 


Then we get 


U{x) := u(xi), x £ Z l . 


(P ~ E)U(x) = - ~ E)u(xi) • ( n u(x k ) ] . 

Now we compute (Pi — E)u(xi) for \xi\ < Nn, 


^ ~ E)u( Xi ) = - 


. n(xi + 1) . n(xi - 1) 

Slnyy——77- + sin- 


(Nn + 1) (Nn + 1) 


(Nn + 1) 


TVXi TV . TVXi 

Silly---7T COSyy-— — Slll- 


(Nn + 1) (Nn + 1) (Nn + 1) 

„ . 2 7T . TVXi 

— —ism —— -— sm- 


2 (Nn + 1) (Nn + 1)' 


Thus we find that 


(P - E)U(x) = -2 ( sin 2 ^ 1} ) U(x) 


and moreover 


U(x) = 0, x £ dfl. 
Now we apply the inequality (44.21) 


0 < ||W|| n < cn • 2 • sin 2 —||W||n < cn • 2 • ^ * ||M||n, 


and finally we derive 


2 (Nn + 1)' 


cn > (Nn + l) 2 • -j. 


4 Nn + l) 2 1 


The proof is completed. 
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44.3 Main Results 

44-3.1 Approximation on the Uniform Grid 

We consider the Dirichlet problem in the open unit square Q := {x £ R l ; 0 < 

Xi< 1 , * = 1 , 2 ,... ,1} 

( A u(x) = -/( x), lei!, 

I u(x) = <p(x), x £ dfl, (44.22) 

with <p continuous and / a bounded locally Holder function. In what follows we 
restrict our treatment to problem (44.22) for which u £ (7^(fi). 

Let h = — with n £ N, the set of natural numbers. An approximate solution 
Uh, defined on the uniform grid 

k 

Q := {x : Xi = —, 0 < k < n, 1 < i < l}, 
n 

and 


Q h ■■= n n, on h ■■= Uh n an, 

is obtained as the solution of the discrete counterpart to (44.22): 

{ A h Uh(x) =-f(x), x & Qh, 

u h (x) = ip(x), x £ 8Q h , (44.23) 

where the ’’discrete” Laplacian A h is given by 

' i 

u h (x ± he k ) - 2 luh(x) . 

.k =l 

The case of the dimension l = 1,2 was investigated in [125] and [124]. Here the 
main goal is the investigation of this problem for arbitrary l > 1. The main results 
resemble those of the above pioneering papers. However, the proving method is 
the one of random walk which seems very natural, and it is a totally different 
approach than the one used in the above references. 

We denote hZ l = {x = hz, z £ Z 1 } and consider {xh{n), P} the simple random 
walk on the fe-lattice hZ l 


A h u h (x) := h 2 


Xh(n) := hx(ri), 

where x{ri) is the simple random walk on the lattice Z l . Corresponding to 
{xh{n), P} values and operators we attach the index h. Thus, for example, the 
average operator P),. has the following form 
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p h u(x) = E{u(x h ( 1)), x(0) = x} = u ( x =*= he fe)- 

L k =l 

It is easy to see that with these notations the discrete Laplacian A h has the 
following form 


A h = 2 lh~ 2 (P h -E). 

Now applying the results (A) and (B) of Section 44.2.2 we see that the problem 
(44.23) has the unique solution Uh which can be represented by the form 


uh(x) = — ■ h 2 Gn h ,hf{x) + Hn hih <p(x). 


(44.24) 


In what follows, we will use the notation Gh,Hh and etc., instead of 
Gn ht h, Ha h ,h and etc. According to this argument the important inequality (44.21) 
takes the following form 


IM|n fe < —1|+ ||n||an h • 

Indeed, by application of (44.21) and Theorem 44.2 we obtain 


(44.25) 


IMK < Cft\\(Ph - E)u\\n h + |M|an h 


- ^ ' Ji h2 \\^ hU \\ nh + ll M H an h 

= 2 

Next we apply inequality (44.25) to Uh — u, where Uh and u are the solutions 
of (44.23) and (44.22), respectively, and we obtain the following error estimate 

\\u h - w||n h < ^\\A h (u h - u)||n h + \\uu - M||an h 


that is, we have 



/ - A h u\\n h = -|| An - A h u\\n h 


\\ u h-u\\n h = \\u h -u\\n h < i||An-A h it||n h . (44.26) 

Now the rate of convergence of Uh —> u as h —► 0 can be measured via the 
second partial moduli of continuity W 2 ,i, i = 1 where W 2 ,i(S,v) is defined 

for v € C(Cl) by 
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W 2 ,i(5, v ) := sup{|v(a: + Xd) — 2v(x) + v(x — Ae»)| : x, x + 2Aei £ fi, | A| < 5}. 

Theorem 44.3. Assume that the solution u of the problem (44.22) satisfies 
u £ C 2 (12).Then for the solution Uh of the problem (44.23) the following inequal¬ 
ity holds true 


Uh 


-“lln* - jY W2 ’ i ( h ’ d *i U '>- 


(44.27) 


4=1 
2 / 


Proof. We follow [124, Th.2]. For u £ C^(f2) and 1 < i < l one has 


f h 2 

u(x ± hei) = u(x) ± hd Xi u(x) + (h — s)d Xi u(x ± sei)ds, 

Jo 

which implies 

1 f h 

{Ph,i - E)u(x) = - J (h — s)[d 2 i u{x + sei) + d 2 .u(x — sei)]ds. 


Hence 


A h u(x) = 2 lh~ 2 (P h - E)u(x) = 2 lh- 2 jJ2^.‘ ~ E M X ) 

4 = 1 

ph l 

= h~ 2 / (h — s)^^[d 2 i u(x + set) + dx^x ~ sei)\ds, 

i=l 


and finally we find 


|Art(*) — Ahu(x)\ <h 2 


ph l 

/ {h-s)'Y'\dl i u(x + se i ) 

Jo 


2d 2 i u(x) + d 2 i u(x — sei)\ds 


ph l ^ ^ 

< h~ 2 / (h - s)ds Y w 2 ,i{h, d^u) = - Y w 2 ,i(h, d Xi u), 

J 0 j = i i = i 

which with (44.26) imply (44.27). ■ 

Remark 44.4. The estimate (44.27) is sharp, i.e., there exists a function u 
such that 


lirninf \\ Uh -M||n h 


l 

Y W2,i(h,dl.u) > 0 . 

4=1 


(44.28) 
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Indeed, choose u(x) := x\ and compute the left and right hand sides of the 
inequality (44.27). We have 

Au(x) = 12x1 (44.29) 

A hu(x) = h~ 2 [(x i + h ) 4 + (an — h ) 4 — 2x\\ = h~ 2 (I2x 2 h 2 + 2 h 4 ) 

= 12xl + 2h 2 , (44.30) 

and 

Au(x) — Ahu(x) = — 2h 2 . (44.31) 

Now we apply (44.24) and (44.31) to the function u — Uh which equals zero on 
<912 and we find 

1 2 

u(x) - Uh{x) = h Gh{A h u-A h Uh)(x) 

= — -^h 2 Gh{AhU - Au)(x) = 

1 h 4 

= --h 2 ■ 2h 2 G h l{x) = -—G h l(x). (44.32) 

Thus by (44.32) and Theorem 44.2, we have 

ll« - Uh \\n h = y ||Ghl||n h > jn~ 2 ■ h 2 • n = -j^h 2 . (44.33) 

On the other hand 

i 

T, W2,i(h,d 2 .u) = W2,i(h,d 2 1 u) = 2Ah 2 , (44.34) 

i= 1 

thus, (44.33) and (44.34) imply (44.28). 


44-3.2 Sharpness of the Error Estimates for a Dirichlet 
Problem 

As it was mentioned in Remark 44.4 the error estimate (44.27) is sharp, i.e., there 
exist a function u such that 


i 

Uh — w||n h ~ dfu) as h j 0. (44.35) 

i= 1 
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The fact that (44.27) is sharp with regard to the rate of convergence is now 
established in connection to general Lipschitz classes, determined by an abstract 
modulus of continuity, i.e., by a function w, continuous on [0,oo) such that 

0 = w(0) < w(s) < w(s + t)< w(s) + w(t), s,t > 0. 

Here we follow the same technique applied in the papers [125] and [124], which 
were devoted to the cases of the dimension l = 1,2 and we establish the corre¬ 
sponding fact for arbitrary dimension l > 1. Our reasoning is based on the follow¬ 
ing variant of uniform boundedness principle [144]. For a Banach space ( X , || • ||) 
let A'* be the set of sublinear bounded functionals in A'. 

Theorem 44.5. Assume that for given {T n }„ £ N C A'* and {S$, 5 > 0} C A'* 
there are given {</?i}nsN C X such that 

llflnll <C U n= 1 , 2 ,..., (44.36) 

lim inf||T n 5r n || > 0, (44.37) 

n —>oo 

and 


ISiPnl < C 2 min 




1 , 2 ,..., 


(44.38) 


where <r(<5) is a strictly positive function on (0,oo), and {v5„}neN is a strictly 
decreasing real sequence with 


lim ip n = 0. 

n —>oo 

Then for each modulus of continuity w as above, satisfying 


,. w{t) 

inn = —— = oo, 
t^o t 

there exists an element /„ £ X such that 

(44.39) 

Si/™ < ■ w(cr(5)), 0 < <5 < 1, 

(44.40) 

lim inf \T n f w \/w(ip n ) > 0. 

n—>oo 

Next comes the optimal result. 

(44.41) 

Theorem 44.6. For every modulus of continuity w there exists 
u w £ C 2 (Cl) such that 

a function 

i 

Y w 2 ,i(h, d^Uw) < c ■ w(S 2 ), 0 < 5 < 1, 

i= 1 

(44.42) 
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lirri inf \\u w — u w ,h\\n h /w(h ) > 0. 

h —^0 


(44.43) 


Proof. To apply Theorem 44.5 we denote by 

X := C 2 {Q,), 


T-nll I — Il'iX Uh ||f2^ j n ? ( h — 


and 


Ssu := 22 W 2 ,i(h, d 2 .u), 0 < 5 < 1, 


g n {x ) n 2 22 sin 2 7rn*i, x = (xi,... ,xi) € Q, n € N. 

i=l 

Then (44.36) is fulfilled with ci = l. Since g n {x) = g n ,h(x) for x € dflh, h = i, 
and 

A g„(x) = 2 n 2 l, A h g n {x) = 0, for x € 
one has (cf. (44.24)) 

T n g n = 2 l n 2 || ^h(gn — g-n,h ) j| ^ 


1 !i 

2Zrr2 II 
1 

" 2 Tn? 


hQn ^hQn,h ) | 

II Gn h ( Ahg n — Ag n ) || 


= ^jl|Gn fe l||oh = n 2 h 2 \\Gn h l\\n h > ^ > 0. 

The last inequality comes from Theorem 44.2 and hence condition (44.37) is 
satisfied. To verify the condition (44.38) we see that 


Ssgn < Sn l, 

furthermore, 

i 

S s g n < 2 5 2 "22 ll^ifl^lln < <5 2 n 2 167r 4 f, 

i=l 

which yield (44.38) with 


(44.44) 


(44.45) 
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a(S) := 2 tt 2 S 2 and ip n := n 2 . 

Thus we are able to apply Theorem 4.5 and (44.42), (44.43) are established. ■ 


44-3.3 Remarks Concerning the Case of a General Domain 
Q C R l . 

Let SI be a domain in R ( with a compact closure Cl and with a smooth boundary 
dti. Without loss of generality we can suppose that fl C {x : 0 < sup Xi < 
1, i = 1,..., l}. For h = i let Qh := fl hZ l . 

For given functions / and <p which are assumed to be Holder ones in some 
neighborhood of Cl we consider the Dirichlet problem 


T A u(x) = -/(*), x G fl, 

| lim^^y u(x) = ip(y), y € 8Q, 

and its discrete counterpart 


(44.46) 


{ A h u h (x) =-f{x), x&Q h , 
Uh(x) = y{x), x £ dQ-h- 


(44.47) 


A related result follows: 

Theorem 44.7. Assume that the solution u of the problem (44.46) satis¬ 
fies u £ C 2 (Cl). Then for the solution Uh of the problem (44.47) the following 
inequality holds true 


where 


Uh - u 


1 

< - 

~ 4 


i 

y: W 2 ,i(h,dl.u) + Dh, 

4=1 


(44.48) 


D h ~ sup JE x (m - rn fc ), as h ^ 0. 
xen h v 

Proof. We just apply the estimate (44.10) and the result of Sections 44.2.2 and 
44.3.1, which are valid to the case of f lh of general configuration. ■ 
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Optimal Estimate for the Numerical 
Solution of Multidimensional Dirichlet 
Problem for the Heat Equation 


For the multidimensional Dirichlet problem of the heat equation on a cylinder, 
this chapter examines convergence properties with rates of approximate solutions, 
obtained by a naturally arising difference scheme over inscribed uniform grids. 
Sharp quantitative estimates are presented by the use of first and second moduli of 
continuity of some first and second order partial derivatives of the exact solution. 
This is achieved by using the probabilistic method of an appropriate random 
walk. This chapter is based on [64]. 


45.1 Description 

Let be the open unit cube in R £ , l > 1 and 17 := 17 x I be an “interval” in 
space-time R f := R 4 x R, where I := (0, T), T > 0. Let us denote by A = | A — 9t 
the heat operator, where A stands for the Laplacian operator in R £ . The Dirichlet 
problem in 17 has a unique solution u on 17 so that 

A u(x) = —/( x), Vi G 17, 

lim u{x) = Vy G <917 — {x = (x,t): t = T} : 

i —* y 

where /, i p are appropriate real valued functions defined on 17 and 917 —{x = ( x,t ): 
t = T}, respectively. Let Clh,T be the inscribed in 17 grid, which is uniform in space 
variables with mesh h := n G N and in time variable with mesh k(h ) := K-, 
and has a boundary dClh,r- 

G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 749 |76-l[ 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 


%o£/tcMta£ica/ 


750 


45. Numerical Solution of Multidimensional Dirichlet Problem 


We also consider the discrete Dirichlet problem of obtaining Uh such that 


A h Uh(x) = -/(£), Mx £ O h ,T, 

Uh{x) = f(x), 'ix £ tlh, T — {x = (x,t): t = T}, 

where 


A hUh(x) := 


-h 2 Uh(x ± hek,t — k(h)) — 2 tuh{x,t)^ , 


Vx := ( x,t) £ Cl h}T , 


is the discrete heat operator. Here eu is the natural basis in R f . Using the prob¬ 
abilistic method of a suitable random walk we are able to show that 


(i) 


1 { -r- -r- ) 

+ 2 'Yl UJl ( k ’ d *i u ’^ lh ’ T ) + u ’i(k,d t u-,flh, T ) | , 

where II ■ Htt is the supremum norm in Qh t■ Here u >2 i is the second modulus 
of continuity of the second partial of u with respect to Xi, i = 1,... while uj\ 
stands for the first modulus of continuity of the indicated function with respect to 
the variable t. See Theorem 45.4. Inequality (i) is proved to be sharp, see Remark 
45.5 and Theorem 45.7. Sharpness is proved in a similar way as it is established in 
the related papers [125], [124] and [157]. This chapter has been greatly motivated 
by the very important and interesting article of Esser, Goebbels, Liittgens and 
Nessel (1995), see [157]. They consider the same problem however in the univari¬ 
ate case of space and time, and they investigate different types of discretization 
than us. Their method is purely analytical however this one is probabilistic. 


«— Uh x < min 

S2 h.T 


45.2 Basics 

Dirichlet problem for the “heat operator.” Let R l be the Euclidean 
space, and A = 9 2 x + • • • + <9 2 f be the Laplacian. We denote = {x = 
( x,t ): x £ R5 t £ R 1 } and let A = ^A — dt be the “heat operator” (i.e., 
the parabolic Laplacian). Let SI C a be an open subset with non-empty 
boundary dCl. The Dirichlet problem in Cl consists in finding a function u 
on D such that for given functions /, defined in 12, and <p, defined on <912, 
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we have 

A u(x) = —f(x), x £ 17, (45.1) 

lim u(x) = p(y), Vy € 917. (45.2) 

It is a well-known fact [147, 1, XVII] that if 17 has compact closure and reg¬ 
ular boundary (for example, if every point of 17 in some neighborhood of each 
boundary point y is either above the horizontal hyperplane through y or on one 
side of some other hyperplane through y) and / is a Holder function and ip is 
a continuous function then the problem (45.1)-(45.2) has unique solution u(x). 
This solution can be represented in the form 


where 


u{x) = Gp/(x) + H h ip(x), 

(45.3) 

Gp,f(x) = [ <?n(®, y)f(y)dy, 

Jet 

(45.4) 

HnP>(x) = / p{y)il h (x,dy), 

J aet 

(45.5) 


are the “parabolic” Green potential of the function / and the “parabolic” har¬ 
monic function (i.e., a parabolic function) in 17 with boundary values ip, respec¬ 
tively. In (45.4) g^(x,y) is the so-called Green function of 17 which is determined 
uniquely by the following properties, 

(i) ^x9h(x,ii) = -5{x- y), x,y £ Cl, 
where 5 is the Dirac delta-function, 

(ii) 3n(®, y) = 0, x £ <917 or y £ 917. 

The kernel tl^(x,dy) is the so-called “parabolic” harmonic measure (i.e., the 
parabolic measure) of domain 17. 

Define the function £(x), x = (x,t) £ R l by 


£(x) = 


(2 nt) e/2 exp-£, 

0, 


if t > 0 
if t < 0 


and set 

g(i, y) ■= £(x- y), x,y£R e . 

The function g(x, y) satisfies the equation (i) and condition (ii) at the infinity. 
This function is called the “parabolic” Green function of the whole space 17 = JV. 
A connection between g and g ^ can be expressed by the following relation 


3n(®, y) = g(x, y) - (H^g(-,y))(x). (45.6) 
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We note here the remarkable property of the parabolic objects g ^ and II^ which 
makes “parabolic” theory different from the “elliptic” one. For x = ( x , t) and 
y = ( y,t ) we write x < y iff t < s. The property mentioned above can be 
formulated now as follows: for a connected Cl and for any x, y £ Cl we have 

(i) SpOd y) > 0, and = 0 iff x < y, 

(ii) supp tl h (x,dy) = {y £ dCl: y < x}. 

Any ball and any convex polyhedron which is situated above of its horizontal 
face are regular sets [147, 125, XVIII.6]. To the contrary of these examples, such a 
simple set as a unit square Cl = {x = (x, t): 0 < Xi < 1,0 < t < 1 , i = 1 , 2 , . . ., £} 
is not regular. To see this it is enough to note that there is no parabolic function 
with boundary values 1 on the upper side of dCl and 0 otherwise. 

According to [147, 125, XVIII] the Dirichlet problem can be well defined for an 
arbitrary open set fl, but in contrary to the “regular case” in this more general 
setting the very restrictive condition (45.2) should be replaced by the following 
condition 

lim u(x) = <p(y), Vy 6 d Cl r , (45.2)’ 

£—>y 

where d£l r C d 12 is a set of regular points. Conditions for a given point y £ d 12 
to be regular can be found in [147, 125, XVIII.3, 194]. We note here that if Cl is 
the unit square then the set of all irregular points of dCl coincides with its upper 
side {x = (x, t): t = 1, 0 < Xi < 1, i = 1,... ,f\. Thus the Dirichlet problem for 
this special set has the following form 

A u{x) = —f(x), Vi £ Cl, (45.7) 

lim u{x) = <p(y), Vy £ dCl \ {y = (y, s) : s = 1}. (45.8) 

x—*y 

Coming back to the general case we note that, as in the “regular case”, the 
formula (45.3)-(45.5) giving the representation of the solution of the Dirichlet 
problem as well as the relation (45.6) for the Green function hold true; property 
(ii) of the Green function has now a more general form 

(ii)' linii^i <?n(i, y) = 0, Vi £ dCl r . 

We present here briefly the important probabilistic counterpart of the analyt¬ 
ical facts mentioned above. We refer the reader to [147, 124, VII] and [194]. Let 
xo = (xo,to) be a point of R e , and let ( Xt,P x °) be a Brownian motion in R l 
starting from xq. The process 

{x t ,t £ R + } := {{x t ,to -t),t£ 7 ? + } 
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with state space R l is called a space-time Brownian motion starting from xo■ In 
this definition space-time Brownian motion moves downward in R e , that is, in 
the direction of decreasing ordinate values. Denote by Tq the first exit time of 
DC R e 

Tq := inf{f > 0: it. £ R e \ D}. 

We notice the special cases: 

I. If D = D x R 1 is a cylinder with the base Sic R e then Tq = rn, where rn 
is the first exit time of Brownian motion xt of D C R l . 

II. If fi = D x I, I = ( a,b ), is an “interval” with the base D C R e , then 
T n = r n A 77 , where ti < b — a is the first exit time of the uniform motion 
t —* to — t of I. Thus, in particular, < b — a. 

Property II implies that for any bounded domain Cl C R l we have T h — dct’ 
where d ^ is a diameter of D. 

As usual we denote by E±F(w) (resp., E x F(w)) the math expectation corre¬ 
sponding to this process {it, io = i} (resp., {xt, xo = x}). We have 


Gum = Ej£m)ds), 

HqV(x) = E±[tp{x T{l ),T h < oo]. 


(45.9) 

(45.10) 


In particular, if Cl = Q x (0, T ) is an “interval”, then according to II we will have 


Gum = e x 


or- 


f(x s ,t- s)ds 


(45.11) 


(x) = E x [ip(x t ,0),t < rn] + E x [tp{x Tn , t - rn),rn < t] (45.12) 

where x = ( x , t ) £ Cl. 

From the probabilistic point of view a point y £ dCl is regular if and only if 
Py(r & = 0) = 1. Kolmogorov’s law of iterated logarithm 


u 


P limsup 


x t 


v uo ^no g(2) i 


= 1=1, 


gives us a criterion for the regularity of a boundary point of Cl [147, 125, XVIII.6] 
[194, 7.14]. Namely, let D be situated below the abscissa hyperplane defined by 
the inequalities 


\ x \ < 2|i| 


iogi °4 


-1 < t < 0, 


then the origin is a regular boundary point of D. 
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45.3 Dirichlet Problem: Discrete Case 

Let j} be an (t + l)-dimensional integer-valued lattice. This lattice consists of 
points (vectors) of the type x = xiei + - • -+xeee+te, where ei,..., ee, e comprises 
the orthonormal basis of R e+1 , and the coordinates xi ,..., xt, t are arbitrary in¬ 
tegers. Decreasing f-coordinate by one unit and increasing or decreasing each one 
of the ^-coordinates by one unit and leaving the other ^-coordinates unchanged, 
we obtain the 21 neighboring lattice points to x. Let B be a subset of points 
of a lattice T}. We call a point x ^ B a boundary point for the set B if * is a 
neighboring point for at least one point of B. The collection of boundary points 
of the set B is called the boundary of B, denoting it dB. 

Let / be a function defined at the points of a lattice Z £ . We put 


pm ■■= 


i 

2 I 


J2f{x±e k 


e). 


It is logical to call P the averaging operator. The linear operator P — E, where 
E is the unit operator, is the discrete analog of the “parabolic.” Laplacian A. 
Indeed, for sufficiently smooth function f(x) specified over all space R e , 

A f(±) = Urn i/i -2 f(i± he k - y - 2 £f(x) 

so that the “parabolic” Laplacian is obtained by passing to the limit from the 
operator P — E as the lattice is infinitely partitioned. 

Let SI C * be a finite subset. The Dirichlet problem in Cl consists in finding 
a function u(x), x £ Cl U dCl such that for given functions / defined in Cl and <p 
defined in dCl we have 


(P — E)u(x) = —/(*), x G Cl, (45.13) 

u(x) = <fi(x), x € dCl. (45.14) 

First of all we note that if Mi and 112 are two solutions of the problem (45.13), 
(45.14) then u\ =112- This fact follows immediately from the following minimum 
principle. 

Theorem 45.1. Let u be a function on fl U d£l such that Pu(x) < u(x) for any 

x £ Cl. Then u reaches its minimum value on 12 U dCl at some point y £ dCl. 

Proof. Let u(x 0 ) := min{w(a:): x £ Cl U dCl}. If xo £ dCl then there is nothing to 
prove. If not, we write the inequality 

u{x 0 ) > y ^2 M (*o ± efc - e) > u(x 0 ), 
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from which we obtain that u(x o) = u(x o ± e k — e) for all k = 1, ...,£. If one of 
the points xo ± e k — e belongs to the boundary d 12 then the proof is finished, if 
not we will repeat the previous reasoning at the point xi := xo + ei — e. It is clear 
that after a finite number of steps we will meet the boundary dCl. The proof is 
completed. ■ 

Next our remark concerns the decomposition u = ui + 112 of the solution u of 
the problem (45.13), (45.14), where 


(P — E)ui(x) = —f(x), ieil, (45.15) 

u\(x) = 0, x £ d 12, (45.16) 

(. P-E)u 2 (x ) = 0, iEfl, (45.17) 

U 2 {x) = <p(x), x £ dCl. (45.18) 


This decomposition is the discrete analog of the decomposition (45.3), (45.4), 
(45.5). Following the same reasoning as in Part 45.2 of this chapter, we give the 
probabilistic representation of the “discrete” Green potential m := G^f and of 
the “discrete” parabolic function 112 := in (45.15)-(45.18). In this part of 
our exposition, we follow the monograph [270]. 

Let {x{n), P} be a simple random walk on the lattice Z £ , i.e., a random process 
with independent identically distributed increments x(n+ 1) — x(n), n = 0,1,..., 
and such that 


P(x( 1) — *(0) = *) _ ’ 


if x = ±e k , 
otherwise. 


The process 


{x(n),n = 0,1,...} := {(x(n),no — n),n = 0,1,...} 

with state space l} is called a space-time random walk starting from ±(0) = 
(*(0),no). In this definition space-time random walk moves downward in Z £ , 
that is, in the direction of decreasing ordinate values. It is easy to see that for 
each bounded function / 


E(f(x(l))-,x(0) = x) = Pf(x), 

and more generally 

E{f(x(n));x( 0) = x) = P n f(x). 

For a finite set Cl C * we denote by Tq the first exit time of Cl 

Tq := inf{n > 1: x(n) £ Z*\ 12}. 

Following [270, p. 107] we introduce the next functions 

„ , ... = P(x{n) = y,n < Tn-,x( 0) = x), 

Qn(n;x,y) _ Q y ’ n 


x, y G 12, 
otherwise, 


(45.19) 
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9ci(x,y) 

= £ Qn(n-,x,y), 

71=0 

(45.20) 

tV ,. = P(x(ro) 

IIo(a;, y) 

m6(x,y ), 

= y,x(0) = x), x £ Cl, 

otherwise. 

(45.21) 

Define also the following operators 



<W(i) : = 

£ f{y)9ci(x,y), 

(45.22) 


yen, 


Hn>p{x) ■■= 

£ ¥>(y)rih(*,y)- 

(45.23) 





The proofs of the following basic facts can be found in [270, p. 108]. 

(A) The function G^f(x) gives the unique solution of the problem (45.15), 
(45.16) and the following representation of G&f(x) holds true 

f(x(k));x( 0) = *| . (45.24) 

In particular, 

Gn l(i) = E{r h -,x{ 0) = *}. (45.25) 

(B) The function H^ip(x) gives the unique solution of the problem (45.17), 
(45.18). For a function u defined on Cl we set 

||m||q := max{|u(a:)|: x £ 12}. 

An auxiliary result that is needed for later follows. 

Theorem 45.2. For every function u on Cl U dCl the following inequality holds 
true 

IMIh — c Ci\\(P — E)u\\^ + IMIahi (45.26) 

where c^ := ||Gfil||fi. 

Proof. Define the following functions 

f(x) \= —{P — E)u(x), xeCl, 

<p(x) \= u{x), X £ dCl. 

Then we have 

(i) (P - E)u(x) = -f(x), x £ Cl, 

(ii) u{x) — (fi(x), x £ dCl. 


Gnm = E\ £ 
I k =0 
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By (A) and (B) we obtain that 

u(x) = G h f(x) + H^(x). 

From this identity we immediately find that 

IMIh < l|Gol|lnll/Hn + ll^llh 

< + n^iign 

= c hllC^ > — -®) M llh + IMIah- ® 

The following result turns out to be useful in our further considerations. 
Theorem 45.3. Let Cl = SI x I be an interval, where 

SI = {(®i,... ,X() £ Z e : 1 < Xi < N, i =t 1,... ,£}, 

I = {1,2 T}, T£ N. 

Then 

i min | T, + l) 2 j < c„ < min |t, ^(2V + 1) 2 | . 

Proof. We put cn := sup^gQ E{rn : *(0) = x} and prove the following inequality 

i min{T, cn} < < min{T, cn} (45.27) 

holds true. Indeed we notice for a process x(s) with i(0) = x, where x = (x, t) 
that we have Tq = min{rn,t}. So (45.25) implies the inequality 

Gq l{x) = E{t( 1 ,x{ 0) = x} < min{t, E(rn, *(0) = *)}, 

from which the right-hand side of (45.27) follows. To prove the left-hand side 
of inequality (45.27) we consider the functions u(x) := E{rn, *(0) = x} and 

u(x) tu(x). It is clear that u(x) = 0 for any x £ <912. Applying to this function 

(45.26) we obtain 

(45.28) 

Now we note that ||m||q = T • ||u||n = T ■ cn- To calculate (P — E)u we observe 
that rn coincides with the first exit time of the cylinder Cl c : = 12 x (—oo,+oo). 
Thus the function 

Me (a;) := u(x) = E{rn,x(0) = x} = E{r^ c ,x( 0) = *} 
satisfies the equation 

(P — E)uc(x) = —1, x £ Sl c . 
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Using the facts mentioned above we derive 

(P — E)u(x) = Pu(x) — u( x) = (t — l)Puc(x) — tu c (x) 

= (t - 1 )(U C (X - 1) - tUc(±) = ~(u c (x) +(t~ 1)). 

Thus we finally find 

||(P - E)u\\ h < (||u||n +T) = (cn + T). (45.29) 

Estimates (45.28) and (45.29) imply that 

Ten < Cq(T + cn), 

and consequently 

T • on 1 . r 

c n > 7 T 7 -— > mm{T, cn}. 

1 + cn 2 

Thus the left-hand side of (45.27) follows. Now it remains to find upper and 
lower bounds of the constant cn = max l6 n E{rn, *(0) = *}. Let fli = {x £ 

1 < *i < N} be a slab. Since C fli we have to < TOi and consequently 

E{m, *(0) =x} < E{tox , *(0) = *}. 

Now we note that the function 

Mi(i) := E{TO 1; a:(0) = *} 

satisfies the equation (P — E)u i = —1 in a space-time slab S2i = fli x (— 00 , 00 ) 
and has zero boundary values. Consider the function n(x) := £xi((N + 1) — xi). 
It is easy to see that this function satisfies the equation (P — E)n = — 1 in 12 1 
and has zero boundary values. Thus by unicity ui(a:) = n(x) for all x £ 12 1 and 
consequently 

f N + l\ 2 

cn < max{«i(i),i £ fli} = max{n(i),i £ fli} < 11 —-— 1 . (45.30) 

To find the lower bound of cn we use the same method. Namely, we consider 
the function u(s) := sin -n^rn an d denote 

e 

U(x) := ]^[ u(xi), xGfl. 

i= 1 

It is clear that U(x ) = 0 for every x £ dCl c . 

Let Pi, i = 1,..., £ be the one-dimensional average operator 

Pif(x) := f(x + a) + f(x - a)}. 


J’lLfLcc P/tyliel 



45.4 Approximation over the Grid 759 


It is clear that 


(P-E)U(x) = - J2( Pi -E)U(x) 


i « 

7 j2( pi - E ) u ( x i ) n u ( x k)- 


k^i 


Now we compute (Pi — E)u(xi) for 1 < Xi < N, (Pi — E)u(xi) = —2 sin 2 2 (n+i) ' 
u(xi). Thus we find that for x £ Q c 


(P -E)U(x) = -2 sin 2 


U Or)- 


2(N + 1) 

To get the lower bound of cn = Cq it remains now to apply the inequality (45.26) 

0 < 


I ^ o - 2 7r 

|L < cn • 2 sin 


2(JV + 1) 


< cn 


2(N + l) 2 


Thus we finally find 


cn > —^(N+ l) 2 . 


(45.31) 


Inequalities (45.27), (45.30) and (45.31) together give us the desired result. 


45.4 Approximation over the Grid 


We consider the following Dirichlet problem on the interval Cl ~ {x £ R e : 0 < 
Xi < 1, 0 < t < oo, i = 1,..., i} 

Artp) = -f(x), xeCl 

u(x) = <p(x), x € Oil, V ’ 

with a continuous function and / a bounded locally Holder function. In what 
follows we restrict our treatment to problem (45.32) for which u £ 

Let h := 1/n with n £ N, the set of natural numbers, and k = h 2 /t. An 
approximate solution Uh , defined on the grid f lh = flh U dQ.h, where 


Clh ■= 


t 


{x = (xi,... ,xe,t) £R e : Xi = kih, 

= jk, 0 < ta < n, i— 1 ,.. . j = 0 , 1 , ...}, 
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and 

Clh := Clh (~| S 2 , 

is obtained as the solution of the discrete counterpart to (45.32) 

( A h Uh(x) = -f(x), xeClh 
\ Uh(x) = ip(x), x £ dtl h . 

Here the “discrete” parabolic Laplacian A^ is given by 


(45.33) 


A h Uh{x) := ift 2 f(x ± hek - k(h)e) - 2 £f(x)J , 
where k(h) := h 2 /£. 

We denote by Zjj = {x £ R^: x = hz, t = k(h)n, z £ Z e , n £ Z 1 } and we 
consider the space-time random walk on l} h 


{x(n),n = 0,1, 2,...} = {(x(n), to — nk ), n = 0,1, 2,...}, 

where {x(n),n = 0,1,...} is a simple random walk on the h-lattice hi}. Associ¬ 
ated to {x(n), n = 0,1,...} values, functions and operators are attached to the 
index h. Thus, for example, the average operator P/,, takes the following form 

Phu(x) = 


E{u(x(l)), i(0) = x} 

2 j^2 u (x± he k- ke )- 


It is easy to see that with these notations the discrete parabolic Laplacian A^ 
takes the following form, Ah = £h~ 2 {Ph — E). Now applying the results (A) and 
(B) of Section 45.3 we see that the problem (45.33) has a unique solution Uh 
which can be represented by the form 

u h (x) = y ■ G^J(x) + H hh <p{x). (45.34) 

The important inequality (45.26) now takes the following form 

IMIsVt S min |t, i| ||A h u||n h/r + |M| a ^ T , (45.35) 

where Clh,T '■= {x £ Clh '■ t < T}. Indeed, by application of (45.26) and Theorem 
45.3 we obtain 

Hullo < C(S \\{Ph — E)u\\n + HltlLo 

11 MS! h,T ~ si /i,T llv ' ,T 11 ‘h,T 

- min {S’ i” 2 } + ||w|| ^,t 

= min { T > 1} W AhU K,T + ll w llan,, T - 
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Next we apply inequality (45.35) to Uh — u, where uh and u are the solutions 
of the problems (45.33) and (45.32), respectively, and we get the following error 
estimate 




min |t, i j II &h(u h - u)||n ft T + \\{u h - «)|| ahhT 

min {^^}H-/-AHIo hT 

min { T , 1/ l|Au-A h u||j^ T , 


i.e., we have derived 

II Uh ~ «||^ h T = IK - u\\ hh T < min |t, i j ||A« - K h u\\ hh T . (45.36) 

Now the rate of convergence of Uh —> u as h [ 0 can be measured via the 
partial moduli of continuity wi, u> 2 ,i, i = 1,... ,£, where 

wi (6,f\SY) ■■= sup{|/(a: + Ae) - f(x)\: x, x + Xe £ Cl, |A| < 5}, 

lo 2 ,i(6,f;Q) := sup{|/(a; + Xet) — 2f(x) + f(x — Ae <)|: x,x± Ae; £ 12, |A| < <5} 

Theorem 45.4. Assume that the solution u of the problem (45.32) satisfies u £ 
C^(f2). Then for the solution Uh of the problem (45.33) the following inequality 
holds true : 


u h - w 


< min < T. 


-^2u2,i{h,dl.u-,tl h , T ) (45.37) 


+ 2^ uji(k, dim-, Clh.r) + wi (k, d t u\ Cl h ,r ) 

4=1 

Proof. For u £ C^ 2> (Cl) and k = h 2 /t we have 

A h,u(x,t) = -/i~ 2 [u(x + hd, t — k) + u(x — hd, t — k) — 2 u(x, t)] 


—h 2 + hd, t — k) + u(x — hd,t — k) — 2 u(x, t — k)] 

1 ^ ^ 

- - [u(x, t ) - u(x, t - k)] := A h}i u(x, t- k) - d k ,tu(x, t). 


By appropriate Taylor expansions, we get 


| A h ,iu(x, t-k)- -dl.u(x, t-k )| < -io 2 ,i(h, dim-, fl h , T ), 
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and 

| dk,tu(x, t) - d t u(x, t)| < u>i(k, d t u ; Cl h ,T)- 
Thus we obtain the following estimate 


\A h u(x,t) - Au(x,t)\ < - ^ LU 2 ,i(h , dj.u\ tlh,r) 

^ i= 1 

1 . ^ A — — 

+ + wi(fc, Stw; 

i=l 

Finally we apply this estimate to (45.36) to derive the desired result. ■ 

Remark 45.5. The estimate (45.37) is sharp, i.e., there exists a function u such 
that 


liminf ||w - u h |U / R(h,u) > 0, 


(45.38) 


where R(h,u) is a right-hand side of the inequality (45.37). 

Indeed, choose u(x) := x\ and compute the both sides of the inequality (45.37). 
We will have 

A u(x) = 6*i, 

A h u(x) = 6 xl + h 2 , 

that is, 

A u(x) — Ah u(x) = —h 2 . 

Now we apply (45.34) to the function u — Uh, which equals zero on the boundary 
dQh, and obtain 

h 2 . . h 2 ■ 

u(x)-u h (x) = -—G Cih (A h u-A h u h )(x) = — -G^iAhu- Au)(x) 


= -y^i(*)- 

Thus, by (45.39) and Theorem 45.3 we have 


(45.39) 


h 


u ~ u hh.,„ = —\\ G ^i h 1 h hT > h ■ — min <j —, — 


T£ 2 2 


h 2 ’ n 2 


= - min < T. 


,11 

~k 2 £ J 


h 2 . 


(45.40) 


On the other hand, 


R(h,u) = min l T, j \ • j ^ ,i{h, dl.u; Cl hyT ) 


4 4 


T, -) • - • uJ2,i{h, d 2 .u\ tlh,r) 


1 


min s T, -} 6h . 


(45.41) 
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Therefore (45.40) and (45.41) imply (45.38). 


45.5 Sharpness for the Error Estimates of the 
Dirichlet Problem for the Heat Equation 

As it was mentioned in Remark 45.5 the error estimate (45.37) is sharp, that is, 
there exists a function u such that 

||u — m/JIts x R(h,u) as h J. 0, 

si fi ,T 

where R(h,u) is the right-hand side of the inequality (45.37). 

The fact that (45.37) is sharp with regard to the rate of convergence is now 
established in connection to general Lipschitz classes, determined by an abstract 
modulus of continuity, i.e., by a function ui, continuous on [0, +oo) such that 

0 = w(0) < <u(s) < <u(s + t) < lo ( s ) + co(t), s, t > 0. 

Here we follow the same technique that was applied in [125], [124] and [157]. 
These were articles devoted to the elliptic and parabolic Dirichlet problem in di¬ 
mensions £= 1,2 and 1=1, respectively. Our reasoning is based on the following 
variant of the uniform boundedness principle [144]. For a Banach space (A', || ■ ||) 
let A'* be the set of sublinear bounded functionals on X. We have 

Theorem 45.6. Assume that for given {Tn}n,eN C X* and {Sqsxj C A'* there 
are {<7n}n,eN C A such that 


llffnll < Cl, n= 1,2,..., 
lirninf |T„gr n | >0, 


< c 2 min 


1 flE 


n= 1,2,.... 


(45.42) 

(45.43) 

(45.44) 


where a(5) is a strictly positive function on (0, oo), and {v?n}neN Is a strictly de¬ 
creasing real sequence with linin^oo tp n = 0. Then for each modulus of continuity 
ui as above, satisfying 

(45.45) 


,. co{t) 
hm —— = 00 , 


1^0 t 

there exists an element u w £ X such that 


< Cww(cr(<S)), 0 < 6 < 1, 
liminf \T n u w \/u){ip„) > 0. 


(45.46) 

(45.47) 
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Next comes our optimal result. 

Theorem 45.7. For every modulus of continuity oj there exists a function Uu> € 
C 2 (p) such that 

R(5,Uui) < c u1 uj(5 2 ), 0 < 5 < 1, (45.48) 

liminf ||« u , — u u dlpr /ui(h 2 ) > 0. (45.49) 

h^O n h,T' 

Proof. To apply Theorem 45.6 we denote by 

X := C 2 {H), 

T n u .— ||u u^Ht: , h — , 

* l h,T Tl 

Ssu := R(5,u), 0 < 6 < 1, 


and 


i 

g„(x) := n~ 2 ^2 sin 2 nnxi, x = (*, t), x = (xi,... ,xt) € Q. 

i= 1 


Then (45.42) is satisfied with ci = n 2 £. We see that g n (x) = g n ,h{x) for x € 
dtlh,T, h = and Ag n (x) = n 2 £ and Ahg n (x) = 0 for all x € &h,T- Then we 
have (cf. (45.34)) 


T„g n 


G(i h A h {g n gn,h)\\^ hT 
G(i h {Ahg n — Ahgr ni i,)||^ ^ 
G{i h (A h gn - Ag n )\\^ T 


£ 


^ll^llls >min 



The last inequality comes from Theorem 45.3, and hence condition (45.43) is 
satisfied. To verify the condition (45.44) we observe that 

Ssg n < 


and 


SsQn < — W d ^i ] 9 


"IIh fc ,T ^ 


S 2 n 2 n 4 £ 


These upper bounds to Ssg n yield (45.44) with a(S) := n 2 S 2 and ip n := n 2 . 
Thus we are able to apply Theorem 45.6 and (45.48), (45.49) are established. ■ 
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Uniqueness of Solution in Evolution in 
Multivariate Time 


46.1 Introduction 

The classical time dependent partial differential equations of mathematical 
physics involve evolution in one dimensional time. Space can be multidimen¬ 
sional, but time stays one dimensional. There are various mathematical situations 
(such as multiparameter Brownian motion) which suggest that there should be 
a mathematical theory of evolution in multidimensional time. We formulate a 
rather general class of equations that involve two “time dimensions” and we 
prove a related uniqueness theorem. 

In Section 46.2 we discuss the formulation of a two dimensional time model. 
The uniqueness theorem is formulated in Section 46.3 and proved in Section 46.4. 
Some examples are given in Section 46.6. This chapter is based on [76]. 


46.2 Bivariate Time 


Let s, t be real variables. Then the Partial Differential Equation (PDE) 


becomes 


d 2 u 

dsdt 


f 


(46.1) 


d 2 v d 2 v _ 
dx * =9 


(46.2) 


G. A. Anastassiou: Intelligent Mathematics: Computational Analysis, ISRL 5, pp. 765 [7T21 
springerlink.com © Springer-Verlag Berlin Heidelberg 2011 
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under the change of variables r = s + t, x = s — t; here v(r,x) = u(s,t), that 
is, v is u but thought of as a function of r and x. Also, g(r, x, v, V«,...) = 
f(s,t, u, Vu,...), i.e., g is f but viewed as a function of r, x, v and derivatives 
of v. Thus (46.1) is often viewed as a hyperbolic PDE, although the nature of 
(46.1) [or (46.2)] depends upon the form of /, which itself can involve partial 
derivatives of u (or v). In studying (46.2) one can view either r or x as a time 
variable. 


The equation 


d 2 v d 2 v 
dr 2 dx 2 


f(r,x,v, Vu) 


is formally symmetric in r and x, and in the absence of other considerations it is 
not clear that r (respectively x) should be called “the” time. Both r and x have 


equivalent status. For 


d 2 v . 

aU - aAyVy 


where y G 0. C R n is a spatial variable, this equation is, for a = 1, hyperbolic if 
we view r as the time but not hyperbolic if we view x as the time. It is not of 
any standard type if a = i. 

The perspective here is to treat both r and x (or s and t.) as time variables. 
Thus we think of (46.1) as a PDE involving two dimensional time, whenever / 
depends on u and its derivatives with respect to other variables. 

The main goal of this chapter is to formulate and prove a uniqueness theorem 
for a large class of problems of the form (46.1). The context will be quite general 
and will include both well-posed and ill-posed initial value problems. We confine 
this study to two dimensional time; extension to the higher dimensional case can 
also be done. The main result is stated at the end of Section 46.3. 

A main point is that in the uniqueness theorem, the hypotheses (including 
the initial conditions) are symmetric in both s and t (or r and x). Thus s and t 
should have equivalent status; it would be inappropriate to view one as a space 
variable and the other as a time variable. We specify initial conditions in each 
variable. This lends strong support to their interpretation as two time variables. 


46.3 The Uniqueness Theorem 

Let u be a function of (s,t) € D C R 2 ; u is supposed to take values in some 
Banach space X and to be sufficiently smooth. We define the ( k,j)-jet of u to be 

D k '^u = / d — : 0 < p < k, 0<er<A; 

\ dsPdt - ' - ’ “ “ J J 

here the dummy indices p, a are integers. 
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Recall that if v: Y —► X, where Y, X are Banach spaces, then the derivative 
v'(x) of v at x £ Y is defined by 

v(x + h) = v(x) + v'(x)(h) + o(||h||) 


as h —> 0; here v'(x) £ C(Y,X), i.e., v'(x) is a bounded linear operator from Y 
to X. Similarly, 

v'(x + h) = v'(x) + v"(x)(h) + o(||/i||) 

as h —> 0; thus v"(x) £ C(Y,C(Y, A')). It is now clear how the partial derivatives 
d p+a u/ds p dt a are defined. It follows that D k ^u{s, t) is a point in a Banach space 
Z = Z(X,k,j) which can be explicitly constructed from A', k and j. Note that 
when X = R, Z becomes R L where L = M(k,j) is some computable function of 
k and j. 

The Partial Differential Equation (PDE) that we consider has the form 


d n+m u 

ds n dt m 


7 i / , r~\71— 1,771— 1 \ 

F[s,t,D ’ u) 


(46.3) 


and involves a finite family {A^j} of commuting selfadjoint or normal operators 
on a complex Hilbert space H. Take X = H and consider the following version of 
(46.3): 

on+ 771 71—1771—1 

ds n dtm F k j(s,t,D k ’ 3 u)A ki u, (46.4) 

k =0 j =0 

where each Fkj is a complex valued function, and n, m are positive integers. Now 
we take D = [0, a) x [0, b) where 0 < a, b < oo. 

Hypothesis 46.1. Let {Akj : 0 < k < n — 1, 0 < j < m — 1} be a commuting 
family of normal operators on H, and let, for 0 < k < n — 1, 0 < j < m — 1, 

Fkj : D x Z(J&, k, j) —> C 

fulfill the following Caratheodory-Lipschitz condition : Fkj is jointly measurable 
(relative to the Borel sets) and 


\F kj {x,y) - F kj (x,z )| < K(x)\\y - z\\ Z (a,k,j) 
where K is locally Lebesgue integrable on D. 

Note that the definition of the Caratheodory-Lipschitz condition has the ob¬ 
vious extension to /: D\ x Z>2 —* Y, where D\ C R £ , D 2 C X , and X, Y are 
Banach spaces. 

By a solution of (46.4) we mean a function u: D — > El which is n — 1 
times (resp. m — 1 times) weakly continuously differentiable in s £ (0, a] 
[resp. in t £ [0,6)], (s,t) is absolutely continuous in each of s,t 
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and so is its gradient, and the resulting distributional derivative, g s n 3t m , which 
exists, is equal to the right hand side of (46.4) (and so the equality holds pointwise 
a.e.). 

The main result follows 

Theorem 46.2. Let Hypothesis 46.1 hold. Let 

fk ■■ [0, a) -*C, gj: [0, b) -> C 

be given continuous functions for 0 < k < n — 1, 0 < j < m — 1. Then there is at 
most one solution of (46.4) satisfying the initial conditions 

= fk(t), t € [0, a), 0 < k < n — 1, 

= gj(s), s € [0, b), 0 < j < m - 1. 

Note that (s, t) lies in the first quadrant of the (s, t) plane, and the initial 
conditions are specified on (a portion of) the boundary of this quarter plane. 


ww 


46.4 Proof of Theorem 46.2 


By a version of the spectral theorem (see e.g. [173], [203], [254]), there is a unitary 
operator U from HI to a concrete L 2 space, L 2 (A, E,/r), such that 


Akj = U~ M akj U 


(46.5) 


for all ( k,j ), where akj is a E-measurable complex valued function on A, and 
Ma kj is the corresponding maximal multiplication operator: 

( M * k jf)( x ) = a k j(x)f(x), xeA, 

f € Dom(M afcj ) if and only if /, akjf € L 2 { A, E, g). This holds for all k,j. 

Let 

u(s,t,x) = (Uu(s,t, •))(*), x £ A. (46.6) 

Then, using (46.5) and (46.6), we see that (46.4) is equivalent to 


d n+m u 

ds n dt m 


n — 1 m— 1 


= E£ Fkj{s,t , D k ' j u)akjU, 


(46.7) 


k =0 j =0 


where 


F kj {s,t,w) = F kj (s,t,U 1 rJ). 
Now, (46.7) is a scalar PDE which can be rewritten as 

d n+m u 


ds n dt rn 


(s, t) = G(s, t, D 


n — l,m — l ■ 


CM))• 
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If n = m = 1, this reduces to 

§^l(s,t) = G(s,t,u(s,t)). 

Integration produces 

- ^j( s ’°) = J G(s,ti,u(s,ti))dti, 

u(s, t) - 43.(0, t) - (u(s, 0) - 5(0, 0)) = I f G(si,ti,u(si,ti))dtidsi. 

Jo Jo 

Because G(s,t,u(s,t)) is locally integrable in both s,t (for continuous 5), this 
shows that {-5(0, t): 0 < t < &}, (5(s,0): 0 < s < a} uniquely determine 5. 

If n = 2, m = 1, the equation is 


Integration implies 

d 2 ii , , d 2 u . . f s ( . du , A 

d^ {s ’ t)= d^-t^ t) + J 0 G y s ’t,u(s 1 ,t), —(si,I)J dsi. 

Since ^(0 ,t) = it follows that 

Now we integrate to obtain 


du 

ds 


(M) = 


du 

ds 


(S, 0 )- 


i(o,*)-i(o,o) 


^ t ns / du 

+ I I G [ si,ti,u(si,ti),) dsidti 


— Qi s 11) + 


du , 


G ( si,ti,5(si,fi), —(si,Ii) ) dsidti, 


where Q is a known function (since §j(0 ,t), §^(s, 0) are given). We rewrite this 
last equation as an equation in w = 


w(s, t ) 



w(s 2 ,ti)ds 2 + w(si,ti),w(si,ti) 


dsidti. 

(46.8) 


Letting (Sw)(s,t) be the right hand side of (46.8), the (global) Lipschitz 
condition assumption on G implies that S has a unique fixed point in 
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C([0, ai] x [0, fci]) for all 0 < oi < a, 0 < fei < b. This fixed point is du/ds, and this 
can be integrated to obtain a unique solution u on D (since the initial conditions 
on u have been properly specified). This proof is basically the standard Ordinary 
Differential Equation (ODE) proof of existence and uniqueness, suitably modified 
(see, e.g. [183]). 

Now fix m = 1 and do mathematical induction on n. We checked the result 
for n = 1, 2. If it holds for n < N — 1, then, from 


d N+1 u 

ds N dt 


N-l 

M Fko(s,t.,D k '°u)akou, 

k =0 


integration implies 


d N u 

ds N ~ 1 dt 


(M) 


d N u 

ds N ~ 1 dt 


N-l f . k 

(o,t) + E / 

k=0 


F k o(si,t , D k '°u(si,t))a k ou(si,t)dsi. 


Now, 


d N u 

ds N ~ 1 dt 


(0 ,t) 


is known for t £ [0, 6), since 


/at6) 


M6 = g sN1 u(0,t) = ( Uf N )(t ) 

is determined by the initial data. It follows from the induction hypothesis that 
{ u(s,t ): (s,t) £ D} is uniquely determined by its initial values, according to the 
induction hypothesis. 

Now we have the result for (n, 1) for all n > 1. The result for all ( n,m ) now 
follows by a similar induction argument on m. We omit the details. 

The spectral theorem enabled us to replace (46.4) by a family of scalar valued 
problems (indexed by A). The definition of solution shows that uniqueness for the 
transformed problem (46.7) is equivalent to uniqueness for (46.4). This completes 
the proof. ■ 


46.5 History, Motivation and Related Results 


We use the notation of the previous section except for the modifications noted 
below. Let D = [0, a] x [0, 6] be a compact rectangle in R 2 . The pioneering result 
in this area is due to Agarwal and Pang [5]. 

Theorem 46.3. [5, p. 360]. Consider the scalar PDE 


d n+m u 

ds n dt m 


(s,t) = F(s,t,D n 1,m 1 u(s,t)) 


(46.9) 
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with initial conditions 

^r(M) = t £ [0,6], 0 < k < n- 1, (46.10) 

g—(s, 0) = gj(s), s £ [0,a), 0 < j < m- 1. (46.11) 

Assume F : D x R 2 —> R is continuous and satisfies 

\F(s,t, D n ~ 1 ’ m ~ 1 wi(s,t)) — F(s,t, D n ~ 1 ’ m ~ 1 W 2 (s,t))\ 

«-1 afc+j 

^ E E gfcj(S’t) dskgtj (wi - w 2 )(s,t)\ (46.12) 

k =0 j =0 

where 0 < qkj £ C(D, R) /or all 0 < k < n — 1, 0 < j < m — 1. T/ien t/ie problem 
(46.9)-(46.11) /ias at most one classical solution. 

The authors of Theorem 46.3 used different notation, but we chose to use 
notation which illustrates its close relationship with the Theorem 46.2. Their 
proof was based on a two dimensional version of Opial’s inequality that they 
obtained [5, p. 212], We describe this next. 

Proposition 46.4. [5, p. 212). Letp,q: D —> [0, oo) be Lebesgue measurable. Let 
u £ C n ~ 1,rn ~ 1 (D) be such that Jprii(0, s) = 0 for 0 < k < n — 1, s £ [0, a), and 

j£ju(t, 0) = 0 for 0 < j < m - 1, t £ [0, b); and ds T^Z- arid gfE are 
absolutely continuous on D. For 0<k<n,0<m<j, let rkj £ [0, oo) be such 

n—1 m — 1 

that oi = J2 J2 rkj > 0, r„ m > 0, r > max{l,r„ m }. Then 

k= 0 j=0 



It is of course assumed that the integral on the right hand side of (46.13) is 
finite; otherwise the result is trivial. If u and v are solutions of (46.9)-(46.11), 
then Theorem 46.3 is proved by applying Proposition 46.4 to w = u — v. 


~Puyuc. P/tyliel 



772 


46. Uniqueness of Solution in Evolution in Multivariate Time 


Proposition 46.5. [5, p. 361]. In Theorem 46.3, condition (46.12) can he replaced 
by 


| F(s,t,D n 1,m 1 wi — F(s,t, D n 1,m 1 W 2 (s, 1)) | 

« — 1 rn-1 gk+j r k,j 


< q(s,t) n n 

k =0 j =0 


where 0 < q £ C(D, R) and the rkj are nonnegative constants such that 

71—1 771—1 

H £ r *.i ^ L 

k =0 J=0 


TTien uniqueness holds for the problem (46.9)-(46.11). 


46.6 Examples 


Endow the Laplacian with Robin boundary conditions on a domain Q in Eu¬ 
clidean space: Q C R n , au+/3 = 0 on dTl, where a, (3 £ C(dD.), a(x) 2 + /3(x) 2 > 
0 for all x on the boundary. Consider 


d 2 u 

dsdt 


ao(s, t, u) + ai(s, t, u)Au + a 2 (s, t, m, Au)A 2 u, 


(46.14) 


or more generally 


d 2 u 

dsdt 


71 

ao(s,t, u) + ^2 aj(s, t,u ,..., A J_ 1 u)A J u. 
i =i 


Equation (46.14) is related to a beam equation when 02 7 ^ 0. The special case of 
ai 7 ^ 0 , a 2 = 0 is related to the backward heat equation as well as the (forward) 
heat equation. 

Next let x £ IT , y £ R m , and consider 


d 2 u 

dsdt 


a(u)A x u — b(u)A y u 


with a and b positive. This can be solved by Fourier transforms when a and b are 
constants. This is related to heat, backward heat, and wave equations. 
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reverse q-Holder’s inequality, 605 
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Taylor’s expansion integral formula, 446 
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